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Abstract

We consider differential equations driven by rough paths and study the regularity of
the laws and their long time behaviour. In particular, we focus on the case when the
driving noise is a rough path valued fractional Brownian motion with Hurst parameter
He (%, %). Our contribution in this work is twofold.

First, when the driving vector fields satisfy Hormander’s celebrated “Lie bracket
condition”, we derive explicit quantitative bounds on the inverse of the Malliavin matrix.
En route to this, we provide a novel “deterministic” version of Norris’s lemma for
differential equations driven by rough paths. This result, with the added assumption
that the linearised equation has moments, will then yield that the transition laws have a
smooth density with respect to Lebesgue measure.

Our second main result states that under Hérmander’s condition, the solutions to
rough differential equations driven by fractional Brownian motion with H € (%, %
enjoy a suitable version of the strong Feller property. Under a standard controllability
condition, this implies that they admit a unique stationary solution that is physical in
the sense that it does not “look into the future”.

1 Introduction

In this article, we consider stochastic differential equations of the form

d
dZy = Vo(Zy)dt + Y ViZy)dX|, Zo=z€R", (1.1)

i=1

where X, is a d-dimensional random rough path [Lyo98, LCL0O7, FV10b] and V{), V; €
R™ are smooth vector fields. While a large part of our work is deterministic and applies
to a large class of rough differential equations driven by rough paths that are Holder
continuous with index greater than %, our probabilistic results focus on the case when
X; is a two-sided d-dimensional fractional Brownian motion with Hurst parameter
H e (%, %). Recall that the fractional Brownian motion with Hurst parameter H is the
centred Gaussian process such that Xy = 0 and

E|X; — X.|? = |t — 5?7 .
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Differential equations driven by rough paths have been studied intensely in the past
decade and this theory has now reached a certain level of maturity; we refer to the
monographs [LQ02, LCLO7, FV10b] for an overview of the theory. For driving signals
that are rougher than Brownian motion, the theory of rough paths has provided a
systematic way of constructing solutions to differential equations of the type (1.1) in
a way that is “natural”, in the sense that solutions are limits of approximate solutions
where X is replaced by a smoothened version.

When the noise X; is a replaced by a standard Brownian motion B, it has been
well-known since the groundbreaking work of Hérmander [H6r67] that, for the laws of
the Markov process Z; to have a smooth transition density, it is sufficient that the Lie
algebra formed by {0; + Vj, Vi, ..., Va} spans R"*1 at every point (see Assumption
5.1 for a precise formulation). The formalism of Malliavin calculus was invented to give
a probabilistic proof of this result [Mal78, Mal97, Nua06, KS84, KS85, KS87]. The
smoothness of transition densities coupled with some mild controllability assumptions
will then yield that the system (1.1) has a unique invariant measure.

When the driving noise X is a fractional Brownian motion with H # %, solutions
to (1.1) are neither a Markov process nor a semimartingale, so standard tools from
stochastic calculus break down. Inspired by the results in the case of Brownian motion,
two natural questions in this context are to identify conditions under which

1. the “transition densities” of (1.1) are smooth,
2. the system (1.1) has a “unique invariant measure”.

Since Z is not Markov in general, it does not really make sense to speak of transition
probabilities, but the first question still makes sense by, for example, considering the
law of the solution at some time ¢ > 0, given an initial condition Zj, conditional
on the realisation of {X; : s < 0}. Similarly, the notion of an “invariant measure’
does not make immediate sense for non-Markovian processes. This problem has been
discussed extensively in [Hai05, Hai09], where a notion of an invariant measure adapted
to systems of the type (1.1) is introduced. Essentially, these are stationary solutions to
(1.1) that are “physical” in the sense that they are independent of the innovation of X.

