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Abstract

We introduce the dynamical sine-Gordon equation in two space dimensions with
parameter (3, which is the natural dynamic associated to the usual quantum sine-
Gordon model. It is shown that when 3% € (0, 1%”) the Wick renormalised
equation is well-posed. In the regime 32 € (0, 4r), the Da Prato-Debussche
method [DPDO02, [DPDO3|| applies, while for B2 € [4m, 1%“), the solution theory
is provided via the theory of regularity structures [Hail3]]. We also show that this
model arises naturally from a class of 2 4+ 1-dimensional equilibrium interface
fluctuation models with periodic nonlinearities.

The main mathematical difficulty arises in the construction of the model for
the associated regularity structure where the role of the noise is played by a non-
Gaussian random distribution similar to the complex multiplicative Gaussian chaos
recently analysed in [LRV13].
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1 Introduction

The aim of this work is to provide a solution theory for the stochastic PDE
1 .
Ou = 5Au—|—csm(ﬁu—|—0)+f, (1.1)

where ¢, 3, 6 are real valued constants, £ denotes space-time white noise, and the
spatial dimension is fixed to be 2.
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The model is interesting for a number of reasons. First and foremost,
it is of purely mathematical interest as a very nice testbed for renormalisation
techniques. Indeed, even though we work with fixed spatial dimension 2, this model
exhibits many features comparable to those of various models arising in constructive
quantum field theory (QFT) and / or statistical mechanics, but with the dimension d
of those models being a function of the parameter 3.

More precisely, at least at a heuristic level, (1.1) is comparable to ®3 Euclidean
QFT withd = 2 + %, <I>§ Euclidean QFT withd = 2 + ﬁ—;, or the KPZ equation in

dimension d = %. In particular, one encounters divergencies when trying to define
solutions to or any of the models just mentioned as soon as /3 is non-zero. (In
the case of the KPZ equation recall that, via the Cole-Hopf transform it is equivalent
to the stochastic heat equation. In dimension 0, this reduces to the SDE du = u dW
which is ill-posed if W' is a Wiener process but is well-posed as soon as it is replaced
by something more regular, say fractional Brownian motion with Hurst parameter
greater than 1/2.)

These divergencies can however be cured in all of these models by Wick renor-
malisation as long as 32 < 47. At 52 = 47 (corresponding to ®2, ®4, and KPZ in
dimension 1), Wick renormalisation breaks down and higher order renormalisation
schemes need to be introduced. One still expects the theory to be renormalisable
until ﬂ2 = 8m, which corresponds to o3, <I>j11 and KPZ in dimension 2, at which
point renormalisability breaks down. This suggests that the value 32 = 8 is critical
for (I.T)) and that there is no hope to give it any non-trivial meaning beyond that,
see for example [DHOO, [Fal12]] and, in a slightly different context, [LRV13]]. This
heuristic (including the fact that Wick renormalisability breaks down at 32 = 4r) is
well-known and has been demonstrated in [Fro76, BGN82, INic83, NRS86, [DHOO]
at the level of the behaviour of the partition function for the corresponding lattice
model.

From a more physical perspective, an interesting feature of is that it is
closely related to models of a globally neutral gas of interacting charges. With
this interpretation, the gas forms a plasma at high temperature (low ) and the
various threshold values for 8 could be interpreted as threshold of formation of
macroscopic fractions of dipoles / quadrupoles / etc. The critical value 4% = 87
can be interpreted as the critical inverse temperature at which total collapse takes
place, giving rise to a Kosterlitz-Thouless phase transition [KT73)[ES81]]. Finally,
the model (I.1)) has also been proposed as a model for the dynamic of crystal-vapour
interfaces at the roughening transition [CW7/8| [Neu83|] and as a model of crystal
surface fluctuations in equilibrium [KP93| [KP94].

In order to give a non-trivial meaning to (I.T]), we first replace £ by a smoothened
version & which has a correlation length of order € > 0 and then study the limit
€ — 0. Since we are working in two space dimensions, one expects the solution to
become singular (distribution-valued) as € — 0. As a consequence, there will be
some “averaging effect” so that one expects to have sin(Su.) — 0 in some weak
sense as € — 0. It therefore seems intuitively clear that if we wish to obtain a
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non-trivial limit, we should simultaneously send the constant ¢ to +o0c. This is
indeed the case, see Theorem [I.1]below.

We also study a class of 2 + 1-dimensional equilibrium interface fluctuation
models with more general periodic nonlinearities:

1
Opue = §Au£ + e F(ue) + & (1.2)

where Fj is a trigonometric polynomial of the form

Z
Fa(u) =Y (esin(kBu+6y)  (ZEN), (1.3)
k=1

and (i, B and 6, are real-valued constants. One may expect that the “averaging
effect” of sin(kBu. + 0y) is stronger for larger values of k. This is indeed the case
and, as a consequence of this, we will see that provided the constant c. — oo at
a proper rate, the limiting process obtained as € — 0 only depends on Fj via the
values 3, 01, and (;. In this sense, the equation also arises as the limit of the
models (I.2).

The main result of this article can be formulated as follows. (See Section|1.2
below for a definition of the spaces appearing in the statement; T? denotes the
two-dimensional torus, and D’ denotes the space of distributions.)

Theorem 1.1 Let 0 < % < 167” and n € (—%,0). For v'9 € C(T?) fixed,
consider the solution u. to

1
&gus = 5AuE —+ 095_52/47rFﬁ(u8) + gs ) U(O, ) _ U(O) )

where Fjg is defined in , £ = 0 xE with po(t, x) = e *o(e%t, e~ x) for some
smooth and compactly supported function o integrating to 1. Then there exists a
constant C, (depending only on [3 and the mollifier o) such that the sequence u.
converges in probability to a limiting distributional process u which is independent
of o.

More precisely, there exist random variables T > 0 and u € D'(Ry. x T?) such
that, for every T' > T > 0, the natural restriction of u to D'((0,T) x T?) belongs
to Xr, = C([0,T1, C'(T?)) on the set {T > T'}. Furthermore, on the same set,
one has us — u in probability in the topology of X,

Finally, one has lim;— [u(t, )llcacrz) = o0 on the set {1 < oc}. The limiting
process u depends on the numerical values (5, (1 and 01, but it depends neither on
the choice of mollifier g, nor on the numerical values (., and 0y, for k > 2.

Remark 1.2 As already mentioned, one expects the boundary 32 = 167” to be
artificial and a similar result is expected to hold for any 32 € (0, 87). In fact, 87 is
the natural boundary for the method of proof developed in [Hail3]] and employed
here. However, as 32 — 8, the theory requires proofs of convergence of more
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and more auxiliary objects. In the current context, we unfortunately do not have a
general convergence result for all of these objects but instead we need to treat all
of them separately “by hand”. Furthermore, the bounds we have on the simplest
“second-order” object unfortunately appear to break down at 5% = 6.

Remark 1.3 It is interesting to note that for B? € (0,4m), we only need to con-
struct one auxiliary process, and this construction does indeed involve a careful
tracking of cancellations due to the grouping of terms into “dipoles”, while for
B? €[4, 16”) we need to build a second auxiliary process which requires to keep
track of cancellations obtained by considering “quadrupoles”. See Section [3]and
Section H]below for more details.

Remark 1.4 The limiting process w is a continuous function of time, taking values
in a suitable space of spatial distributions. See Remark [2.6]below for more details.
Regarding the right hand side of the equation however, it only makes sense as a
random distribution at fixed time when /32 < 4. For 32 > 47 however, it exists
only as a random space-time distribution.

Remark 1.5 The article [AHRO1]] appears in principle to cover (1.1) as part of
a larger class of nonlinearities. It is however unclear what the meaning of the
solutions constructed there is and how they relate to the construction given in the
present article. The interpretation of the solutions in [AHROI] is that of a random
Colombeau generalised function and it is not clear at all whether this generalised
function represents an actual distribution. In particular, the construction given there
is completely impervious to the presence of the Kosterlitz-Thouless transition and
the collapse of multipoles which clearly transpire in our analysis.

1.1 Structure of the article

The rest of this article is organised as follows. In Section 2] we give an overview of
the proof of our main result. In particular, we reduce it to t e proof of convergence
of a finite number of processes ‘Ilk \Ilkl, and \Ifkl (see l ., 4. .
and Remark [4.2] below) to a limit in a suitable topology. In Sectlon E], we then
prove Theorem which gives bounds on arbitrary moments of the first order
processes W¥. When combined with a simple second moment estimate, these bounds
imply suitable convergence of the first order processes \Illg , so that Theorem
is established, which in particular implies Theorem for 32 < 4m. The main
ingredient in proving Theorem [3.2]is an inductive procedure, resulting in the bounds
in Proposition [3.5] which greatly simplifies the expressions of the moments.

The last two sections of the article are devoted to the proof of Theorem [4.3]
which gives bounds on arbitrary moments of second order processes \I'];l and \Iflgl,
as well as their convergence. It turns out that the proofs for the special case k = [
are quite different from the proofs for k # [. Section[only treats the former case,
which is already sufficient to obtain Theorem|[I.1]in the particular case when Z = 1
in (T.3). The case k # [ is then finally covered in Section[5] In particular, among
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these second order processes, only ‘Illgk requires some renormalisations terms. The
convergence proof for these processes relies again on the procedure of Section 3] but
we have to incorporate into it additional cancellations created by the renormalisation
constants.

1.2 Some notations

Throughout the article, we choose the scaling for our space-time R? to be the
parabolic scaling s = (2,1, 1), and thus the scaling dimension of space-time is
|s| = 4. (See the conventions in [Hail3]].) This scaling defines a distance ||z — y/||,
on R3 by
lzlls = faol? + aa|* + |a2|* .

Recall from [Hail3l Def. 3.7] that for o < 0, 7 = —|a, ® C R3, we say that a
distribution £ € §’'(D) belongs to CX(D) if it belongs to the dual of C"(D), and for
every compact set R C D, there exists a constant C' such that <§ , Sf7$77> < CH*
holds for all 6 < 1, all z € R, and all » € C" with |||, < 1 and supported on
the unit ds-ball centred at the origin. Here, the rescaled test function is given by

83 n(y) = 67 Fln(a*0(yo — o), ..., 672 (y2 — 2)).
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2 Method of proof

Let K: R x R? — R be a compactly supported function which agrees with the
heat kernel exp(—|z|?/2t)/(27t) in a ball of radius 1 around the origin, is smooth
everywhere except at the origin, satisfies K (¢, z) = 0 for ¢ < 0, and has the property
that [ K (t,2)Q(t, z) dt dz = 0 for every polynomial @ of degree 2. We then define

b, = K=&, 2.1

[T3RL

where “x” denotes space-time convolution, so that R, o 0;®, — %A@E — & isa
smooth function that converges as € — 0 to a smooth limit R. The main reason for
considering convolution with K instead of the actual heat kernel is that we avoid
problems of convergence at infinity. It also allows us to fit more easily into the
framework of [Hail3, Sec. 5].

Let now U¥ be defined by

Uk = C e P/ exp(ikB.) | (2.2)

and write \Il’eC = \Il?k + i\II‘;’k for its real and imaginary parts. Since the case k = 1
is special, we furthermore use the convention that ¥, = W' and similarly for U¢
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and W?. Using the same trick as in [DPD02, IDPDO3]], we set u. = ve + ®., so that

Z
1 .
Ove = 5 Ave + Y~ Cr(sin(kBvz + ) TEF + cos(kpue + 04) U2F) + R. .
k=1

At this stage, we note that the PDE

o = %Av + fe() ¥ + fs(v) VU + R, (2.3)

is locally well-posed for any continuous space-time function R, any continuous
initial condition, any smooth functions f, and fs, and any ¥¢, U® € C, "(Ry x T?)
provided that v < 1. Furthermore, in this case, the solution v belongs to ci
and it is stable with respect to perturbations of ¢, ¥* and R. The only potential
problem are the products f.(v) ¥¢ and fs(v) ¥*, but the product map turns out to
be continuous from C2~” times C; ' into C; ” as soon as v < 1. (See for example
[Tr183, Sec. 2] or [BCD11, Thm 2.52].)
With this in mind, our first result is as follows:

Theorem 2.1 Assume that 5% € (0,87). Let U, be as in and let v > 32 /(4).
Then, there exists a constant C, and a Cy TRy x T2, C)-valued random variable
U independent of o such that, for every I’ > 0, one has V. — ¥ and \Il’g — 0 for
all k > 2 in probability in C; " ([0, T] x T2, C).

Remark 2.2 This is essentially a consequence of [LRV 13, Thm 3.1] in the special
case v = 0. (Which is actually the simplest of the cases treated there.) Due
to a difference in normalisation (compare [LRV13| Eq. 1.2] to below) our
values of 32 differ by a factor 27, so that the boundary 3? = 87 appearing here
corresponds to 32 = 4 in the notations of [LRV13]]. This is consistent with the
fact that parabolic space-time with two space dimensions actually has Hausdorff
dimension 4. We will provide a full proof of Theorem 2.1]in Section 3] for a number
of reasons. First, we require a much stronger notion of convergence than that given
in [LRV 13| and our sequence of approximations is different than the one given there
(in particular it has no martingale structure in €). We also require optimal bounds in
the parabolic scaling which are not given by that article. Finally, several ingredients
of our proof are reused in later parts of the article.

Given the above discussion, Theorem is an immediate consequence of
Theorem 2.1]for the range 3% € (0, 4n), if the initial data u® is equal to ®(0) plus a
continuous function. The proof of Theoremfor general initial data u(¥ € C"(T?)
with n € (—%, 0) can be obtained in a way similar to that of Theorembelow. At
3% = 41 however, this appears to break down completely. Indeed, it is a fact that
the solutions to are unstable with respect to perturbations of U¢ and W¢ in C; 1.
However, it turns out that if we keep track of suitable higher order information, then
continuity is restored. More precisely, foreach 1 < k < Z, let \I!?k and \Ifg’k be
two sequences of continuous space-time functions and let Cék) be a sequence of real
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numbers. Then, for any two space-time points z = (¢, z) and Z = (¢, T) and any two
indices a, b € {s, ¢}, we consider the functions

Wkl 5) = \IJ?”“(Z)((K « Wbl)(z) — (K \Ilg’l)(z))) _ %c;’“)&a,b&k,, . (24)

In the sequel, we consider \Ifgb’kl as functions of their first argument, taking values

in the space of space-time distributions, corresponding to their second argument.
We also use the convention that \I'Zb e \Ilgb’ll for simplicity.
Given a test function : R x R? — R, a point z as before and a value A > 0,
we write
Ar=y 4 —2,/7 1,
P22 = A lp(A AT - 0,37 @ — ) - 2.5)

We then impose the following assumption, which will later be justified in Theo-

rem

Assumption A We assume that there exist distributions ¥ and distribution-valued
functions W% (z, ) such that ¥¢ — W and W2 — V%, as well as vEk 0
for k > 2 and \Ilgb’kl — 0 for (k,1) # (1,1), in the following sense. For some
v e, %), one has

Noed <1, AT|(TE — T ()| — 0, @6k
A%, o) S 1, AT — 0) (2, 00)| > 0, (2:6b)
AT E ()] =0, ARG oM =0, (PX39)

forall k > 2 on the left and all (k,1) # (1, 1) on the right, where the limits on the
right (as € — 0) and the bounds on the left are both assumed to be uniform over
all A € (0, 1], all smooth test functions @ that are supported in the centred ball of
radius 1 and with their C> norm bounded by 1, as well as all z € [T, T] x T? for
any fixed T' > 0.

Remark 2.3 The structure of is essentially the same as that of (PAMg) in
[Hail3l Secs 1.5 and 10.4]. To make the link between the bounds @ in Assump-
tion E] and [Hail3, Sec. 10.4] more precise, one could have used the notations of
[Hail3, Sec. 8] and introduced 27 abstract symbols Z¥ and =¥ of homogeneity
—r, as well as an abstract integration operator Z. One then has the following
correspondence with [Hail3l Sec. 8]:

I.2F = gok | I,2F7@E) = bkl ) | (2.7)

The fact that the notion of convergence given in Assumption |A|is equivalent to the
convergence of admissible models of [Hail 3|, Sec. 2.3] is an immediate consequence
of [Hail3, Thm 5.14], see also [Hai1l3, Thm 10.7].
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Remark 2.4 There exists an analogue to Kolmogorov’s continuity test in this
context, see [Hail3, Thm 10.7]. In our notations, it states that if there exists ¥ < y
such that, for every p > 1, the bounds

ENY [P <1, ENT|(T2 — W) ()P = 0, ENT|WE22(MP 50,

hold uniformly over )\, ¢ and z as before, and similarly for W2»* Wabkl then
Assumption[A]holds in probability.

One then has the following result. Note that the functions in v, that are multiplied
with \Ifﬁ’k, \I/?k can be more general functions, as in the case of (PAMg); in the
statement of the theorem below we allow them to be trigonometric polynomials.
We call a function a trigonometric polynomial if it is a finite linear combination of
sin(vy, - +6;,) for some constants vy, and 6.

Theorem 2.5 Assume that the space-time functions \Ifgk and \I!?b’kl with a,b €
{s,c}, 1 < k,l < Z, are related by and that Assumption [A| holds for some
v € ({, %), Let v be the solution to

Z

atvs = Ava + Z (fc,k(vs) \I]?k + fs,k(va) \Ijg’k)
k=1

Z
— 3" CP(fe W [l o) + o) fLi(ve)) + Re

k=1
(0, ) = v, 2.8)

where R is a sequence of continuous functions converging locally uniformly to a
limit R and v € C'(T?) for some 1 > —%. Assume furthermore that for every k,
the functions f. and f, . are trigonometric polynomials. Then the sequence v
converges in probability and locally uniformly as € — 0 to a limiting process v.

More precisely, there exists a stopping time T > 0 and a random variable
v € D'(Ry x T?) such that, for every n € (—%,0) and every T" > T > 0, the
natural restriction of v to D'((0,T) x T2) belongs to Xr, = C([0,T7, C"(T?)) N
C((0,T] x T?) on the set {T > T'}. Furthermore, on the same set, one has v — v
in probability in the topology of Xt . Finally, one has lim;_ [[v(t, )| ¢y p2) = o0
on the set {T < oo}. The limiting process v depends on fs1, fe1 and [, but it
depends neither on the choice of mollifier o, nor on the functions fs, f.r for
k> 2

Proof. The theorem would be a straightforward consequence of [Hail3, Thm 7.8]
and Remark [2.3|if we allowed v© to have positive regularity. However, we would
like to allow for negative regularity of the initial condition in order to be able to
deduce Theorem [I.1] from this result. The reason why negative regularity of the
initial condition is a natural requirement in the context of Theorem [I.1] is that
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solutions at positive times necessarily have negative regularity, whatever the initial
condition.

In order to allow initial data of negative regularity, we perform the transformation
v, = G 4 w,, where Gv® denotes the solution to the heat equation with initial
condition v©. As a consequence of trigonometric identities, w. then solves

Opwe = Awe + (ga,k,v@ (we) W2F — CP g, jo 0 (W) G 4. o0 (wa) +Re
a,k
(2.9)
with initial condition w.(0, -) = 0. Here, the functions g,, ;. .« (w;) are finite linear
combinations of terms of the type

sin(v Gv© + ) sin(w. + 0) , (2.10)

for some v, 7,0, 0 € R, and g, Je© denotes the derivative of g, ;. 0 Wwith respect
to its argument we,.

In order to show that w. — w as € — 0, we make use of the theory developed
in [Hail3l]. (We could also equivalently have used the theory developed in [GIP14]
which requires very similar assumptions.) We note that is of the same type as
the class of equations treated in [Hail3l Secs 9.1, 9.3], one difference being that
the single noise &; is replaced by a collection of noises \Ifgk As a consequence,
the relevant algebraic structure in our context is built in exactly the same way as
in [Hail3l Sec. 8], but with the single abstract symbol = replaced by a collection
of symbols E’; representing \I/g’k, each of them of homogeneity —~ with  as
in Assumption [A] If we denote by P the integration operator corresponding to
convolution with the heat kernel (see [Hail3, Sec. 5]), can be described by the
following fixed point problem:

W = Pl (RE + 3" oo (W) 5’;) . @2.11)
a,k

Indeed, as already noted in Remark the condition v < 4/3 guarantees that
any model (II, I') for the corresponding regularity structure is uniquely determined
by the action of II onto the symbols =¥ and E’;Z(Eé), and Assumption precisely
states that sequence of models (I, I';) given by but with ¥ replaced by W,
converges to a limiting model (II, I"). Furthermore, it follows in exactly the same
way as [Hail3| Prop. 9.4] that if W solves for the model given by (2.7), but
with W replaced by W, and satisfying the relation (2.4)), then RW (where R denotes
the corresponding reconstruction operator, which in this case simply discards the
higher order information encoded in W) solves (2.9).

It therefore remains to show that admits a unique (local) solution for
every admissible model, and that this solution depends continuously on the model
in question. In view of [Hail 3| Thm 7.8], this is the case if we can show that the
map

W s sin(v Go© 4 ) sin(Gw. + )= (2.12)
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is locally Lipschitz from D*? into D*~*~% for some p > o and some « € (0, 2).
(See [Hail3l Def. 6.2] for the definition of the spaces D7".)

At this stage, we claim that as long as o € (0,2] and v© € C"(T?) for some
n € (—1/3,0), then g = sin(v Gv® 4 0) can be interpreted as an element in
DH21(T) where T is the space of abstract Taylor polynomials (if only Taylor
polynomials are involved, these are just suitably weighted Holder spaces). Indeed,
we have the bounds

9t )| STSEADY2 S AT,
1029t )| S 10,G )] S EADTDE S @ A1y,
|029(t, 2)| + [0hg(t, 2)| S 0:GW)* +|0;G )] + [0, G D))
SEADT L4 ADTDZ <@ AT
from which the fact that g € DH21 follows similarly to [Hail3, Lemma 7.5]. B
It furthermore follows from [Hail3| Prop. 6.13] that the map W — sin(cW + 0)
is locally Lipschitz from D into itself. Combining this with the fact that g € D*27

as mentioned above and that = is of homogeneity —+, we conclude from [Hail3}
Prop. 6.12] that the map (2.12)) is indeed locally Lipschitz continuous from D0

into D#~72777, Since 2n —y+2 > —% — 3 +2=0and t — v + 2 > p, these
exponents do satisfy the required inequalities, thus concluding the proof. O

Remark 2.6 In fact, the limiting process v belongs to C((0, T, C?~VO(T?)) for
every v > (32 /4, as soon as the random variable 7 is strictly greater than 7. Since
the Gaussian process ® belongs to C ((0, T],C _5(T2)) for every § > 0, the solution
to the original equation (I.I)) is continuous in time for positive times, with values in
C~9(T?) for every 6 > 0.

Remark 2.7 The condition v < % (corresponding to 3% < 16?” via the correspon-

dence v > 3% /4w which we have seen in Theorem comes from the fact that we
restrict ourselves to second-order processes in Assumption[A] If we were to consider
suitable additional third-order processes as well, this threshold would increase to
% < 6. In principle, by obtaining convergence of the corresponding (suitably
renormalised) processes of arbitrarily high order, the threshold could be increased
all the way up to 32 < 8, but this is highly non-trivial. At 32 = 8, one loses
local subcriticality in the sense of [Hail3, Assumption 8.3] and the theory breaks
down.

At this stage, we note that in our specific situation f. (v) = (j sin(kBv + 6;)
and fs 1(v) = (j cos(kBv + 01), so that one has the identity fcykfé’k + fngf;k =0
for each k. As a consequence, the “renormalised” equation is identical to
the “original” equation (2.3)! It is now clear that Theorem [I.T] follows from the
following result, which is the main technical result of this article.

Theorem 2.8 Assume that 32 € [4m, 167). Let U% = Wo* 1 iU5* be defined as
in , and V™ for a,b € {s,c} be defined as in . Then there exist choices



CONVERGENCE OF THE FIRST-ORDER PROCESS 11

of constants Cék) depending only on B and the mollifier o, and distributions V¢ and
distribution-valued functions W (z, ) where a,b € {s, ¢}, which are independent
of the mollifier o, such that Assumption[A] holds.

Theorem[2.8]is proved in Section[d As discussed in Remark [4.2] this theorem
is an immediate consequence of Lemma[4.Tand Theorem {4.3]

At this stage one might wonder if, in view of [Hail3, Sec. 10] and [HQ14|,
there is anything non-trivial left to prove at all. The reason why Theorem [ng] 1s not
covered by these results is that, in view of , the stochastic processes U¢’ ¥ are
obviously not Gaussian. Worse, they do not belong to any Wiener chaos of fixed
order. As a consequence, we have no automatic way of obtaining equivalence of
moments and Wick’s formula does not hold, which is the source of considerable
complication.

3 Convergence of the first-order process

In this section, we prove Theorem [2.1] and we will retain the notations from the
introduction. This time however, we define ¥, somewhat more indirectly by

U, = 1B B 00 gk & kS0 (> 9) (3.1

where Q. denotes the covariance function of the Gaussian process ®.. Using the
definition (2.1)), one has the identity

Qe = (K 0) * T(K * 02) (3.2)

where T denotes the reflection operator given by (7 F)(z) = F(—z). The link
between this definition and (2.2)) is given by the following result, the proof of which
is postponed to the end of this section.

Lemma 3.1 There exists a constant C’g depending only on the mollifier o and such
that

1 N
Q:(0) = —5—loge + Cp + OE?) .
In particular, if Theorem 21| holds for V. defined as in (3.1), then it also holds for
U, defined as in (2.2).

Our first main result is then the following:

Theorem 3.2 Let 0 < (32 < 8. There exists a stationary random complex
distribution-valued process V independent of the mollifier ¢ such that V., — U in
probability. Furthermore, for every k > 0 sufficiently small, one has

Bl WP SATF Bl - )P S A (3.3)
2

E|(p), TP S PN P (k> 2), (3.4)

uniformly over all test functions @ supported in the unit ball and bounded by 1, all
A € (0,1], and locally uniformly over space-time points x.
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def

Remark 3.3 Throughout this paper we write (¢}, ¥) = [ps ¢3(2)¥(Z) dZ when

¥ is function of one space-time variable. In the following, we will also write

(2, W) E [os @@ V(x, 7) dz if U is function of two space-time variables such

as the functions defined in (2.4)).

Proof. We first obtain the a priori bound stated in the theorem for finite values of €.
Denote

J-(2) = exp(—32Q:(2)) 3.5)

where Q. was defined in (3.2). We note that, as a consequence of the commutativity
of convolution and the fact that 7(f * g) = T f * T g, (3.2) can be rewritten as

Q:=0Qx(0:*%To), Q=Kx*+TK.
In particular, setting g = o * T o, one has
Q:=Qxo:, (3.6)

and this is the expression that we are going to make use of here.
Then, by Corollary [3.10]below, we have the bounds

82 82
(llzlls + )2 < Te(2) S (lzlls + )27 . for 0 < lz]|s <1, 3.7

where the notation < hides proportionality constants independent of . We will
also use the notation J. (2) = je_l(z) = 1/J-(z). With this notation at hand, one
verifies that

E| (o) 1,2 = // [T erGer@) I (i — y))
T e Jo Ge = 2m) Tco T2 (W = 90)

dz dy ,

where both integrations are performed over (R*)" and each z; and y; is an element
of R? (space-time). In a very similar context, a quantity of this type was already
bounded in [Ero76, Thm 3.4]. However, the proof given there relies on an exact
identity which does not seem to have an obvious analogue in our context. Further-
more, the construction given in this section will then also be useful when bounding
the second order processes.

By translation invariance, the above quantity is independent of x. Furthermore,
the function 7 is positive, so we can bound this integral by the “worst case scenario”
where ¢ is the indicator function of the unit ball. This yields the bound

[lecim Tzt = 2m) o Teln = o)
A2N [l J(zi — y))

E[(p), U )2V < A8 zdy ,

(3.8)
where A denotes the parabolic ball of radius A. At this stage, we remark that the
integrand of this expression consists of N(N — 1) factors in the numerator and N2
factors in the denominator. One would hope that some cancellations take place,
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allowing this to be bounded by a similar expression, but with only N terms, all in
the denominator.

This is precisely the case and is the content of Corollary below with J
chosen to be our function 7. defined in (3.5)), which allows us to obtain the bound

N
Bl WY S| [ e - pdod] (3.9
A2

Taking such a bound for granted for the moment, we see that as a consequence of
(3.7), one has the bound

2
‘/ T (x —y)dxdy‘ < A5
A2

uniformly in e € (0, 1], provided that 3% < 87. (Otherwise J. is no longer
uniformly integrable as ¢ — 0.) It follows immediately that

E[(¢3. Ve)

which is the first of the two claimed bounds in (3.3)).

For k > 2 we proceed analogously. Indeed, it is straightforward to check that
(k2-1)B%N

E|(p}, U¥) |2V is bounded by the right hand side of ( l multlphed by e,

and with J. replaced by J_ k? Smce J: kK still satlsﬁes , Corollary [3 H still
applies. Therefore, together with (3.7)), one has

182 K2g?
Bl WP A [ 55 (e e —oll) T ded|”

Since % < 87 and k > 2, one can choose x > 0 sufficiently small so that

2 7ﬁ7 - )
E+lz—yllo™ = Slle—yls 7 e A,

which is still integrable at short scales. Therefore,
E|(p), WY 2N < 20N )\~ (ﬁ +20N
T

which is precisely the bound (3.4).

In order to obtain the second bound of (3.3), we first show that the sequence
(2, W.) is Cauchy in L2(Q2) for every sufficiently regular test function ¢ and every
space-time point z. For this, we will also need a notation for

def

Q: 5(2) = EQ(0)Px(2) = (Q* (0 * T02))(2) (3.10)

and we set analogously to (3.5) J- = = exp(—3? Q. ). Note that Q. - = Q: .. With
this notation, a straightforward calculation yields

E[(p;, ¥ // 2P + (T (2) + T- (2) —20.:(2)) dy dz
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<A / T2 () + T2 (2) = 2T2(2)| d= 3.11)
A

where A now denotes a parabolic ball of radius 2 centred around the origin. At
this stage we note that, thanks to (3.10), the function Q. ¢ also falls within the scope
of Lemma/[3.7] since one can write

0e * T 0z = Oeve

for a function ¢ which in general depends on ¢ and & but is bounded (and has
bounded support) independently of them. As a consequence of Lemma [3.7] we
can thus write 7.~ = J~ exp(M.) and J. - = J~ exp(M, z) where, assuming
without loss of generality that £ < ¢, the functions M. and M. > are bounded by

€
’Ms(z)’ + |M57§(Z)| IS
Izls
for all space-time points z with ||z||s > . Since, as a consequence of the first part
of Lemma , one can furthermore bound J; (2) and J, ~(2) by a suitable multiple

82 /2

of ||z]|s , it follows immediately that one has the global bound

_82
T2+ T2 @) =27 S el (A1)

Inserting this bound into ( and integrating over A eventually yields

(e AN B for B2 € (67, 87),
E[(pp, Ue — V)P S (e A MAA(1 Vlog(A/e) for 2 = 6.
(e AN -4 for 52 € (0, 6m).

Since the bound (1 V log(A\/¢)) < A% A N\)~@ holds for every o > 0, one can
summarise these bounds by

E|(p), T — T) | S ¥ A2 or (3.12)

for some (sufficiently small depending on () value of . Note that these bounds
are independent of € as long as € < e. The existence of limiting random variables
(gpé, ) follows immediately. The second bound in li is then a consequence of
the first by combining it with (3.12)) and using the Cauchy-Schwarz inequality.

Let U2, 2 be the processes defined via two mollifiers g, p respectively, then
one has

Bl 02— W) = [ [ Qe+ D20+ Too) = 27, 400 dy

where J- , 5 = exp(—32 Q¢ , ) and Q¢ , 5(2) = (Q * p-)(2) with g, = (o * T o).
Then it follows in the same way as above that all the moments of (7, U2 — W¢)
converge to zero as € — 0. Therefore the limit process ¥ is independent of the
mollifier p as claimed. O
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As an almost immediate corollary we obtain the

Proof of Theorem2.1] Tt only remains to show that the bounds of Theorem [3.2]
do imply convergence in probability in C, | for every v > %. This is an easy
consequence of the characterisation of the space C; * in terms of wavelet coefficients
(see [Mey92] in the Euclidean case and [Hail 3l Prop. 3.20] for the parabolic case
considered here), combined with the same argument as in the standard proofs of

Kolmogorov’s continuity test [RY91], see also the proof of [Hail3, Thm 10.7]. O

The proof of Theorem [3.2]is completed once we show that holds and
that does indeed imply the bound (3.9). For this, we consider the following
general situation. We are given IV points z; € R? as well as corresponding signs
o; € {£1}, so that each point can be interpreted as a “charge” (either positive or
negative). We are furthermore given a “potential” function 7 : R¢ — R with the
following property. For every positive constant ¢ > 0 there exists a constant C' > 0
such that the implication

lz]ls < cllz]ls = J@ <CIT@), (3.13)

holds for all z, Z. Here, the scaling s of R? is fixed throughout. In our case, one
has d = 3 (space-time) and the scaling is the usual parabolic scaling. As before,
we use the notation J ~(z) = 1/J(x). Note that if there exists one point such that
J(x) # 0 (which is something we will always assume), then one necessarily has
J(x) # 0 for every x # 0 as a consequence of (3.13).