In recent years, the SDE (1.1) was studied when the driving noise X is a fractional
Brownian motion with Hurst parameter H > % In this case, the answers to both of the
above questions are completely settled in a series of papers [Hai05, BHO7, HO07, NS09,
HP11]. In particular, it was shown in [BHO7, HP11] that the solutions to (1.1) have
smooth “transition densities” when the vector fields satisfy Hormander’s condition. It
was also shown that if furthermore the control system associated to (1.1) is approximately
controllable then, under suitable dissipativity and boundedness conditions on the vector
fields V;, (1.1) also admits a unique invariant measure. However, the question of
smoothness of laws in the case of the driving noise X being a fractional Brownian
motion with Hurst parameter H < % was completely open until now, despite substantial
recent progress in particular cases [Dril0, HT11]. The only general result in the context
of rough paths theory was obtained in [CF10], where the authors obtained the existence
of densities with respect to Lebesgue measure under Hérmander’s condition for a large
class of driving noises.

In this paper we largely settle the above two questions when X is a fractional
Brownian motion with H € (3, 3). An important component underlying the probabilis-
tic proofs of the smoothness of transition densities is Norris’s lemma [KS85, Nor86],
which roughly speaking states that if a semimartingale is small and if one has a priori
bounds on the regularity of its components, then its bounded variation part and the

i
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local martingale part are also small. In this regard this lemma can be considered as a
quantitative version of the classical Doob-Meyer decomposition theorem. A version
of Norris’s lemma for fractional Brownian motion with H > % was proved in [BHO7].
The recent work [HT11], which appeared as the present article was nearing completion,
contains a version of Norris’s lemma for H € (%, %) that is similar in spirit to the one in
[BHO7].

Our contribution in this work is twofold. First, we prove a deterministic version of
Norris’s lemma for general integrals against rough paths. This may sound strange at first
since Norris’s seems to be the prototype of a probabilistic statement and the whole point
of rough path theory is to get rid of stochastic calculus and replace it by a deterministic
theory. We reconcile these conflicting perspectives by first showing an estimate strongly
resembling that of Norris’s lemma for processes of the form Z; = f Ut Ay dX+ fot B, ds,
where X is a rough path and A is a rough path “controlled by X (see Section 2 below
for precise definitions). This estimate makes use of a quantity that we call the “modulus
of Holder roughness” of X, Ly(X). See Definition 3.1 below for the precise definition
of Ly. In a second step, we then show that if X is fractional Brownian motion with
H < %, then Ly(X) is almost surely positive for § > H and has inverse moments of
all orders. A loose formulation of our main result is as follows (see Theorem 3.4 and
Lemma 3.9 below for precise formulations that include the exact dependency of M on
X, A, and B):

Theorem 1.1 Let X be a y-Holder continuous rough path in R™ with v > L, let A be
a rough path in R™ controlled by X, let B be a y-Hdlder continuous function, and set

t t
th/ AstSJr/ B, ds . (1.2)
0 0

Then, if X is 0-Holder rough for some 0 < 2+, there exist constants v > 0 and ¢ > 0
such that one has the bound

[Alloo + [ Blloo < MLo(X)™ [ Z]1% .

for a constant M depending polynomially on the ~-Hélder “norms” of X, A, and B.
Here, || - ||o denotes the supremum norm over the interval [0, 1].

Furthermore, if X is the rough path canonically associated to fractional Brownian
motion with H < % then EL,*(X) < oo for every 8 > H and every p > 0.

Remark 1.2 Note that this immediately tells us that if X is Holder rough, then it admits
a kind of Doob-Meyer decomposition in the sense that the processes A and B in (1.2) are
uniquely determined by Z. An interesting fact is that Holder roughness is a deterministic
property. In principle, one could imagine being able to check that this property holds
almost surely for a number of driving noises, not even necessarily Gaussian ones.

Combined with standard arguments, this result yields quantitative bounds on the in-
verse of the Malliavin matrix, thus obtaining a quantitative version of the result obtained
in [CF10], where the authors showed via a 0-1 law argument that the Malliavin matrix
is almost surely invertible. If we use the additional assumption that the linearisation of
the SDE (1.1) has moments of all orders, our results also yield that (1.1) has smooth
densities thus extending the work pioneered by Malliavin to the case in which the driving
noise is a rough path. When this work was nearing completion, we were notified of
an independent work [HT11] showing smoothness of densities to solutions to (1.1) in



PRELIMINARIES 4

the case when the driving vector fields exhibit a “nilpotent” structure, which allows to
obtain a priori bounds on the Malliavin derivatives of the solutions. The work [HT11]
also contains a version of Norris’s lemma in the context of SDEs driven by fractional
Brownian motion with Hurst parameter H € (3, 3).

In the second half of the paper, we show that under an additional controllability
assumption, the SDE (1.1) has a unique invariant measure, which follows from the
strong Feller property defined in [HO07]. Our main technical problem in this part is
that we do not assume that the linearised equation has bounded moments. This leads
us to use a cutoff argument similar to the one already used in [HOO7]. If we denote by
A, . the closure of the set of all points that are accessible at time ¢ for solutions to the
control problem associated to (1.1) starting at z, the second major result of this paper is
the following:

Theorem 1.3 Assume that the vector fields {V;} have derivatives with at most polyno-
mial growth and that (1.1) has global solutions. Then, if Hormander’s bracket condition
holds at every point, (1.1) is strong Feller.

In particular, if there exists t > 0 such that (), cgn
most one invariant measure in the sense of [HaiO5].

At . # ¢, then (1.1) admits at

The above result gives us the uniqueness of the invariant measure for the system
(1.1). Theorem 1.3, combined with the assumption of the existence of an invariant
measure, will yield that the system (1.1) is ergodic.

The remainder of the article is structured as follows. In Section 2 we review the
framework of controlled rough paths from [Gub04], set up the notation and derive some
preliminary estimates. In Section 3, we then prove a general deterministic version
of Norris’s lemma for SDEs driven by rough paths. Furthermore we show that our
assumptions are almost surely satisfied by the sample paths of fractional Brownian
motion. Section 4 is a rather technical section in which we show that solutions to (1.1) are
smooth in the sense of Malliavin calculus and obtain a priori bounds on their Malliavin
derivatives. We then obtain quantitative bounds on the lowest eigenvalue of the Malliavin
matrix in Section 5. Using the results in that section, we show that the existence of
moments of the derivative of the flow implies the smoothness of the transition densities.
In Section 6, we show the ergodicity of SDEs driven by fractional Brownian motion
under Hormander’s condition and a standard controllability assumption. In Section 7,
we finally give a few examples where our results are applicable.
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2 Preliminaries

2.1 Notations

Throughout this article, we will make use of the following notations. For quantities
E and R, we write £ < JZ (R) as a shorthand to mean that there exists a continuous
increasing function b : R, — R such that the bound E < b(R) holds. Note that the
function b in question is unspecified and may change from one line to the next. We also
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use the letter M to denote an arbitrary (possibly problem-dependent) constant whose
precise value might vary from one line to the next.

2.2 Introduction to the theory of rough paths

In this work, we adopt the framework of [Gub04] which offers a slightly different
perspective on the pioneering work of Terry Lyons [Lyo98].

Denote by QC the set of continuous functions from R? to R which are 0 on the
diagonal and define the “increment” operator § : C — §2C by:

5Ag Z A — A, . (2.1

For a fixed final time 7" > 0 and a continuous function f : [0, T] — R", set

0 fst
Il = sup 1F01. (= sup A2l
e[0T stef0,7 [t — 8|

2.2)

We also define the norm

[fller = 1 flloe + £l -

With these notations, a rough path on the interval [0, T'] consists of two parts, a
continuous function X : [0,7] — R and a continuous “area process” X : [0, T2 —
R¥*4 X € QC satisfying the algebraic identity:

X — X, — XY, = 0X1,0X0, 2.3)
forall {s,u,t} € [0,T]and 1 < ,j < d. For X € QC, define

f ‘Xst|
X|loy = sup ——t— .
%[>y siefo, 1) [t — s>
s#t

(2.4)

For v € (%, %], we denote by D7([0, T'], R?) the space of rough paths, consisting of

those pairs (X, X) satisfying (2.3) and such that

def

1ROl = [1X ]y + X2y < o0

Notice that ||(X,X)]|, is only a semi-norm and that D actually isn’t a vector space,
due to the nonlinear constraint (2.3).