We then aim at bounding integrals of the type

N
I:/---/ T (x; — x)dry - dry
A A H e

i#j=1

for some fixed domain A C RY. This is exactly the situation of the right hand side
in by taking for the x; the union of the y; and the z; and assigning one sign
to the y; and the opposite sign to the z;. Assuming that there are k indices with
0; = 1 (and therefore N — k indices with o; = —1) and assuming without loss of
generality that £ < N/2 (so that k < N — k), we claim that

k _/N—2k
VA ‘/AQ J‘l(x—y)da:dy’ T AN -2k (3.14)

where J = SUP| /|, <diam A J (%), |A| denotes the volume of A, and the symbol <
hides a proportionality constant depending only on /N and on the constants appearing
in (3.13). As a matter of fact, we will obtain a stronger pointwise bound on the
integrand of from which then follows trivially. Let us first give a brief
reality check of (3.14). In the case when 7 = 1 (which does indeed satisfy (3.13)),
both Z and (3.14) are equal to |A|"Y. Furthermore, if we multiply 7 by an arbitrary
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constant K (which does not change the bound (3.13))), then both Z and are
multiplied by K? with ¢ = 2k(k — N) + N(N — 1)/2.

In order to obtain the pointwise bound mentioned above, we consider any
configuration of N distinct points {z1, ...,z x} and we associate to it a decreasing
sequence {.A,, }nez of partitions of {1,..., N} in the following WayEI For n small
enough so that 2" < min,; ||z; — z;||s, we take for A,, the partition consisting
only of singletons, namely

A, = {{1},{2},...,{N}}. (3.15)

For every n, we furthermore introduce pairings S,,: A,, — @P(N), where P(IV)
denotes the set of (unordered) pairs of N elements (we interpret this as the set of
subsets of {1,..., N} of cardinality 2) and pE is the power set of E, in such a way
that

o If {i,j} € S,(A), then {i,j} C A. In other words, for every A € A,,
S (A) is a subset of the possible pairs constructed by using only elements
contained in A.

o If {i,j} € S,(A), then o; # 0}, so only pairings of points with opposite
signs occur.

o If p1,po € S,(A), then either p1 = p2 or p1 N p2 = &, so only disjoint
pairings occur.

e Forany A € A, if {i,j} C A\ USn(A), then o; = o;. In other words,
indices of A that do not belong to any pairing all correspond to the same
sign. The number of such indices will play an important role in the sequel, so
we introduce the notation 7),(A) = |A \ U Sn(4)|. We furthermore denote
by 3, (A) € {£1} the sign of those indices in A that do not belong to any
pairing. (If all indices belong to some pairing, we can use the irrelevant
convention X, (A4) = 1.)

For values of n sufficiently small so that A,, is given by (3.15), we have no choice
but to set S,(A) = @ forevery A € A,,.

For larger values of n, we then define A,, and S,, inductively in the following
way. Given A,,_1, we define an equivalence relation ~,, between elements of .4,,_1
to be the smallest equivalence relation such that if A, A € A,,_; are such that there
exist x € Aand 7 € A with ||z — Z||s < 2", then A ~,, A. The partition A, is
then defined by merging all ~,-equivalence classes of A,,_1. In other words, A,
is the smallest partition with the property that for any A, A € A,,_; with A ~,, A,
there exists B € A,, with AU A C B.

The pairing S, is then defined to be any pairing satisfying the above properties
that is furthermore compatible with S,,_1 in the sense that if A € A,,_1 and
A € A, are such that A C A, then S,,_1(A) C S,(A). Loosely speaking, we

I'The sequence is decreasing in the sense that A,, ;1 is a coarsening (or equal to) A,,. For n small
enough, A,, consists of all singletons and is therefore as fine as possible, while for n large enough
A, is the coarsest possible partition consisting only of the whole set.
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keep the pairings of .A,,_1 and, in any situation where a merger creates a set in our
partition containing both positive and negative indices, we pair up as many of them
as possible in an arbitrary way.

Remark 3.4 Our construction is such that there exists ng such that for n > ng the
partition A,, necessarily consists of a single set. At this stage, the only information
of the construction that we will actually use is the pairing Sy, .

With this construction in mind, our main result is then the following, recalling

that T,(A) = |A\ U Sn(A)).

Proposition 3.5 Let J be as above, let N > 0, let {z1,...,xN} be an arbitrary
collection of distinct points in R¢ and let {o1,...,0N} be a collection of signs. Let
Ay, and S,, be defined as above. Then, there exists a constant C' depending only on
N and on the constants appearing in such that, for every n € Z and every
A € A, one has the pointwise bound

IT vo@-ap|<c( [T T7'@-20)72P,  @ie)

i#jeA {i,7}€Sn(A)
where we have set D, (A) = (T”Q(A)) and J,, = SUP)|| ||, <2n J ().

Proof. The proof goes by induction on n. For n sufficiently small so that
holds, both sides are empty products so the bound holds trivially. Note first that as a
consequence of jn is essentially increasing in n (in the sense that 7,,, < CJ,
for m > n, where C is independent of both m and n), so that as long as no merger
event takes place, the bound gets weaker with increasing n. It therefore
remains to show that the bound still holds if two (or more) sets merge when going
from some level n to level n + 1. Without loss of generality, we assume that only
two sets A and A merge. We also note that losing optimality by a multiplicative
factor possibly depending on V is harmless since there can altogether be only at
most a fixed number N — 1 of merger events.
Using the inductive hypothesis, we then obtain immediately the bound

‘ H VAR C l‘j)‘ S ( H T i — xj)) JDnA)+Dn(A)

i#j€AUA i,j}ES(AUS, (A

i#FjeAU {i,5}€Sn(AUSK(A) (3.17)

X H jaioj(xi — I‘j) .
i€A,jEA

At this stage we note that since A and A are distinct sets in .A,,, we necessarily
have ||z; — x;||s > 2" fori € A and j € A. On the other hand, since the two sets
merged at level n + 1, there exists a constant C' (possibly depending on N) such

that one has ||z; — z||s < C2" for any i, j € AU A. As a consequence of this and
of (3.13)), there exists a constant C' such that for any i € A and j € A, one has

C 1 < T @i — ) < CJnya - (3.18)
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As a consequence, denote A? = A\ |J S,,(A) and similarly for AP. Then it follows
from (3.18) that

I[I vo@-aps T T77@i-2p, (3.19)

i€A,jEA i€AP jEAP

where the proportionality constant depends on C' and N in general. This is because
if i € A and j belongs to some pair in S,,(A), then the two factors coming from
the two possible values of j cancel each other out. More precisely, if ¢ € A and
{4,7'} € S.(A), then by the triangle inequality,

lzi — xjlls S Nl — xjlls + oy — zills S llze —2ls »

where the last inequality holds because ||z;; — z;||s S 2" and ||z; — zj||s = 2"
The same bound holds with j and j’ interchanged, thus by (3.13) and 005 = —00,/,
one has the cancellation

T (@ —x)) T 7 (i — ) S 1

(See Figure|I|for an illustration about the procedure we are following here.)

Figure 1: This illustrates a situation where A, A€ A, are merged into A U Ace Antis
with ¥,,(A) # %,,(A). In this case, S,,(A) = {{a,b}} and S,,(A) = {{d, e}}. The factors
J~ drawn on {a, b} and {d, e} correspond to the factors 7~ in the first line of the right
hand side of (3.17). The two dashed lines correspond to two of the factors in the second line
of , and they “almost cancel” each other out since g is far away from {a, b}. There
are many other such cancellations which we didn’t draw. The pair {c, f} € S,,41 is anew
pair formed at this step but we could just as well have chosen to form {c, g} instead. As for
the factors 7, we have D,,(A) = 0, D,,(A) = 1, and D,,;1(A U A) = 0, which is less than
D,,(A) + D,(A) by 1 due to the newly formed factor 7 ~(z. — zf).

There are now two cases: either one has En(AZ = ¥,(A), or one has ,,(A4) #
Yn(A). We ﬁrsE consider the case ,(A) = X, (A). In this case, one necessarily
has S, +1(A U A) = S,,(A), so that in view of (3.19) we only need to show that

[I 772 S FomaA-Dad-Did - 30
i€AP jEAP
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Since each factor in the product on the left is bounded by some multiple of 7;,, this
follows at once from the fact that the number of terms on the left is equal to

| AP||AP| = |Tu(A)] | Tu(A)] -

Writing a = |T},(A)| and @ = |T},(A)| as a shorthand, the exponent on the right
hand side of (3.20) is equal to

(@a+a)a+a—1)—ala—1)—a@—1) 2aa
2 o2
Since both exponents are the same, the claim follows at once.

We now deal with the case %,,(A) # ¥, (A). Using the same shorthands a, @
as above, we note that this time S,,(A U A) is given by S,,_1(4) U S,,_1(A), plus
a A a of the aa pairs appearing in (3.19). Assuming without loss of generality that
a < a, the number of remaining factors is given by a(a — 1). This time furthermore
each factor contributes one negative power of J,,, so it remains to show that

Dy1(AU A) — Dy(A) = Dyp(A) = —a(@—1)..

Since this time around
(a—a)a—a-—1)
2 9

this identity follows at once, thus concluding the proof. O

Dyp1(AU A) =

Corollary 3.6 The bound (3.14) holds.

Proof. Tt suffices to note that as soon as 2" > diam A, one has A,, = {{1,...,N}}
and therefore (3.16) implies

[T @i -z < CZ( I 7 '@- Hfj)>j(N;2k) :

i#j S {i,j}es
where the sum runs over all possible ways S of pairing the & indices corresponding
to a positive sign with & of the indices corresponding to a negative sign. Since there
are only finitely many such pairings, the claim follows by integrating both sides of
the inequality. O

We still have to prove that (3.13)) actually holds for our 7; defined in (3.5). In
order to study the behaviour of such kernels we introduce the following notation.
For continuous function f, Q on R?\ {0} we write

Q) ~ fz) if f()+a <Q(R) < f(2)+e, (3.21)

for some constants cy, co and for all z € R?\ {0}. We will also sometimes specify
that Q@ ~ f on some domain, in which case it is understood that (3.21) is only
required to hold there. Given Q, we define Q. as in (3.6) by

Q. =9x*0,,
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where g is a mollifier supported in the ball of radius 1 and € € (0, 1]. The following

lemma shows that if Q(z) ~ — = log 2|, then its regularization Q. also satisfies
suitable upper and lower bounds. Note that if ¢ integrates to 1, then so does

o=o0%To.
Lemma 3.7 Assume that Q is compactly supported, smooth away from 0, and such
that Q(z) ~ —% log || z||,. Assume furthermore that ¢ is any continuous function

supported on the unit ball around the origin integrating to 1, and that Q. is as in
([3.6). Then, for ||z||s < 1, one has the two-sided bound

1
Qe(2) ~ o log([zl; +€) - (3.22)

If furthermore Q is of class C' and there exists a constant C such that |0; Q(2)| <

C/||z||&, then there exists a constant C' such that
~( € €
Q- = Q)| < O A (1+ g = ])). (3.23)
121l 121l
for all space-time points z.
Proof. We omit the proof since it is a rather straightforward calculation. O

It remains to show that the function Q does indeed enjoy the properties we took
for granted in Lemma[3.7] Since these properties are invariant under the addition
of a smooth compactly supported function (as a matter of fact, it only needs to be
CY), we will use the symbol R to denote a generic such function which can possibly
change from one line to the next. Recall that in a distributional sense one has the
identity

1
UK — JAK =0+ R, (3.24)

and that Q is given by
Q) = / K(: + 9K () dz,

where z = (t,z) and Z = (¢, T) are space-time points in R3. Asa consequence of
(3.24), we then have the distributional identity

%AQ(z) = % /(AK)(z +2)K((Z)dz = /(8tK)(z +2)K((2)dz—- K(—2)+ R,

where we used the fact that the convolution of R with K is a new function R with
the same properties. On the other hand, making the substitution z — z — z we can
write

Qz) = /K(Z— 2)K(2)dz ,
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so that
%AQ(Z) = % /(AK)(z —2)K((2)dz = /(8tK)(Z —2)K(z)dz — K() + R
= /(atK)(Z)K(Z +2)dz—-K()+R.
At this stage, we note that
(O K)(z 4+ 2)K(2) + (0. K)(2)K(Z + 2) = 0f(K(z + 2)K(2)) ,
which integrates to zero. Therefore, summing these two expressions yields the

identity
AQ(z) = K(2) + K(—2)+ R, (3.25)

for some smooth and compactly supported function R. Let now
. 1
K(z) = K(z) + K(—2), G(Cv)z—%loglxl,

for € R? and = € R?. Then, one has
Lemma 3.8 One has the identity

Qt,x) = (K(t,") *G)(x) + R, (3.26)
for some smooth function R.
Proof. As an immediate consequence of the definition of Q, the properties of K
and, for example, [Hail3, Lemma 10.14], we know that, for any ¢ £ 0, Q(¢,-) is a
smooth compactly supported function. This immediately implies that one has the

identity

and the claim follows at once from (3.23). 0

Lemma 3.9 The kernel Q can be decomposed as

1
Q) = —5 - tog |zl + Ry, o) + B,

121127 112115

where both R and R are smooth functions of R® and z = (t,x) as before. In
particular, it satisfies the assumptions of both parts of Lemma|3.7)

Proof. Let H be the heat kernel H(t,z) = (47|t|)~ ! exp(—|z|?/(4]t])), and set
Qlt,xr) = (H (t,-) * G)(x). Then, as a consequence of Lemma and the fact
that H and K differ by a smooth function by definition, Qand Q only differ by a
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smooth function, so it is sufficient to show the result for Q For this, note that as a
consequence of the scaling relation H(A\*t, \x) = \~2 H(t, x), one has the identity

R 1
ON2t, \x) = —o- | H (A%t Az — y)log |y| dy
™ JR2

)\2
=—— H(\?t, Az — \y)log | \y| dy
27T R2

1 A 1
:—/ H(t,x —y) (log|y| +log \) dy = Q(t,x) — — log A .
27T R2 27T

Here we also used the fact that H(¢, -) integrates to 1 for any fixed ¢. It follows
immediately that if we set

. R 1
R(z) = Q) + 5 log l2ls »
s

then R is smooth outside the origin and homogeneous of order 0 in the sense that
R(N%t, \x) = R(t, ). The claim then follows at once. O

Lemma [3.1]is now an immediate corollary of this fact.

Proof of Lemma[3.1} Using the decomposition of Lemma [3.9] the identity (3.6),
and the fact that p integrates to 1, a straightforward calculation shows that we have
the identity

1 A
Q:(0) = — 5 loge + €y + /R 2()(R() — R(0)) d.

with
C 2/ g(z)<7é(z) _ 1 log ||z]] ) dz + R(0) .
e R3 27T s

Since p is necessarily symmetric under z — —z, it annihilates linear functions so
that ng 0-(2)(R(z) — R(0)) dz = O(£?) as claimed. 0

Corollary 3.10 The estimates (3.7) and (3.13)) for J. hold for all € > 0 with
proportional constants independent of ¢.

Proof. By Lemmas[3.7and[3.9} if | z||, < ¢||Z]|,, we obtain the bound
Tuz) = =Bt < Brtog (Iall+e) < B tor (IElte) < 7.z

thus concluding the proof of (3.13). The estimate (3.7) is just a rewriting of the first
conclusion of Lemma[3.71 0
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4 Second-order process bounds for £ = [

In order to provide a solution theory for (1.1) at or beyond 32 = 4, we have seen
in the introduction that one should construct suitable “second order” objects (2.4).
In this section we consider a closely related second order object

TE(2,2) = V.(2) (K * U)(Z) — (K % U.)(2)) — E(V(K * 0,)) .
Generally, we define for 1 < k,l < Z
UHl(2, 2) & W) (K + L) (z) — (K % UL)(2)) — 6 B(UEK + TL)),  @4.1)

where d3,; = 1if k = [ and equals 0 otherwise (sge (4.4) below about the definition
of a variation of the above objects, written as ¥*'). We also define

def

UH(z,2) = TEE((K + TL)(E) — (K * Th)(2)) . (4.2)

The objects \Ilkk are the hardest ones to bound, so we will first obtain bounds for
them. The corresponding bounds on \I/kl with k& # [ and on W will then be shown
in the very end of this section.

The last term of (4.1) is a renormalisation constant which, for the case W, can
also be expressed as

E(V (K *V,)) = / K@)J (z)dz .

As a consequence of (3.7) and the behaviour of the heat kernel, this diverges as
€ — 0 as soon as 52 > 47T When 3% = 4, this divergence is logarithmic, and it
behaves like £2-7/27 for 32 € (4, 87). For general U* with (k, 1) # (1,1), one
can verify that

E(UF(K « Oly) = o (k © / K@) J(2) ™ da
ga(ki /K(:c) lzls + &) 5% de 43)
_ k2+l2_ 8 _,

<ef /K(x)Hst( w 1) T dx

for sufficiently small £ > 0, where we used the fact

—kLB kl+’“2“2—1 Sk _ (K2 )8
(ol + )% 5 ol ()

for (k,1) # (1,1). Now we note that if k # [, this integral is finite for all 32 < 8 as
long as x > 0 is sufficiently small, so that the above expectation converges to zero
as € — 0. On the other hand, if k = [, it is easy to check (by the first line of i
and dividing the integration into ||z||s < ¢ and ||z||s > ¢) that E(TX(K * UF))
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diverges when € — 0 for 32 > 4, with the same rates as in the case (k, ) = (1, 1).
This motivates (.I), namely that there is only renormalisation in the second order
object Uk when k = [. For the case of ¥*!_ it will be clear in the end of this section
that one does not need any renormalisation.

Instead of considering ‘ilfl, it turns out to be more convenient to consider the
process U¥ given by

WAz, 2) = / (K(z - w) — K(z — w))
“4.4)

X (qf’;(z)\ii_(w) — O E(UEETLw)) dw

where
E(UE@TEw)) = P00 75 )~

which is simply equal to 7. (2 — w) when k£ = 1. With this notation, one has the
identity o -
U (z,2) = Wz, 2) — 5, FP (2 — 2)
where F® is given by
F® & =2 (K -1)Q-O) ¢y 7K
g g °

For k = 1, we simply write F. = F) = TK % J.. Regarding the functions F®,
we have the following lemma.

Lemma 4.1 Let 32 ¢ [4r,87) and let F®) be defined as above. Then, for every
sufficiently small k > 0, the bounds

0 B2 9 8% _
E@IS Izl =77, R - F@| St ale =",

and, for k > 2,
2
K

9B~ _
IFP @) Sell2lls = 7,

hold uniformly over z and over 0 < € < & < 1.

Proof. In view of Corollary the first bound is an immediate corollary of
[Hail3l Lemma 10.14]. For the second bound, as in the proof of Theorem 3.2} one
has
_82 ., ¢
7 =T S 2l 7 (o A1)
[1]ls
Since == A1 < || z|| =" for every sufficiently small x > 0, the second bound
follows again by [Hail3l Lemma 10.14].
For the cases k£ > 2, one has the bound

52 _B2_
Te(2) % S e (B amtn 5 727"

’

and the bound for Fs(k) follows immediately again from [Hail3, Lemma 10.14]. O
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Remark 4.2 As an immediate corollary, we conclude that if the bounds (2.6p) hold
for ¥ defined in 1} and for U¥ defined in li then they also hold for Qb
defined in (2.4)), with

otk = / K()E (xI/’;(O)\TJ’;(z)) dz .

The main technical result of this article is as follows, where we write U+ asa
shorthand for U!! and ¥® as a shorthand for W!!.

Theorem 4.3 Assume that 3° € [4x, 67). There exist stationary random complex
distribution-valued processes U+ and VO, such that

N S S D L) B )

for all (k,1) # (1, 1) in probability. Furthermore, for every 6,k > 0 sufficiently
small and m € Z., one has

2 2
E[(0), U9)[™ SAC50m (o) g - )| S R AR T Ome

where a € {+,®}, and

1 B Sym— B Sym—
E[(02, UE)|™ S A2 0mon R (2, UE)|™ S AP TOmIR (45)

for (k,1) # (1, 1), uniformly over all test functions  supported in the unit ball and
bounded by 1, all A € (0,1], and all space-time points z.

We remark that the complex conjugates of these processes of course also have the
corresponding bounds and convergence results. The remainder of this article is
devoted to the proof of Theorem We will treat separately the cases kk, kk, kI,
and kl for k # [. The first two cases are all that is required for the treatment of
(L.1)), and these form the remainder of this section. The last section is then devoted
to the proof of the above bounds for the last two cases.

Remark 4.4 We actually expect that the above bounds hold for all 32 € [47, 87).
The second order object could in principle be constructed below 87, and 67 would
just be a threshold where it becomes necessary to construct even higher order objects
in order to study our equation. The reason that we assume 32 < 67 here is because
the analysis in the following will be not as sharp as possible, see Remark {.13| below.
We choose to do so for simplicity since we are here only interested in solving the
equation for 4% < 167/3 < 67 anyway.

As a corollary (see Remark , the bounds hold for UF, U2, and the
bounds hold for \ll’gl, \Illgl for (k,1) # (1,1), therefore Assumption @ is
justified. The rest of this section devoted to the proof of Theorem[d.3] By translation
invariance, we only need to show the above bounds for z = 0.
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4.1 Moments of U**: renormalisations

Let us start from the most important case: the moments for \1/’;7 with £ = [. By
definition in (4.4), the m-th moment with m = 2N an even integer can be expressed
as

El(e, w55 = E || / / 0(x) (K (x = y) — K(=y)) (4.6)
- _ 2N
< (V@U@ - Evh@TE) ) dady| |-

We will rewrite this expression as an integral over 4N variables. Observe that half
of these 4N variables will be arguments of ¥¥, and the other half will be arguments
of \iff Also, these 4N variables appear as arguments of K(z — y) — K(—y) by
pairs, in such a way that the roles played by z and y are not symmetric. Based on
these simple observations we introduce the following terminologies and notations.

e Fix two integers 1 < k,[ < Z. We will say that we are given a finite number
2m = 4N of charges (where N € Z), by which we mean points in R?
endowed with a sign, as well as an index h € {k,[}. We impose that exactly
2N of these charges have a positive sign (corresponding to the arguments
of U¥), and the other 2V charges have a negative sign (corresponding to the
arguments of ¥F),

e We denote by M a set of labels with cardinality 2m and, given 7 € M, we
write x; € R? for the location of the corresponding charge, o; for its sign,
and h; for its index. In this section, we will only consider the case k = [,
namely all the charges have the same index k. We therefore do not make any
reference to this index anymore until Section [5}

e These 4N charges are furthermore partitioned into 2N distinct oriented pairs
with each pair consisting of one positive and one negative charge. Here, an
oriented pair consists of two charges, with one of them called the outgoing
point and the other one called the incoming point. Given two charges ¢ and
J, we write ¢ — j for the oriented pair with outgoing point ¢ and incoming
point j. We denote this set of oriented pairs by R and we impose that R
is such that exactly /V pairs are oriented from the positive to the negative
charge and NV pairs are oriented the other way around. E]

o Generally, given an arbitrary oriented pair of charges e, we say that it is
renormalised if e € R. Given a pair e € R, we write e™ (resp. e~) for
the point in e with positive (resp. negative) charge, and e4 (reps. e ) for the
outgoing point (resp. incoming point) of e, in other words e = e — e,.

Remark 4.5 In order to shorten our expressions, we will sometimes identify a
charge i with the corresponding coordinate 2; € R®. For example, if .7 is a function
defined on R? and we write J (et — e7), this is a shorthand for T (Xt — Tp-)-

“This is a reflection of the fact that, in , half of the factors involve the complex conjugate.
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For any oriented pair e € 'R, we use the shorthand notation
K(e) € K(ey —ep) — K(—ep) .

Then, using the notations introduced above, one can rewrite the right hand side of

(4.06) as
/ _E TT (wheh®te) - Eppbehwben)) | T (sdenke) de.
®M Lo ceR

4.7)

We will now expand the first product over e € R, which amounts to assignment

of a subset P C R to the first term and R\ P to the second term. This motivates
us to further introduce the following notations. For any subset P C R, we write
P’ = |J P for the set of all charges appearing in the pairs in P. Given subsets
A C M, we write £(A) for the set of all pairs {7, j} with i, j € A. Here, the pairs
are not oriented, and the two charges in any such pair are not necessarily of opposite
signs. Finally, for any pair e = {i, j} and a symmetric function 7 : R> — R, we

write
def def

Je = J@i—aj), T = T(ai—a)"% . (4.8)
Note that for this particular notation it does not matter whether an orientation is
specified for e since J is symmetric.
Given again a function J as above and any subset P C R, we then define the
quantity
Hew D= (I17)( I %) 4.9)
e€eP FEE(M\P)
where = € (R*). Note that in the first product above, every e is a pair of opposite
charges {e,e_}, so all the factors J(e4 — e_) are powered by —1; in the second
product, the factors 7 (z; — ;) for f = {7, j} could appear in either the numerator
or the denominator, depending on whether ¢, 7 having the same sign or not. We also
write
H; I) = > ()P p; 7)),
PCR
With all these notations at hand, the first product over e € R in the expression
is then written as

S P TLEwEenvien) Bl T whgoube

PCR ecP feE(M\P)

_ 6752m(k271)Q€(0>H(x;j€k2).
Therefore, for m = 2N and the function 7. defined in (3.5]), we have the identity

B0 ghRy[m —ﬁQm(kQ—l)Qa(O)/
‘<(p07 € >’ € (R3)M s
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Similarly to before, we aim to obtain suitable bounds on the function # that are
uniform over € € (0, 1] and such that we can bound the small-\ behaviour of this
integral. The most important case would be k£ = 1 for which H = H(x; J.), since
only W't converges to a nontrivial limit.

Given J as above, we define for any two “dipoles” e # f € R the quantity

Tet g+ Te— f- B

AL =
() je+f—je—f+

1. 4.11)
This quantity plays an important role in this section because it is small if either
et ~ e or fT =~ f~. As a consequence, being able to extract sufficiently many
factors of this type from H(x; J:) will enable us to compensate enough of the
divergence of the kernel K in the expression for E| (), UFF)|™.

We also define for A C R and e ¢ A the quantity

AXD =[] Al .

feA

Finally, suppose that we are given a subset A C R as well as a map B: A —
eR \ {@} | associating to each pair e € A a non-empty subset 5. of R. Then,
provided that A # &, we define the quantity

AL = [[ a8

e€cA

In the special case A = @ so that the above product is empty, we use the usual
convention that Aﬁ(] ) = 1. This definition also makes sense if B is defined on a
larger set containing A. We also write

Uf=AulJB..
ecA

The following identity, which can easily be proved by induction, will be used:

(ﬁ a)-1= Y Jle@-v. 4.12)
=1

@#£PC{L,...n}icP

In order to rewrite 7 in a way that makes some of the cancellations more
explicit, we will make use of the following notations. Assume that we are given
an ordering of R so that R = {ei,..., ey}, as well as a subset A C R. We set
Ro = @ and Ry £ {e1,...,ep} for 0 < ¢ < m, as well as Ay = AN Ry. For
any ¢ € {0,...,m} and A C Ry, we then write M,(A) for the set of all maps
B: A— R\ {@} which furthermore satisfy the following two properties:

e Ife, € A, then Bek C R\Ak

3Given a set F, we write pF for its power set.
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e Forevery k </, one has e, € A if and only if e, ¢ Ufk_l.

We have the following very useful recursive characterisation of the sets M (A):

Lemma 4.6 Let £ > 1 and A C Ry. Then B € M(A) if and only if B restricted
to Ay_1 belongs to My_1(Ay_1) and exactly one of the following two statements
holds:

e Onehases € A, ep & Ugg_l, and B., C R\ A.
e Onehasey & Aandey € UEZ_I.

Proof. This follows immediately from the definitions. O

Remark 4.7 For ¢ > 0, the second of these properties cannot be satisfied unless
e1 € A. In particular, this shows that My(@) = @. For £ = 0 however, both
properties are empty so that M (&) consists of one element, which is the trivial
map.

Proposition 4.8 Fix an arbitrary ordering of R as above. Then, for any given
Sfunction J, and for every 0 < £ < m, one has the identity

Ha; =Y Y AN HA, B ) (4.13)
ACRy BEMp(A)

where we made use of the notation

HA Bz DE D> ()P Haup@; J), (4.14)

PCR\US
for any set A C R. Here, H aup(x; J) is as in (@.9).

Remark 4.9 The factor Aﬁ appearing in this expression does of course also depend
on the specific configuration x of the charges. We drop this dependence in the nota-
tions in order not to overburden them. Figure 2] provides a pictorial representation
of an example of term H (A, BB) appearing in the statement, the reader is encouraged
to read the proof with this example in mind.

Proof. In this proof, we hide the argument 7 in all the H functions for simplicity of
notations. The proof of the result now goes by induction over ¢. For ¢ = 0, A = &,
M(D) consists of one element which is the trivial map for which, by convention,
Ag = 1 so that the statement is precisely the definition of 4. Assuming that the
statement holds for £ — 1, we now show that it also holds for £. We rewrite the
induction hypothesis as

H= Z Z (lezeUf + le£¢U§)Ag H(A,B) s 4.15)
ACR,_1 BEM,y_1(A)
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H>—=>  G—=06

Figure 2: Pictorial representation of H(A, B) in the case A = {e1} C Ry and B, = {e2}
with m = 4. The 4 horizontal pairs are, from top to bottom, e;, e2, e3 and e4. By definition,
UB = {ey, ez}, and therefore P in runs over all subsets of {es, eq}: the 4 terms
above correspond to H 4up with P being &, {e3}, {e4}, and {es, e4 }, respectively. Each
Haup is a product of 7’s (drawn in dashed lines) or 7 ~’s (drawn in solid lines). Pairs in
A U P are abit thicker since they stand for the 7 ~’s in the first product of .

and we consider the resulting two terms separately.
Consider first the case e, ¢ U%. Writing A = A U {e,}, one can then rewrite
H(A, B) as

HAB = Y O (Haor — Haop)
PCR\(WUSU{ecH
Tt et Tpe o
T el L )
PCR\WEBU{esh) FeR\(AuP) C Freg Vel

Using the identity (4.12), this can be rewritten as

HAB = > DPlg,, Y A?

PCR\WUEU{es}) PFQCR\(AUP)

= Y A¢ > D H 5p -

G#QCR\A  PCR\(WUEUQU{es))

Given B € M,;_1(A) and a non-empty set Q C R \ A as above, we then define a
map B € M(A) by B(e) = B(e) for all e € A and B(ey) = Q. As a consequence
of Lemma we see that all maps in M(A) arise in this way. One then has
USuQuiel} = UE and thus

> (—)P1H 3 p = H(A, B) .
PCR\WUZUQU{es})

Making use of the identity AﬁAg = Ag, we conclude that

Yoo D LgsARHMAB =Y Y ABH(A,B) .

ACRy_1 BEMy_1(A) ACRy BEM(A)
eg€A
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Concerning the term in 1' with e, € UE , we use the fact that, again by
Lemma ife, & Abutey € U, then My_1(A) = My(A), so that

S0 LasdiHAB =Y Y ASHAB).

ACRy_1 BeEMy_1(A) ACRy BEMy(A)
ey ZA
Adding both identities concludes the proof of (.13). O

The most important point of Proposition 4.8|is that at an arbitrary step ¢, all the
renormalised pairs in R, are contained in the set U E , as imposed by the definition
of My(A). The quantity A5 then generates factors of positive homogeneities for
the pairs in UE (see the remarks after ). In order to make this statement more
precise, it is convenient to introduce the quantity

def —1 —1
A Ellee, — e llollzg, =g lsllze, —ar [ es, —ze 5" @16)
for any two dipoles e and f.
Lemma 4.10 Suppose that et e™, fT, f~ € R3 are four distinct points, and that

let —e e AlFT = Flls < lle™ = flls Alle™ = 7]

s> (4.17)
Then, one has the inequality
le™ — e lsllf T =S lls Slle™ = fllalle™ = Tl - (4.18)

In terms of the quantity Ay defined in (.16), we can also write this more succinctly
as Acy S 1.

Proof. Since the statement is symmetric under e <+ f, we can assume without loss
of generality that one has

le™ —ells S lle™ = flls Alle™ = fFls -
Then, by the triangular inequality,

L=l Slle™ —ells +lle = f7lls + lle™ = T
Slet = F7lls ville™ = f s -

The bound (#.18)) follows by combining these two inequalities. O
The following lemma will be used in the proof of Proposition below.

Lemma 4.11 The final pairing S selected by the procedure in Section [3| maxi-

mizes (up to a multiplicative constant depending only on m but not on the specific

configuration of points x) the quantity Il s “ I (ij}es jZ;
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Proof. Let S be the pairing selected by the procedure in Section and let S # S be
a different pairing. Without loss of generality, we assume that in the procedure to
construct A, and S, in Section [3] at each step n only two sets merge together. Let
n be the smallest number such that there exist A € A, withe € S,(A)bute ¢ S.
Then, there exist a set B € A,,_1 containing e, and Be A, containing e_ and
B+B.

Suppose that {ey, f_},{e_,f+} € S. One has f_ ¢ B (otherwise there
would be already a pair with both charges in B which belongs to S but not S, thus
contradicting the minimality assumption on n), and f, ¢ B, so

lze, —wplls 22", llze. —wp s 22"

~

By ||e, — ®e_||s < 2" and Lemmal4.10] one has
ey = @e_llsllzr, —2plls S ey —wp—llslleg, —ze_]ls -

If we define S by keeping all the parings in S except that {e, f_ }{e—, f+} are
replaced by {ey,e_},{f4+, f-}, we have Il5 < Il5. Note that e € S. We can then
iterate the above procedure to consequently increase IT until we obtain the pairing
S. 0

Lemma 4.12 Assume that we are given a function Q(z) ~ —5-log ||z|,, that g is
any continuous function supported on the unit ball around the origin integrating
to 1, and that Q. is as in (@) Given o > 2, let J(z) = e 2729%) gqnd J.(z) =
e~ 2R Assume furthermore that Q is of class C? and there exists a constant
C such that [V*Q(z)| < C’/||z”‘5k‘5f0r k| < 2. Letet, e, f*,f~ € R® be four
distinct points such that

le® —eTlls AFT = Flls < lle™ = flls Alle™ = £ (4.19)
and write e = {e*, e}, f = {fT, f~}. One then has the bound
+_ ot - _
Je(em = fOIJle” —f7) 1‘ < A, (4.20)

Je(et — f)Te(em — [1)

uniformly for all € > 0, where Ay is as in (@.16).
In particular, for k > 1, the function Ag(JEkz) with J. defined in satisfies
on the set (& 19) by choosing o = k*[3%/(27).

Proof. As a consequence of the symmetries e <> f and (e, f7) <> (e™, f7) we
can assume without loss of generality that

le* —e7lls < IfT = flls - @21k
1f 5 =ells < lle” = f s - @21b)

First of all, we consider the “easier” case, that is

le¥ = flls < 5lle™ —e|ls -
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In this case, by the triangular inequality one has || f* — e~ ||s < 6|le™ — e~ ||s and,
using the triangle inequality together with , one also has |et — f7|s <
6]|f* — f~ ||s, so that A,y > 1/36. Furthermore, by the triangle inequality, (4.19),
and (4.21p), one has [le® — f*ls /T — e [lsand e — f7[ls S lle* — £~ [ls.
Therefore the left hand side of is bounded by some constant independent of
e, and (.20) follows.

If [e” — f7|ls < 5|le" — e ||s then the bound holds in a similar way.
Therefore it remains to consider the situation where

le™ = 7 lls Alle = flls = 5lle™ — e |ls
which in particular implies that
Allet —e s < fleF = 1 s (4.22)

for any of the four choices of signs that can appear on the right hand side. Define a
function F' depending on e, f* and € by

F(ze,2p) & Jele™ — 1) Telze — 2p) — Tele™ — 2p) Te(f+ = 20) -

Since J- is assumed to be symmetric, one has F'(z¢, zy) = 0 whenever z, = et or
zp = fT. In particular 8% F(z, f1) = 8§fF(e+, zp) = 0 for all k > 0. We will
show that under the assumptions of the lemma, one has the bound

[Fe™, fOI S Tele™ = fT(fT —e) Ay (4.23)

which then immediately concludes the proof of the lemma.

To show (4.23), let v : [0,1] — R3 be the piecewise linear path from e to e~
which is made up from three pieces, each of them parallel to one of the coordinate
axes. Then, since F((e*, f~) = 0, one has

2
[Fe™, fONS D W) sup [VOF(ze, f7)] (4.24)
=0

Ze€Ye

where V() denotes the derivative with respect to the ith component of the variable
z and |y{?| denotes the total (Euclidean!) length of the pieces of the path . that are
parallel to the ith coordinate axis. Note that one has [y?| < |let — e~ ||5'.
Similarly, let ¢ : [0, 1] — R3 be a piecewise linear path from f* to f~, again
with each piece parallel to one of the coordinate axes, but this time with possibly
more than three pieces. We claim that one can furthermore choose vy in such a way
that each of its pieces has parabolic length at most || f* — f~||s and such that the
bounds
17 =€ lls S llze = 27lls Slle™ = 7 (4.25)

hold uniformly over z. € 7. and zy € . Here, the upper bound is a simple
consequence of the triangle inequality and the fact that (4.21)) and (4.22) imply that
le® = fFlls + et —ells + 1F~ = fFlls S lle™ = s
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Figure 3: Construction of the paths «y, and 7. The “exclusion zone” Z is shaded in light
grey.

In order to enforce the lower bound, more care has to be taken. Define an
“exclusion zone” Z C R3 as the convex hull of {2 : [|z—Z2||s > ||fT—e~||s/4 VZ €
7e}. Tt then follows from ([@.22)) that both f* are located outside of Z, so it suffices
to choose ¢ in such a way that it does not intersect Z. A typical situation with Z
draw in light grey is depicted in Figure[3]

Since F'(ze, f1) = 0 for every 2. and thus V,_ F(z., f7) = 0, we can apply the
gradient theorem to |V F(z, f7)|, yielding

2
e, OIS D W) sup sup [VOVIF(ze, )] (4.26)
i,j=0 Ze€Ye ZfEVf
Write now ||z]|s.c = ||z||s + € so that J.(2) is bounded from above and below by

some fixed multiple of ||z[|¢'. and note that IVEQ.(2)] < |12]lse M asa consequence
of our assumptions and of [Hail3l Lemma 10.17]. As a consequence, one has the

bound |[V*7:(2)| < ||2|lse I*ls 5o that one has

VOV F(ze, 2p)| S llet = FHIIE - llze — 2flloe ™
e = zpllas™ - It = zelloT®

Combining the triangle inequality with (#.19), (#.2Th), and {#.23), the factors
appearing in the right hand side of (4.27)) are bounded as follows (here we use the
fact that o > 2 so that o — s is guaranteed to be positive):

4.27)

54 — 55
le* = zfllee™ S llet = £ llse™
I = zellec™ S IfT —e_lla i
—54 — S —
lze = 2fllee ™ S e = flls I — eI

le™ = frlge S I —e el — e ll5
Inserting these bounds into (4.27)), we conclude that

B

5.6 °

— || —5;

VOV F(ze, 2p)| S Telet = f T —elle” = f Il 1FF -
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uniformly for z. s € 7., . Finally, we observe that

. B o . B el
ol Sllet —elslf T —eT 157 el SUFT = fllslle = 710
so that the claim (4.23)) follows from (4.26). 0

Remark 4.13 The analysis we are following here is not as sharp as possible. In the
above proof, we essentially performed a first order Taylor expansion of Al (viewed
as a function of e™) around e™, which allowed us to gain a factor ||et — e~ ||s. This
factor, when multiplied by K(e)J,", is integrable as long as 3% < 67. However,
the linear term e~ — e™ is an odd function, while all other functions (K, 7 etc.) are
even in their spatial coordinates, so that the integration over e~ in a neighborhood
of et essentially vanishes. As a consequence, we believe that it should be possible
to gain a factor ||e™ — e~ ||2, thus allowing to control the second-order objects for
all 32 < 8m. This would however require us to change our strategy, which is to
obtain bounds on the absolute value of H that are sufficiently sharp to guarantee
that (4.10) has the correct order of magnitude.

Before we proceed, we introduce the following definition, where S is assumed
to be a pairing constructed as in Section 3] while R is a fixed set of renormalised
pairs as before.

Definition 4.14 We say that e € R NS is a bad pair if there exists an f € R such
that the condition (4.17) of Lemma.10|is not satisfied, namely

”e+ —fllsAlle” = f+||s > HeJr —e [ls A ”f+ —fls - (4.28)

If such an f exists, one must have f € R\ S since the construction of S guarantees
that any two pairs e, f € S do satisfy (4.17). We say thate € R N S is a good
pair if it is not a bad pair. We denote by D C R N S the set of good pairs and by

ds

DCE(RNS) \ D the set of bad pairs.

If we were to do the expansion {@.12)) for a “bad pair”, the conditions of
Lemma {.12] and Lemma {.10] would be violated. Therefore we will only do
the expansion for “good pairs”. The next important proposition shows that one
can bound H(z; J) by [| Gjles JLJ_ with a paring S, multiplied by some factors
Aey, in such a way that there appear additional factors |e™ — e~ ||s taming the
non-integrable divergence of the function K (e)J ~(e), for every e € D. Further-
more, these factors A, ¢ are all bounded, so that we will have freedom to erase
some of them for convenience of the integrations over all the space-time points in
Subsection One may worry that K (e)J ~ (e) would still be non-integrable for a
bad pair e, but in fact we will see later that one can just insert a factor A, ¢ for these
pairs “for free” (see the proof of Proposition below).
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Proposition 4.15 Assume that J € {jf, J k2}. Let S be the pairing selected by
the procedure in Section[3|and let D be the set of good pairs. One has the bound

oD s (I 7)Y I A (429)

{ijres PCR2 (e,f)EP

where the sum "' is restricted to those sets P such that
e for every e € D, there exists at least one f € R, f # e with (e, f) € P,
o forevery (e, f) € P,one hase € Dor f € D,
e forevery (e, f) € P, one has Ay S 1.

Proof. The following bound will turn out to be useful for our calculation. For any
set A C R, one has

(M) I J)s II 7 (4.30)

ecA fFEEWMN\AY) {i,7}€S

Recall here that A’ denotes the set of all charges covered by A, i.e. A’ =J A. In
order to show this, we apply Proposition to the collection of points M \ A/,
which allows us to bound the left hand side of 1} by the expression [ | (ij}es Jij
for some pairing S. By Lemma the latter is bounded by the same expression
with S replaced by S.

Combining this bound with Proposition 4.8] where we choose the ordering of R

in such a way that D = {ey, ..., e/} for some ¢ > 0, we obtain

Ha; HD< > Y AR HA, B2 T)

ACD BEM,(A) 4.31)
(XX o) ( I 7).
ACD BEM,(A) {i,j}es

where we used the fact that H(A, B) is nothing but an alternating sum of terms of
the type appearing in the left hand side of (4.30)), but with different choices of A.
We recall that Aﬁ is, by definition, given by

AB — H(H A§> . (4.32)

EEA fGBe

At this stage, we observe that since A C D, every e € A is a good pair and
therefore for each of the quadrupoles (e, f) appearing in (4.32), the shortest distance
between ||z, — e_|ls, [|[p, — 2f_|ls, |25, — Ze_||s and ||ze, — xf_||s is always
one of the first two, at least up to a constant multiple depending only on m. Then,
we can apply Lemma[4.12]to obtain the following bound

HeDs (Y S TTITA)(IT ) @33

ACD BeMy(A)ecA feB. {i,j}€S
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By the definition of M,(A), for every A, B in the above summation, one has
DCU E , in other words for every e € D, there exists at least one f # e such that
the factor A, (or possibly Ay, but these are identical) appears in . Since
A C Ditis also the case that for every factor A.; appearing in (4.33)), one has
either e € D or f € D. Finally, the definition of “good pairs” implies that for every
factor A,y appearing in the bound holds and thus Ay < 1. Therefore
we can indeed bound the right hand side of by a multiple of

( I1 »75) ST A

{i,j}€S PCR2 (e, f)EP

where the sum > is restricted to those sets P satisfying all the conditions described
in the statement. O

4.2 Moments of \Il’gl_“: integrations

The bound given in Proposition 4.15] turns out not to be very convenient to use
when one tries to actually perform the final integration over the positions of the
charges, so we will first derive a slightly weaker bound which has a “nicer” form.
We start with some definitions. Suppose that we are given a graph G = (V, £) with
vertices V and edges £. For a subset of vertices V' C V, we then define a subgraph
Gy = (V', &), with &’ consisting of the edges in £ with both ends in V.

We can also define a graph G¥' by identifying all the vertices in )’ as one vertex
called v, so that the set of vertices of GV is given by (V \ V) U {v}. Regarding
the edges of GV, we postulate that (z,y) is an edge of GV if and only if either
v ¢ {z,y} and (x,y) € &€, or x = v, y # v, and there exists z € V' such that
(z,y) € E. The set of edges of GY' can be identified canonically with the set
&\ {edges with both ends in V'}. If the original graph G is directed, both GV and
Gy inherit its direction in the obvious way.

Given a vertex set )V, we define the set of admissible graphs Gy to be the set
of all directed graphs over V such that every vertex has degree at least 1 and there
exists a partitioning V = Vr, LI Vr of V with the following properties:

e Each connected component of GV~ is a tree. The connected component
containing the distinguished vertex v is considered as a rooted tree with root
v and all other connected components should contain at least two vertices.

e Each connected component of Gy, is a directed loop.

Here, a directed loop is a connected graph with at least two vertices such that every
vertex is of degree 2 and has exactly one directed edge going into it and the other
directed edge going out of it. A tree is a non-empty connected graph without loops.
Given an admissible graph G, we furthermore write &£, for the edges connecting
two vertices in Vr, and 7 for the remaining edges. We also remark that if G is
admissible, then the decomposition V = Vy, U Vr is unique. See Figure [Zl_f] for a
generic admissible graph.

Now let R be the set of renormalised pairs as above, which is going to be our
vertex set. To every G € Gg, we associate a pairing Sg of the 2m charges as
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Figure 4: An admissible graph G (left) and the corresponding graph GV= (right). The
admissible graph consists of four connected components. Elements of V;, are shown as
little circles o, elements of V are shown as black dots e, edges in £, are shown as solid
lines with arrows, while edges in &7 are shown as dashed lines.

follows. If e € Vp, then {e*,e”} € Sg. If e € V;, and therefore there exist
f,9 € Vr such that (f,e) is an edge pointing from f to e and (e, g) is an edge
pointing from e to g, then {fT,e"} € Sg and {e™, g~} € Sg. In particular, we
only care about the orientation of the edges connecting vertices in V. With this
notation at hand, we can reformulate our bound on H(x, J) as follows.

Proposition 4.16 Assume that 7 € {T*°, 7¥°}. One has the bound

Haens S (T 75)( I As)- (4.34)

GeGr {i,j}€Sg (e,NeET

Proof. Given a pairing S (in practice we take the specific pairing selected in Sec-
tion[3) and a set P C R? satisfying the conditions listed in Proposition we
construct an admissible graph G € Gy as follows.

First, we define a set of oriented edges £7, by setting

Er={e,f): {e",f }eS\R}.

This set of edges has the property that if (e, f) € &1, then we necessarily have
{e, f} € R\ S. Furthermore, one can see that the graph (R, £1,) consists of loops
of length at least two, as well as of singletons, with the singletons consisting of
R NS, see Figure|5| (If we had only imposed that {e*, f~} € S, the graph would
consist of loops with every vertex belonging to exactly one loop, but some loops
could consist of only one vertex.) We therefore define at this stage Vi, = R \ S.

We now consider the graph Gp = (R, P). Here, we note that by the constraints
on P given in Proposition 4.15] every edge in P contains at least one element of
R NS (the “singletons” of the first step) so that the reduced graph g},} L contains the
same edges as Gp. We then select an arbitrary spanning forest &}1) C P for gl‘j L. In
other words, £ is such that the connected components of (R, T)HVE are the same
as those of g},’ “, but each such component is a tree. (Here, the orientation of these
edges is irrelevant.)
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Figure 5: Generic situation for the construction of £,: pairs in R are drawn as thick lines
and pairs in S are drawn as dotted lines. The arrows show the edges belonging to &y..

Finally, let R©©) C R be those vertices in R N S that are not in P’. Because of
the first condition on P, any e € R® necessarily belongs to D¢, i.e. it is a “bad
pair”. Therefore, for every such e, there exists an f. € R \ S such that (4.28)) holds.
We then define 5}0) ={(e,fe) : e € RO},

With all of these definitions at hand, we now set G = (R, Er, U Er) with Ep =
55[9) U 8}1), which is indeed an admissible graph with decomposition V;, = R\ S
and Vr = R N S. Furthermore, our construction and the definition of Sg guarantee
that one actually has Sg = S. Finally, we claim that one has

Il 45 I Aer- (4.35)

(e,f)eP (e,f)EET

Indeed, since 8(T1 N by construction and, for every (e, f) € P\ Ep, one has
Acs < 1 by the last condition on P, this bound holds with £ replaced by &, 1 On
the other hand, for every (e, f) € S(TO ), one has Acs 2 1 by combining the definition
of a bad pair with Lemma4.10} so that does hold. The claim now follows by
applying the above inequality to the right hand side of (4.29) and then bounding it
by the sum over all possible admissible graphs. O

The bound has two major advantages: first, it does not make any reference
to the special pairing S anymore, so that we now have one single bound which
holds for any configuration of charges . Second, the tree structure given by the
notion of “admissible graph” will make it possible to bound the integral (4.10) by
inductively integrating over the variables corresponding to the “leaves” until we are
only left with the “loops” which can then be handled separately. Now we have all
the elements in place to give the proof to Theorem[d.3] For a simpler notation, from
now on we will write

def ,8 2

p=3--
We now have everything in place for the proof of Theorem4.3] We first give the
proof of the bounds and convergence statements for \Ilkk In Section ﬁbelow,

we then bound the objects ¥**, while the bounds on \Illgk and U with k # £ are
postponed to Section [3]

4.3 Moments of \I/MC

Proof of Theorem.3|for \I/k’“‘ We first prove the statements for UF which is the
harder case. The modlﬁcatlons required to obtain the analogous statements for \IIMC
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with £ > 1 will be indicated at the end of the proof. Recall from (4.10) that for
m = 2N, one has

Bl v = [ Hews ) [T (edenr@) do

ecER

As a consequence of Proposition .16, we can bound this expression by

Bl w5 < 3 [ (1 5. T1 As) IT (wbenlixe) da.
g

€Gr {i,5}€Sg (e,)H)EET e€ER

The proof of Theorem [4.3] now goes by induction over m. Suppose that for
every m < m and every § > 0, the bound

/ (TI i I1 As) (T IedenlIK@l) da  A25-0m (436)

{i,7}€Sg (e,f)eér eeR

holds uniformly over \ € (0, 1] for every admissible graph G € Gz over the set R
of cardinality . Here we are not assuming any more that exactly half of the pairs
in R are oriented from the positive to the negative and the other half of the pairs
the other way. We aim to prove that in this case the analogous bound also holds for
every admissible graph G € G over R of cardinality m. (Again, not assuming that
To make the calculations more clear and visual, we introduce some graphical
notation. A line = e—{a}l—e« ¥ with a label « represents the function ||z — y||<.
A dashed line with an arrow & e------ ++ Y represents the function K(x — y) =
K(x —y) — K(x). A gray dot o means that the point is integrated out, while a black
dot « simply stands for a point without integration. We then distinguish between the
following two cases.
Case 1. In this case, we assume that Vr # &, where Vr is associated to the
admissible graph G as above. Since G¥ is a union of disjoint trees, one can always
find a vertex e such that the degree of e is one (namely, e is a leaf.) Let f be the
unique pair in R such that (e, f) € £7. There are then two possible situations. The
first situation is that f € Vp and f is also a leaf (see the bottom-right connected
component of the graph in Figure . In this situation, the integration over e* and
f* factors out and is either of the form

L= / 0D E (™ = €DK = 1) TeTpAcp de™df*
(4.37)
where the integration is over (R®), or of the form

L= / oDt DIE ™ = €DK~ = [ JeTpAcs detdf* .
(4.38)
Of course, it could also be or (4.38) with all the signs flipped, but these can
be reduced to the above two cases by symmetry. Leaving aside the test functions
goé‘, the integrands in /; and I, are depicted by



SECOND-ORDER PROCESS BOUNDS FOR k = [ 41

~
~
N
Al
[e]

e T
respectively. By Lemma .18 we have
| + || S 223070 (4.39)

for every sufficiently small § > 0, so that the statement follows from the induction
hypothesis withm = m — 2and R = R \ {e, f}.

The second situation is that when either f ¢ Vr or f € Vp but has degree
greater than one. In this situation, the integration over e again factors out and has

the form
def

I3 = / ey (eN|K(e™ — eh)| jeAef deTde™ , (4.40)

or the same expression with all the signs flipped. Graphically, ignoring again the
test function, the integrand is given by

fro—m—ft

Note now that the integrand in the full expression (4.36) necessarily contains either
a factor |} (f*)| or a factor |} (f7)|. Therefore, we can restrict the integral to
those configurations for which || f*]|s A ||f~|ls < A, which allows us to apply
Lemmabelow, thus yielding the bound |I3] < A\>~#~° for every § > 0. The
required bound now follows by using the induction assumption with m = m — 1,
R =R\ {e}.

Case 2. We now turn to the case when Vr = & (which in particular implies that
Er = ), and therefore £, # @. In this case, the integral factors according
to the connected components of the graph G, which consist of loops. The integral
for a loop of size n linking vertices {e;}!" ; C R is given by

I, = / ﬁ (vhen K@l T . ) f[ (defde),  @an
i=1 Y

where we made the identification e, 1 - e1. Furthermore, each e; € R comes with
an arbitrary orientation which appears in the definition of K (e;). Integrals of this
type are bounded in Lemma [4.20] below, which yields

I < \@F-on (4.42)

thus again allowing us to invoke the induction hypothesis with m = m — n and
R=R\{e1,...,en}
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We now turn to prove the convergence statement of the theorem. Define for
€:(€+,€7),f:(f+,f7) S R3 X R3
def \75,5(€+ — f+)~7€,€‘(e_ -
Hg’g_(e, f) - + _ + _ + _ _ +
Je(et —eNT(fT — [)Teale® = [T)Teele™ — f1)
where J; ¢ is defined in the proof of Theorem Then one has

- je,ejf,é

E|(gy, U5 — U3)]? = / (He(e, f) + Hele, f) — 2He (e, [))
% (AHAUDEE = OEGT = 7)) dedf*

Assume without loss of generality that £ < e. As in the proof of Theorem [3.2] one
has J~ = J~ exp(M,) and ‘78} = J~ exp(M; z) where the functions M. and
M, ¢ are bounded by |[M.(2)| + M. =(2)| S €/||z||s for all space-time points z
with ||z[|s > €, and, the function J - also falls within the scope of Lemma and
therefore satisfies the bound (4.20).

For our collection of four charges e*, f*, there are only two possible admissible
graphs: the first one is Vi, = {e, f} (i.e. e and f form a loop), and the second one

is Vr = {e, f} (i.e. e and f form a tree). It is then straightforward to show that
’Hs(ev f) + Hé(ea f) - 2HE,§(67 f)|
Cw—Bn — _3 €
Slet = 07e =7 3 ()
wAye (et [+ Ylls
3 3 € €
+ et —e TP = I PA <7/\1+7/\1>
e = e Il = e A e M =

for all e*, f* € R3.

Now to perform the integrations over e®, f*, one needs the following fact:

suppose that | DF K1 (z)| < (m A 1)H:E||§17|k|5, and K is of order (2, then

DR % Ko)(@)| < ||| S Fle " (4.43)

for sufficiently small x > 0 where { = (1 + (2 — |s| ¢ N and k is such that
{ — |k|s < 0. To prove (4.43), observe that if |||s < 2¢, then one just bounds
|DF K (2)| by Hngr‘k‘s and then uses ||z||f < " to obtain the desired bound.

If ||| > 2¢ on the other hand, writing (K * K2)(z) as | K1(y)Ka(z — y)dy,
we distinguish three cases as in the proof of [Hail3l Lemma 10.14]. The first case
is that ||y||s < ||z||s/2: we bound ||z — y||s by ||z||s, and integrate /;(y) following
the steps above (3.12). The second case is that ||y — z||s < [|z||s/2 and therefore
e/|lylls < 1, we can bound K7 (y) by £||z||S" ~*. The third case is the complement
of the above two regions, where one still has ¢/||y||s < 1, following the same
arguments as in the proof of [Hail3l Lemma 10.14] one obtains the desired bound.

We can then integrate over e*, f* analogously as in the proof of and
One has B

E\((pé, U, — \I]§>|2 5 52/«»)\72/~t+2(27576) ,



SECOND-ORDER PROCESS BOUNDS FOR k = [ 43

so the second bound stated by the theorem follows by Cauchy-Schwarz inequality.
We now prove the bounds for ¥** with & > 1. One has

Bl w7 = 00 [ 79 ] (ehoK @) dr
eER

By Proposition[4.16] one has

CIERTUIEEE e S N | e |

GeGr {3,7}€Sg (e,NEET
« 1 (fd@lK©]) do.
eeER

In the above expression, there are m of factors \75_]“2. In fact, for some sufficiently
small parameter x > 0, one has

52

ﬁ . Y —-_p—
eax (K 1).75(331‘—373') ¥ S el — s> )

Then, the required bounds follow in the same way as the case of ¥F, except that
e"—=0ase—0. 0

Now we proceed to prove the bounds for all the integrals in the proof of the
previous theorem. Notice that the entire integral comes with a test function gpé‘( D)
or cpf)‘( f7), which justifies the assumption of the following lemma.

Lemma 4.17 Let I3 be given by @.40). Then the bound |I3| < A28 holds
uniformly over all f* such that || ||« A f~|ls < Xand ||[fT|ls V|| f7|ls S 1.

Proof. By the gradient theorem, one has
K~ —eh)| S |Kem —e)— K(e)|
S eI (e 1750 + fle™ - e )I7750)
for every § > 0 sufficiently small, where we used the fact 3 — 3 € (0, 1]. By our

definitions, the left hand side of (4.40) is bounded by A=4|| f= — f*||s (T1 + Tb),
where
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and the thick lines indicate that the corresponding (parabolic) distance is restricted
to taking values less than \.

We bound the first term 77. Integrating e~ using [Hail 3, Lemma 10.14], one
has

T < / let — FI et — ST e 2Pt et @ad)
A

where A denotes the ball of radius . We now distinguish two cases. If || f]|s >
2), then one must have ||f~|ls < A which together with |[e™||s < X implies
let — fHH0 < || f~ — £ 1. Inserting this bound into (4.44) and integrating
over e, one obtains

s

Ty SN0 — e (4.45)

If on the other hand || fT||s < 2), then one has |et — fT||s < X and therefore
et — fH710 S A3let — fHI74F9, so that

TS X [ et = e et

Integrating over e, one again obtains (4.45)), which yields the required bound on
this term.
Next, we bound the term 75. Define the quantity

S e T e L Pl [ S o
so that 75 can be rewritten as
T, = /A le* — Fo I et 1350 S(et, 1) de (4.46)

We estimate S(e™, fT) using Holder’s inequality

G_T456 _B4+9_8 _3.8 _3

st = [ (el e = e 1) (e 1 - e 1)
_-1+4 _y-1+% _
x (et = el T = el ) de

—P-5+3 — B2
S etz 2 et — e

=349 1
s le™lls 2 21 f* —ells

8 8
L3 L3

. _ 148
x et = el B e

—1+46
Sllet = FoIeH

L4

Wlslere all the LP norms are defined on functions in the variable e . In fact the two
L3 norms are both bounded by constants. We are now back to the same situation as
(#@.44) for Ty, so that the claim follows. N
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In the sequel, we will make repeated use of the inequality
1201207 S Nzlly e +llzl7277 (4.47)
which holds for every z, Z in R* and any two exponents «, 3 > 0.

Lemma 4.18 The bound holds for I and I given by (@.37) and [@38).

Proof. We first show the bound for I;. Define a function (which also depends on

et f7)
Few) 2 [ = [P R ol - ;!
< IfF = FITPH R — w) dedf*
for every z,w € R®. Then
|11 5/ P, /) = FO,/7) = Fe*,0)+ F(0,0)
x oM (fOlle” = fIIH detdf

Since 3 — 3 € (0, 1], applying gradient theorem to K (e~ — e*) as in the proof of
Lemma[4.17] one has

|[F(e™, f7)— F(, f)| < Hi+ Hy S Hy + Hs

where H; are defined as follows, and in the last inequality (#.47) has been applied
S et e
S5 5 .

to [le” ||

H,y Hy Hs

Performing the convolutions in e~, and then bounding || f+|;7 1 by || f¥||; ¢ for
H3 and bounding ||e™ — £ |71+ by ||e~ — f*||- '~ for Hy, and finally integrating
fT, we obtain

P ) = FO, | S et 3P (11770 + 1~ = eF|2)

In the similar way, applying gradient theorem to K (e~ — e™) again as above,
one obtains that |F'(e™,0) — F(0, 0)| is bounded by the sum of the following two
terms
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. —|B—5+6 —1-8 —|—B+1 _
Applying (@47) to [le~ [~ - e+ — e[l and to £+ = S 7
it is then straightforward to obtain the bound

P, 00~ F(O,0] 5 [l 3770 (Il 25041 25404 f~ —e [275+9)

Then the integrations over e™, f~ are straightforward; this concludes the proof for
the desired bound on 3.

The bound for I follows simply by expanding K (e) K (f) into four terms
according to the definitions and then bounding the integral with each term separately,

using (4.47). O

The bound (#.42) holds as a consequence of the following result for integrating
general “cycles” or “chains”. Before stating the result we introduce a notation.

We denote by K (x,y) functions that are given by either apé\(y)K (x — y) or
¢ (@)K (y — x). Given real numbers {aj, ..., @, a’, @'}, we aim to bound the
integration of the following functions

n
Fe = Fe({abiy Avbis ) 2 TT (K7 @iwol - v — 2 2)

1=

(with n > 2) where x,, 1 is identified with x; and Fe = Fe({z}7;,{y}I" 1, 2, 2)
with
n—1

Fo & g1, 2 gm, 2 [T (KL @il - lgs = i l1) K£ @)
i=1
(with n > 1) where ,
9@, 2) = Jl1 = 2l ¢(2)

and g is defined in the same way with change of roles x1 <+ yp, 2z <> Zand o <> @'

Remark 4.19 By inspection, one can realise that F» corresponds to a cycle shaped
graph L: (xr1 —y1 — ... — Ty, — Yn — T1), and, F¢ corresponds to a chain shaped
graph C: (z — 1 —y1 — ... — T, — Yn — 2). All the variables z;, y; and z, Z will
be integrated. For the case of F¢, we will allow o/ (the same discussion applies to
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@) to be zero, which means g(x1, z) = 2<,06\(z) will be factored out and the integral
of it over z gives a constant; in other words one can simply think of the chain as
ending with the function K (z1,y1). Our notation is just in order to treat the chain
in a unified way no matter it ends with a function K or g.

Lemma 4.20 [n the setting above, suppose that n > 2 and that o; € (—4, —2] for
i €{1,...,n}. Then one has

/ Frdxdy < X000 (4.48)

for any § > 0 arbitrarily small, where H(L) Y on + >, «, and the integration
is over v = {x;}7, € R®", y = {y;}7, € R

Suppose additionally that o/, &' € (—4,—-2]1U{0}, and if &/ = 0 (resp. @' = 0)
then x1 (resp. yyn) is an incoming point. Then, for every n > 1, one has

/ Fedadydzdz < O (4.49)

for any § > 0 arbitrarily small, where h(C) £ 2n + Z;:ll a; + o + &' and the
integration is over v = {z;}1_; € R®", y = {y;}.; € R®)", and z,z € R>.

Proof. The integrand Fz, ignoring the test functions, can be depicted graphically
by the left picture below

Ya o

The picture illustrates the generic situation (with n = 6) showing that the
orientations of {z;,y;} are arbitrary. We will first integrate out all the outgoing
points (see the definitions of outgoing / incoming points of oriented pairs in the
beginning of Subsection f.1)). We claim that after these integrations, one has the
bound

| / Fe dady| S / f[ (#b) Grutain zi) ) da (4.50)
=1
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where the integration is over z = {z}7"; € R>®)", and 2,41 = 21, l; € (—4,2),
Yo li=b(L)—0and

& — yl|% I € (—4,-2],
Gr(x,y) = o =yl + =]l + |ylE e (20], (4.51)
][5+ [|y|4 li € (0,2] .

The integrand of (4.50), ignoring the test functions, is drawn as the right picture
above (where only the subscripts of G are drawn; and the dummy z-variables are
still written as x or y-variables to make a clearer comparison with the left picture
and the variables that have been integrated out are still indicated in light gray). We
substitute the definition of G, into (4.50)) and expand, and obtain a sum where each
summand falls into the scope of of Lemma below (in fact o; > —4
implies 2n + Z?:l a; > —2n > —4(n — 1) for n > 2, so the assumption of
of Lemma [4.21]is satisfied). Therefore the bound follows.

To show the claim (4.50), one needs to show the following bounds.

e The case of integrating out a single point when its two neighboring points
are both incoming points (e.g. the y; in the picture): for any o € (—4, —2],

/!K(y o) ly— 2| dy < ||z — @] 2T 4+ ||z 20

e The case of two incoming points are adjacent so “nothing has to be integrated”
(e.g. in the picture, the successive charges y4 and x5 are both incoming points,
so neither of them need to be integrated now);

e The case of integrating out two adjacent outgoing points (e.g. in the picture,
the successive charges y» and x3 are both outgoing points, so both of them
have to be integrated now): for any o € (—4, —2],

/ Ky = 2] ly—2al1 K@ — )] dedy < Guras@—y) . (452)

The first bound follows from [Hail3, Lemma 10.14]. The second case is trivial. To
show the last bound, one writes

Q' — o) ¥ /K(x’ — -l — g2 K@ — ) dady
Then, the left hand side of (4.52) is given by
Q@' — ) — Q) — Q) + Q(0,0) = |Q@ —y) — Q@) — QW)

where
def

Q) = Qz) — Q0) — z - VQ(0) .

It is then straightforward to show that |Q(x)| < |||+, Therefore (4.52) follows
and we obtain {#.50). This completes the proof of the bound for integration of F..
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The integration of F¢ can be bounded analogously. Note first that F¢ can
not simply be a function K, since if n = 1 by assumption of the lemma one
has o/ A @ < 0. In fact, there exist [; € (—4,2) for 0 < 7 < n + 1, and
Z?jol l; = B(C) — 4, such that one has

n+1 n

’ / Fe dxdydzdz‘ < / [T e ]G iszivn) d (4.53)
1=0 1=0

where G, are defined in (4.5T)) and the integration is over 2o, ..., z,+1. The integra-
tion variables zg, z,41 correspond to z, Z respectively, and 21, ..., 2, correspond to
the incoming points, i.e. the points that have not been integrated. To show (#.53)),
we integrate out all the outgoing points in the same way as above, except that we
only need to treat the two ends of the chain separately. Since the chain is symmetric
under reflection we only consider the end at the function g. If o’ = 0, by assumption
x1 is an incoming point, so we simply take [y = 0; the factored function gof)‘(zo) can
be simply integrated out over zy which gives a constant. If o/ < 0, then arguing
as above we can have the bound with lg = o/ € (-4, —-2]ify; — x1, or
ly = o +2e€ (—2,0]if 21 — y1.

As before we can then expand the right hand side and obtain a sum in which
each summand falls into the scope of {.55) of Lemma[4.21] below. 0

Lemma 4.21 Given n real numbers {a;}?_,, let go,(x,y) be one of the three
functions: ||z — y||s" with a; > —4, or;, ||z||s or ||ly|ls® with a; > —2. Let
a=>yr, . Then:

1) Assuming n > 2 and & > —4(n — 1), with z,1 identified with zi, the
following bound hold

n n
/ etz T (edeo dz) s 27 (4.54)
R 5] i=1
2) Assuming n > 1, the following bound hold
n n+1 B
/ Hgai(zi7 Zit1) H (@S(Zi) dzi) SAT. (4.55)
RO i=1

Proof. First of all we bound all the functions gaé‘(z) by A~* times the character-
istic function for the set A = {z : [[z[[s < A}. We can therefore bound every
9o, (Zi, Zi41) With positive o; by A* and restrict the integration of all the z;, over A.
The integral then factorises into integrations of the form

/—1
/ TT I — il d2
1=k

where 1 < k < ¢ < n with ag,...,ay_1 < 0, and the integration is one of the
following cases
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e an integration over 2y, ..., 2¢;

e an integration over 2, ..., zp—1 with z; = 0; or its “symmetric” case: an
integration over 21, ..., ¢ With 2, = 0;

e an integration over 241, ..., 2¢—1, where z; = zp = 0;

e an integration over 21, ..., 2n, With 2,11 identified with z;.

In the first case, one can successively integrate the variables using the assumption
«; > —4, for instance

-1 -1
/ TT 12 — zeallo de < A2+ Tl — 2o |2
AZk i=k+1

The second case follows in a similar way by starting to integrate from zj, or z; that
is not the one fixed to be 0.
For the third case, we can integrate zy1:

[0}

/ llzer1lle® |l 2e1 — 2er2lls G
A

"dzper S lzkg2lls

where a1 o ag + a1 + 4. If agq1 > 0, then we bound the right hand side
above by \%+1, and the rest of the integral falls into the second case. If a1 < 0,
then note that by the assumption of the Lemma, &1 > —2 -4+ 4 = —2, and
therefore we can proceed to integrate zx o in the same way as zp,. We iterate this
procedure until either it reduces to the second case, or k + 2 = ¢ — 1, namely 249
is the last integration variable and we are left with

201|972 | 2o |94t dzey
X ze—1]|

where qyy_o = Zf:z a; +4(0 — k—2). Thensince ay_o +ay_1 > —2—2 = —4,
it is integrable and bounded by Ay @i+4(—=k=1) Since there is an overall factor
A~4¢=F=D from all the functions ¢}, one obtains the desired bound.

The last case happens only when ¢, (z,y) = ||z —y||¢* forevery i € {1,...,n},
so that we are in a situation of a whole cycle consisting of n points. We can
integrate the variables one by one from z; to z,_2 as in the third case, and the

condition «; > —4 guarantees integrability. Then we are left with an integration
a+4(n—2)

of ||zn—1 — 2znlls , and by the assumption on & one has & + 4(n — 2) > —4,
so we can integrate z,_1, z, over A to get a factor A\®t4"_ With the overall factor
A~%" from test functions we obtain the desired bound. 0

4.4 Moments of Uk*

We now turn to consider the objects defined in (.2)), whose m-th moment, with
m = 2N, can be expressed as

2N
E|(¢), )" = E || / / P@) (K (@ = y) — K(—y) V@)Wl dudy| ]
(4.56)
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In this subsection we show the required bounds for the case k& = .

Similarly as in Subsection we would like to rewrite the 2/N-th power of
the integral as an integral over 4N variables, which again leads us to a situation
with 2m = 4N charges, and we denote by M a set of cardinality 2m indexing
them. Again, each charge i € M comes with a sign o; € {£}, an index h; = k,
and a location ; € R3. There are again m positive charges (corresponding to the
arguments of \Il’g’ ) and m negative charges (corresponding to the arguments of \i"g ).

Observe that in , x and y are both arguments of ¥, rather than one for
¥ and the other for W¥ as in the discussion for U** in Subsection H Due to this
difference, we abandon the notation R defined in Subsection 4.1} and consider in
this subsection the situation where the 2m charges are partitioned into a set R’ of
m disjoint oriented pairs such that there are NV pairs containing two positive charges
and N pairs containing two negative charges.

Proof of Theorem.3|for U**. Recall our notation that for any pair e = {4, 5} (not
necessarily in R’), we define a quantity 7 by

def

jz—:,e = Js(xz - :Ej)aiaj .

It is straightforward to check that

Bl wty = e P00 | (T dbeor) (1 95)

3\ M
RHM Ry cc€(M)

By the procedure in Section with 7 chosen to be jakz which certainly satisfies
(3.13)), one obtains a pairing S for each configuration of the 2m charges. Therefore,

Bl(ep )" < =m0 S [ (] eheenire) (] 5) da.
S

e€R’ fes

where the sum runs over all possible positive-negative pairings of the 2m charges.
Note that this time, for every factor K (e) appearing in the integrand, the two charges
in e have the same sign, while in every factor j& 7 appearing above, the two charges
of the pair f have opposite signs. In other words, we have

SNR =2,

for every S in the summation. This makes the construction of the objects ¥**
much easier. One can then bound the integral for each S. When k& = 1, the
integration falls into the scope of Lemma and the required bound for U®
follows immediately. The bounds for ¥® — ¥¥ and the independence of mollifiers
can be shown analogously as before. When k£ > 1, the arguments are the same as
for the case of W** and the moments converge to zero due to the factors ¢. O
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5 Second-order process bounds for & # [

This final section contains the proof of Theorem for Wk and W with k # 1.
These are only required for the full proof of Theorem [I.1] but are not needed for the
actual definition of the limiting process loosely described by (I.I).

We now prove Theorem 4.3|for U* and WX where k # 1. As before, the m-th
moment can be expressed as integrals over 2m variables. Therefore we are now
again in a situation with 2m = 4N charges, and we still denote by M the set
of cardinality 2m. Each charge i € M comes with a sign o; € {£}, an index
h; € {k,1}, and a location z; € R3. There are exactly m positive charges and m
negative charges.

The current situation differs from that of Subsection4.1] or 4.4l since indices of
charges vary. Therefore we should define new sets of pairs in place of R and R’
above.

e For the case of U* (resp. WX!), the 2m charges are partitioned into m disjoint
(oriented) pairs, and we call this set of pairs R (resp. R2), such that: there
are exactly IV pairs in R of the type (—;1) — (+; k) ﬂ and the other N
pairs in R are of the type (+;1) — (—; k); also, there are exactly NV pairs in
R of the type (+;1) — (+; k), and the other N pairs in Ry are of the type
(=0 = (=3 k).

Proof of Theorem.3|for U* and \Il'gz with k # I. For any pair e = {i, j} (not nec-
essarily in R 2), we can define the quantity

T E Jelwy — ay) 7ohha G-

It is then straightforward to check that

E| (o), Uy |m — Grm(k 2 -2)Q-0 /
(R

(T ko) TT 5%

e€R1 ecE(M)
(5.2)

and U¥ satisfies the same identity with R; replaced by Ra.

Our current situation is different from before and we can’t directly apply the
procedure in Section 3] because there is not a unique function which plays the role
of J in the procedure of Section |3|any more (we have instead multiple ones jahh'
with h, b/ € {k,[}). In fact, when two charges of opposite signs become close, the
cancellations such as (3.19) in that procedure do not necessarily hold anymore since
these two charges could have different indices.

Given such a configuration of indexed 2m charges, we construct a new configu-
ration of un-indexed m(k + [) charges, in other words the charges all have index 1.
The new configuration is simply defined as follows. For each of the 2m charges,
assuming that it has a sign o and an index h € {k,[}, one regards it as h distinct

*In other words the outgoing point is negative and indexed by [, and the incoming point is positive
and indexed by k.
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charges, all having the sign o and the same location. More formally, we denote by
M a set of cardinality m(k + [) and we fix a map 7: M — M with the property
that |7 ~1(i)| = h;. For a € M we will make an abuse of notation and write again
xq for xr ) and o, for o). We remark that we do not mean to integrate over
these “m(k + [) space-time points”: at the end we will still integrate over only 2m
space-time points. We claim that the following bound holds

E|(p), wh)|™ < 3 (k412 / ( H Aeplk@l) TI Fe@i—a)™ do
R {i.jyeEM)

(5.3)
where the integration is still over x € (R?)?™, but the second product is now over
pairs of un-indexed charges in M. The function \Illgl satisfies the same bound with
R replaced by Ro.

Remark 5.1 From now on we write R as a shorthand for either R or R2, depend-
ing on whether we are considering the bound for W*! or for W,

To see that (5.3) holds, note that for every ¢ € M with index h € {k, [}, anew
factor J.(x; — xi)%h(h_l) appeared in the integrand when compared to (5.2). In fact,
the factor in front of the integral in l) is bounded by gz smkHE=2) For each ¢ €
M with index h € {k, [}, we associate to it a factor €2 Sh(h=1) < Jelx — xi)%h(h_h.
There are then a total of BTm(k:(k — 1)+ (I — 1)) factors of ¢ that are turned into the
new factors J:(0) in this way. We are left with a power of € which is precisely the
factor in front of the integral in (5.3).

The above product of \7.’s now falls again into the setting of Section [3| with the
“potential” function J simply being 7., except that the points indexed by M are

not all distinct. This does not matter because one can just start for n sufficiently
small so that

An - {A17A27 cee 7A2m}
where each of A, contains k or [ un-indexed charges with the same sign at the same
location. The bound ‘Hl e T (i — :L'j)’ < CFP then holds trivially for

each A € A, defined above and we can start the recursive construction of Section 3|
from there. That procedure then provides a pairing S, for M and, writing

def Bm _ .
T. ¥ 5 (k=2 H Te(xy — )71%

{i,7}€EM)
as a shorthand, one has the bound
pm _ _
TS B I I @i —ay) (5.4)
{i,j}€Sx

Note that on the right hand side, the total number of factors 7.~ is % (k + 1), and
the total number of factors ¢” is 5 (k + 1 — 2). In the following, we will use the fact
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that £° < J= to “cancel” some of the factors 7~ with the factors . We remark
that after such cancellations the number of factors 7.~ will always be more by m
than the number of factors &°.

Given the pairing S,, one can associate to it a graph G with vertex set M
and edges F in such way that {i,j} € FE if and only if there exist a € 7 (i)
and b € 771(j) such that {a,b} € S.. Of course, one then automatically has
0;0; = —1, i.e. the vertices correspond to charges with opposite signs. Using the
bound £° 7~ < 1, we immediately obtain from (5.4) the bound

7. S PIEE T T —ay) (5.5)
{i,j}€E

Since S, is a pairing of M, every vertex in G has degree at least one, so that in
particular |E/| > m, but G is not necessarily connected.

The set of edges E interplays with the set R in the following way. In the case
of WX every element in R = R is a pair of charges having opposite signs. On the
other hand, for the case \I”gl, every element in R = Ry is a pair of charges having
the same sign. In both cases, every edge in £/ connects two points of opposite signs,
therefore £ N Ro = &, while E'N R; may not be empty.

We now proceed to simplify the graph G in such a way that the bound (3.5))
still holds at each stage of the simplification. Since &” J. S 1, we are allowed to
simply erase edges, but we want to do this in such a way that there are at least m
edges left at the end (so that the prefactor contains a positive power of €) and so that
the resulting graph is as “simple” as possible. This simplification step is slightly
different between the bound on ¥ and that on WX,

For the case ¥, let F¢ be a spanning forest of G. For each connected com-
ponent T (which is a tree) of F, let i be a leaf of 7, and j be the unique vertex
connected to 7. We erase all edges of the form {j, k} where k is a vertex but not a
leaf of 7. We obtain in this way a connected component which is a star (consisting
of at least two points) centred at j. Iterating this procedure, we can reduce ourselves
to the case where every connected component of G is a star with at least two vertices.
Denote the resulting graph by (G;. Note that the condition that every vertex has
degree at least one still holds for 1, so that there are indeed still at least m edges
left. B

In the case W*', we encounter one additional difficulty: since F' N R may be
non-empty in this case, the procedure described above may create a graph in which
one of the connected components is given by a single edge e which also happens to
belong to R. Going back to (5.3), this implies that the right hand side is bounded
by a quantity that containing a factor

/K@awxw:w%@mw.

Unfortunately, this quantity diverges as € — 0, so we should avoid such a situation.
The key observation is that since k£ # [, there does not exist any connected com-
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ponent of the original graph G consisting of only one edge in R, so we tweak the
procedure described above in order to avoid creating one.

As before, we consider a spanning forest F of (G, and we denote by E(F¢)
the set of edges of F¢. This time, we furthermore let G be the graph defined by
contracting all the edges in E(Fg) N R. More precisely, define an equivalence
relation ~ on M by: i ~ j if and only if {i,j} € E(Fg) N R. Obviously each
equivalence class consists of either one or two points of M. For every ¢ € M, write
[4] for its equivalence class. The contracted graph F¢ has the set of equivalence
classes as its set of vertices. for [i'] # [j'] € Fg, {[7'],[j']} is an edge of Fg if
and only if there exist i € [i'], j € [j'] and {4, j} is an edge of F¢. Self loops of
the form {[4], [i]} are not considered as edges of F. Note that F¢ is necessarily a
forest, with every tree component consisting of at least 2 points.

We then erase edges of the forest F; according to the same procedure as in the
case \I/’E“l and denote by 1 C E(F¢) the set of erased edges. This procedure turns
Fq into a graph G consisting of disjoint stars, with each star consisting of at least
two points. Each edge e € E has an obvious counterpart in E(F¢), and we denote
by G C Fg the graph obtained from F by erasing these. (In particular, G is
obtained from (7 via the contraction given by ~.) This graph has the following
properties:

e F(G1)NR = E(Fg) N'R, where E(G) is the set of edges of G1.

e Every connected component 7" of GG; is a tree, and contracting edges in
E(T)N'R turns T into a star.

The two pictures below illustrates two possible configurations of such a connected
component 7', where solid lines stand for edges in F(T") and dashed lines stand for
edgesin R.

NS = . ==
\\\ , \ /
. \‘./ k\ ]{2 . — — (5.6)
/7\ - /Z - Z,\ )

Every connected component 7' C G correspondes to a connected component 1" of
G'1, which is a star by construction. Denote by [i] the centre of that star, choosing
any of its two vertices if it only consists of one edge. If [i] = {i,i'} € E(T) N Ry,
then at least one of ¢ and ¢’ necessarily have degree strictly larger than 1 in G, for
otherwise T would consist of only one point. If both have degree strictly larger than
1 (as in the right hand figure above), then we erase the edge {i,i’} and obtain two
connected components, both consisting of stars having at least two points. In this
way, we can reduce ourselves to the case when either [i] = {i}, or [¢] = {i,4'} and
i’ is of degree 1 in G1. In either case, we call i the root of the connected component
T and we denote it by i7.
By construction, the root 77 may connect to three types of edges:
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e anedge {ip,i'} € R such that i’ has degree 1 - call it an edge of type i’;
e anedge {ir,j} ¢ R such that j has degree 1 - call it an edge of type j;

e anedge {ir, k} ¢ R such that k has degree 2, and there exists k' € T" such
that {k, &'} € E(T)N'R - call it an edge of type k.

See the left hand figure in (5.6) for an example showing each type of edge. Further-
more, it follows from the construction that ¢7 is connected to at most one edge of
type 7’ and to at least one edge of type j or k. Lemma below then allows us to
integrate out all edges of type k. More precisely, if there exist edges of the type j
connected to i7, then we apply the first bound of Lemma|[5.2]to integrate over the
variables corresponding to the vertices k and &’ of all the edges of type k connected
to ¢7. After performing such an integration, the bound still holds, but with m
lowered by 1 and the graph (G; replaced by the new graph where the vertices k£ and
K, as well as the edges {ir, k} and {k, ¥’} have been erased. Since the number of
edges is reduced by 2 and m is lowered by 1, we should indeed “use” one power of
eP, as required by Lemma Note also that the bound A\>~# appearing in the right
hand side of Lemma(5.2]is consistent with the bound (.5)) we are aiming for.

If on the other hand there is no edge of type 7 connected to i7, then we integrate
out all edges of type k except for one. If there then still remains an edge of type 7’ we
apply the second bound of Lemma 5.2]to integrate the entire connected component.
Again, this preserves the bound provided that we decrease m by 2 and remove
the entire connected components (now consisting of 3 edges and 4 vertices) from
Gh.

Lemma 5.2 Let K¥(z,y) be a function that is given by either goé(y)K(x — 1Y) or
gpé(a:)K (y = x). Then,

55/75(93 - y)(IK“’(y, AT~ z)) dydz S X7,
P / Jo (@ — y)(\KW(w,:r)LZ_(w — x)) (\Kw(% DIy — z)) < A2

where the second integral is over x,y, z and w. Both bounds hold with proportion-
ality constants that are uniform over €, A € (0, 1], and the first bound is furthermore
uniform over x € R3.

Proof. For the first bound, assume that K¥(y, z) = goé(z)(K (y — 2z) — K(y)). We
bound the integral involving the two K terms separately. For the term with K (y — 2),
it suffices to bound b J- (y — 2z) < 1, then integrate over y, and finally use the fact
that [ ||z — zHg_Bcp(’}(z) dz < M*7P. The latter bound is obtained by discussing the
two cases ||z||s < 3\ and ||z|ls > 3\ separately. For the term with K (y), bound
P J=(x — y) < 1, then integrate over y and follow the same estimate as above.
Assume on the other hand that K% (y, z) = <p8(y)(K(z —y) — K(2)). For the term
with K(z — y), integrating over z yields a factor £2~% which, when multiplied by
8 7= (x — y), can be bounded by || — y||2~”. It then remains to integrate over y
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in the same way as above. For the term with K (z), we bound ef J(x—y) S1
and then integrate over z and y similarly as above.

For the second bound, integrating out ¥, z in the same way as above would
result in a non-integrable function J.” K of w — z. Instead, we first integrate out

L. . . . B .
the point in {z, w} at which goé‘ is not evaluated making use of a factor 2. Since
the techniques are analogous with that used above we only give the result:

8 2-35 2-35 -
4 [an(le = ol 1wl ) (e 219 @ - 2) def dy

where 2’ is the variable in {w, 2} that is not integrated. This integral can be bounded
in the analogous way as the first bound above. O

In this way we obtain a graph Gy such that (5.3)) still holds, and such that every
connected component of (71 is a star, which is the same situation as in the case \Illgl.
For both cases of W' and WX, if one of these stars consists of more than 3 points
(i.e. has more than 2 leaves), we can perform an additional simplification as follows.
Denote by j the centre of the star and by X the set of its leaves. Among all the
distances ||; —x;||s fori € X, let k be such that ||z}, — x;||s is the shortest one, and
pick ani € X \ {k} such that {i, k} ¢ R, which is always possible since one has at
least two distinct choices for ¢. We then use the bound J (z; — x;) S J. (x5 — xf)
to change the edge {3, j} into the edge {7, k} and erase the edge {j, k} without
violating the bound (5.3)). Since in the case of \Iflgl, 1 and k necessarily have the
same sign, the newly formed edge is such that {i, k} ¢ R.

The following picture shows an example of this operation, where each solid line
stands for an edge in the star, i.e. a factor J_ .

?
o

:
& -\ 5
L —
J J

Repeating this operation, we can reduce each star to disconnected components,
where each component has either two or three vertices. Again, the condition that
every vertex has degree at least one still holds, so that there are still at least m edges
left.

Summarising this discussion, we have just demonstrated that one can always
build a graph G, consisting of disconnected components, where each component is
a star having either two or three vertices, and such that @ holds. Furthermore,
G, can be chosen in such a way that its edges F, = F(G,) satisfy E, "R = @.
In order to deal with the components with three vertices, we define the function
Te(x,y; 2) o J. (x — 2)J; (y — z). Let 7 be the total number of appearances of
the factor 7% in (5.3), i.e. the number of connected components of the type *~,—*
in G. Note that 7 is necessarily an even number since the total number of charges
is even and each such component involves 3 of them.
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The total number of edges in the graph G is equal to m+ 7, so that the prefactor

appearing in (5.3) is given by e87/2 . In other words, (5.5) contains exactly one
factor J_~ for each connected component of the type «— and one factor ePI2T,
for each connected component of the type *~, .

We now return to the task of actually estimating the full right hand side of (5.3).
We can depict this by also drawing a dashed arrow s----» for every occurrence of
K{(e), i.e. for every edge in R. Consider now the graph G whose edges are the union
of the “plain” edges in GG, and the “dashed” edges in R. If 7 = 0, then the topology
of Gl is very simple: since the edges of GG, are disjoint from those of R and since
both sets of edges form a pairing of the vertex set M, it simply consists of a finite
number of cycles which alternate between plain and dashed edges, so that we are
in the situation of of Lemmawith all the o; given by —f3 € (—4, —2].
Furthermore, each of these cycles involves at least 4 vertices as required by the
definition of F there, so that the assumptions of Lemma.20|are satisfied and do
yield the required bound.

We therefore now consider all the possible ways in which the factors T (x, y; 2)
can interplay with the kernels K in the graph G. The presence of these factors
can either create connections between cycles or it can terminate them and create
“ends”. For¢ =1, ..., 6, denote by V; = Vj(z, y, 2, Z, y, Z) the following functions
describing all possible ways of creating a connection, where a plain line connecting
two variables z and y denotes a factor (||ly — z||s 4+ €)~#, which is an upper bound
for J. (x — y), and a dashed arrow connecting x to y denotes a factor |K(z — y)|.
We ignore the presence of the test functions apé‘ in (3.3)) at this stage, but we will
restrict ourselves to the situation where the corresponding variables (i.e. the variables
located at the tip of a dashed arrow) are of parabolic norm less than .
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For example, one has
Vi= K@ = 0)K@G = K= 2l (2 -2l +077(lz —ylls + 077
and similarly for the other V;. Using the same graphical notation, the different

possible ways of creating an “ending” are described by the following functions E;
withi € {1,2,3,4}:

FEy: \ K 9t /

zo 2 o4 Z 0 yAeld

\A.’L' y

. .

\ FEy:
/I'

1

These are viewed as functions of x, y, z and w. Note that F’5 and F, only differ by
the direction of an arrow between x and w, while for F; and Es the direction of
that arrow is not important when bounding them.

In order to bound the contributions coming from these factors, we integrate
them over those variables that are depicted by a circle (as opposed to a black dot) in
the above pictorial representations. Note that these integration variables are never
located at the tip of a dashed arrow, so we do not need to take into account the
presence of the test functions cpé when we integrate them out. We further introduce
the notation V® as a shorthand for the function [ Vi(z,v, 2, Z, §, Z) dz, where we
integrated out the x variable, V*¥ for the function obtained from V by integrating
out both the  and the y variable, etc.

With this notation, we then have the following bounds:

Lemma 5.3 Let V; and E; be defined as above and assume th_at the variables
located at the tip of a dashed arrow are bounded by \. Then, for 3 € [2,8/3), one
has the bound

3

B _ _ 3 33
N S 1K@ > o [KG = )l (Il = 202 +lly = 21 *”)

uniformly over ¢, A € (0, 1], and 5§V2 is bounded by the same expression with
K(z — 2) replaced by K(zZ — z). We furthermore have the bounds

B B 2
eV SN2 K@ — )| ||z — 2lly

B E a9 =
EE‘/A_L(y7Z) v 85 Vs(yyz) S )\47é

B B B 3
2BV ver BY < )\2_5”3: — 2|5

2EP S5y — 2 lul; P)IKw — o).

52V(Iyz)<)\6 20

52E(“)<)\4 38
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Proof. In the proof [Hail3, Lemma 10.14] will be repeatedly applied without
explicitly mentioning it every time. The bound for V; is then obtained using
and the uniform bound

PR(alls + )7 < ol (5.8)

The bound for V5 follows in the same way.
The bound for V3 is obtained by using again (5.8), then integrating over y:

JATEE

where the last inequality uses the fact that ¢ is a variable located at the tip of a
dashed arrow (and therefore eventually arising as an argument of gog‘), so that we
assumed ||7||s < A. Regarding the bound for V4, integrating over y results in a factor
15— 2|27 + ||2||2". Then one uses again (5.8) and applies , integrates over
z, and finally observes that 4 — % > 0 and x, 7, Z all have norms bounded by A by
assumption.

To obtain the bound for V5, one uses the bound

[N
N[
N[

_ 12— _
K@ —y — K(-p|dy < glls 2 SA* e,

Pz = 2lls + ) S o — 2|l (5.9)

integrates out x using the fact that the function K arises as a difference, and
2 — % 3 € (0, 1), and finally observe that Z, ¢, z are all within a distance A from the
origin. Then one treats y in the same way as .

To obtain the bound for Vg, one uses again (5.9)), then use gradient theorem for
K (z — ) to obtain a factor ||Z||; < A times a function of z and Z of homogeneity
—3. Then integrate out = and obtain a function of homogeneity 1 — %B < 0. One
then treats y in the same way as x, and apply to get a function of homogeneity
2 — % S < 0. Finally, we integrate out z using that K arises as a difference, and
obtain a power 4 — %B € (0,1] of A

To obtain the bound for F;, we simply note that if we set ¥ = x in V3 divided
by K(x — x), then the resulting function is equal to F after an obvious relabeling
of variables, except that zZ — z in V3 while the corresponding arrow between x, w
in E can be pointing to either direction. Since the bound we obtained on V;y) is
independent of 4 and its proof did not use the fact that z is the tip of an arrow, it
immediately implies the required bound on Ej.

The bound for F5 can be obtained analogously as that for F; by taking §y = 2
now in V3, and noting that the proof of the bound for V3 did not use the fact that x
is the tip of an arrow. The bound for E5 can be shown by setting z = x in V.

Regarding the bound for E4, note that one has

(1=

—4+

5 B_44s
+ 1202 7)

2-5-5 8
Ky =2~ K25 Iylle ™ (lly - I

for any small § > 0. The integration over z involving the first term above is

performed by applying (3.8)) to y — z to get a factor ||y — 2|5 B/ 2 followed by a
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convolution. Regarding the second term above, apply to z — z to get a factor

o — 2lls /2, then bound [}z — 2 72127 S fla — 21140 + 2] 49, and
finally integrate over z. Noting that ||y||s < A, we obtain the desired bound. 0
Remark 5.4 The bounds obtained in Lemma all preserve the natural homo-
geneities associated to each of the expressions appearing there in the following
way. The natural homogeneity associated to ¢°/2V; is —6 — 33 /2, since K has
a singularity of order —2 at the origin. Furthermore, the scaling dimension of
parabolic space-time is 4, so that each integration should increase the homogeneity
by 4. For example, P/ 2V4(y’z) then has natural homogeneity 2 — 33/2, which is
also the case for \*—35/2 |

For each of the V;, the bound of Lemma [5.3] greatly simplifies the dependency
structure of the resulting integrand. In the case of V1—V3, the “triple junction” is
replaced by a “double junction” and an “endpoint”, while it is replaced by three
“endpoints” in the case of V4—Vs. After applying the bounds of Lemma5.3to each
occurrence of T, one may obtain “singletons”, i.e., a factor of the type [ <p()\(x) dx.
This happens for instance in the situation where the oriented edge x — Z of one
instance of Vj is the same as the oriented edge & — x of one instance of V. In this
case, the bounds in Lemmayield a factor f cpé (y) dy, where y is the integration
variable depicted by the vertex located at the end of that oriented edge. Since ¢}
integrates to a constant independent of A, such “singletons” can simply be discarded.

As a consequence, we are left with only cycles and chains consisting of functions
with known homogeneities and cp()\ - K’s in an alternative way (one gpé(m)K (y — x)
followed by such a homogeneous function, then followed by another gpé - Ketc.)
Here, a function in a cycle, or in a chain but not at the two ends of the chain, can be
one of the following three functions

Nlw

_j -3B
co@Ky—o),  Jlz—yls? -yl 2"

A function at an end of a chain can be one of the two functions

@Ky =),  od@ e -yl

where, in both cases, the variable x is the one that terminates the chain. Note that

the bound for E4 gives a term A3 Hy||;ﬁ\K(w — )|, and since there is a test
function () (y), we simply integrate over y and obtain an end of chain of the first
type.

Let us recapitulate now the situation so far. Recall that our aim is to prove
that the bound holds, where the right hand side is given by A to the power
(2 — B)m. The left hand side on the other hand is given by , which is also
naturally associated with the homogeneity (2 — 3) m, provided that one associates
homogeneity 1 to each power of €, homogeneity —2 to each factor K, 4 to each
space-time integration variable, —4 to each factor goé, and 3 to each factor 7.,
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noting that the total homogeneity contributed from the product of factors J. is
B (g 40).

All of the subsequent simplifications (applying the procedure in Section
applying the bound £# 7~ < 1, applying Lemma applying the bound (3.7)), and
finally applying Lemma|5.3)) retain this homogeneity. At this point, as a consequence
of the right hand sides of the bounds appearing in Lemma|[5.3] our bound does not
contain any factor ¢ anymore. Summarising, the right hand side of (5.3)) is bounded
by a sum such that each summand is of the type A” (for some v > 0), multiplied by
a product of terms that have precisely the form of the left hand sides of (4.48) and /
or (4.49). The sum of the natural homogeneities (counted in the same way as above)
of these factors is precisely equal to A@~#™=7 5o that the claim follows if we can
guarantee that the assumptions of Lemma [4.20] are satisfied for each factor. This is
because the powers h(L), h(C) of A appearing in Lemma4.20| are indeed equal to
the natural homogeneities associated with the corresponding integrals counted in
the same way as above.

Since we are considering the regime 3 € [2, %), we have in particular 2 <

B < % < 4, which shows that the exponents «; appearing in the formulation of
Lemmal4.20]do indeed belong to (—4, —2] as required. Also, each cycle resulting
from the formation of “double junction” after applying Lemma [5.3|to V1, V5, V3
obviously has at least 4 points, so that the assumptions of Lemma 4.20] are indeed
satisfied. This immediately yields the required bound (4.3)) with x = 0. To conclude,
we note that just as in the bound for \Iflgk for k > 1, one can gain a factor €’ for
a sufficiently small 5 > 0 by “pretending” that the homogeneity of 7. is slightly
worse than what it really is, so that the required moments of \I"gl and \I”gl actually
converge to zero as € — 0. The same argument also covers the borderline case
B =2. n
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