For every smooth function X : [0,7T] — R9, there exists a canonical representative
in D” by choosing

t
Xst = / 0Xsr ®dX, .
We then denote by D] the closure of the set of smooth functions in D7. (Here, g stands
for “geometric”.) The space D has the nice feature of being a Polish space, which will
be useful in the sequel.

2.3 Controlled rough paths

For defining integrals with respect to rough paths, a useful notion introduced first in
[Gub04] is that of “controlled” paths:
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Definition 2.1 Let (X,X) € D7([0,T],R%) for some v € (3,1]. A pair (Z,Z') is
said to be controlled by X if Z € CY([0,T],R"), Z' € CY([0,T],R"*%), and the

“remainder” term RZ € QC implicitly defined by
6Zs = 25X + RZ,, (2.5)
satisfies || R? |2, < 0.

Denoting by C3; the set of paths controlled by X, we endow it with the norm
1Z, Z0)Ix = 1ZO)] + 12" [ler + 1R |2 -

As noticed in [Gub04], now we may define the integral of a weakly controlled path
(Z,Z'") € C} with respect to a rough path (X, X) by taking a limit of modified Riemann
sums:

T
/ ZiwdX, = lim Y (ZS ® 06Xy + 7' Xst) , (2.6)
0 12120 e

where 2 is a finite partition of the interval [0, T] into subintervals and | £?| denotes the
length of the largest subinterval. The following result, adapted from [Gub04, Proposition
1], gives the continuity of the integral with respect to its integrand:

Theorem 2.2 Let (X,X) € DV([0,T],R?) for some v > % and (Y,Y') € C} be a
weakly controlled rough path. Then the map

(KY’)»(Z,Z@%*(/Yt®dxt,Y®I),
0

where the integral is as defined in (2.6), is continuous from C% to C and furthermore
we have the bound,

1RZ N3y < M (X IR 12y + X2 Y- ) - @.7)
Remark 2.3 Notice that from (2.7) we deduce that
12, 20 < M(IXIL AR 2y + ¥ llen) + [Xli2y Y ler) - @8)

For (Y,Y’) € C}; and a C? function 1/ : R™ + R™, we may define a new weakly
controlled rough path ((Y), ¥ (Y)) € C} as

YY) = (Y1), (Y ) = DYDY, . (2.9)
Then we have the following bound from [HailO, Lemma 2.2] :
Lemma 2.4 Let (Y,Y') € C} and ((Y), (Y be as defined in (2.9). Then we have

W), ) xy < MA+ [[]|oo + [[D?]]00) (1 + (X, X)) (1 + [|(Y, Y| x,7)?

where the supremum norms of 1) and D*v are taken over the ball of radius ||Y || -
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2.4 Notion of solution

With all of these notations at hand, we give the following definition of a solution to

(1.1):

Definition 2.5 Let v > % and let (X,X) € D?. Then, Z € C” is a solution to
(1.1)if (Z,2") = (Z,V(Z)) € C} and the integral version of (1.1) holds, where the
composition of a controlled rough path with a nonlinear function is interpreted as in
(2.9) and the integral of a controlled rough path against X is defined by (2.6). Here, we
denoted by V the collection (V1, ..., Vy).

A standard fixed point argument, as given for example in [Lyo98, Gub04], then
yields:

Theorem 2.6 For V & C3, there exists a unique local solution to (1.1).

From now on, we will always refer to this notion of a solution to (1.1), without
further specifying it.

3 A version of Norris’s lemma

One of the main ingredients of the proof of Hormander’s theorem using Malliavin
calculus is Norris’s lemma, which is essentially a quantitative version of the Doob-
Meyer decomposition theorem. Loosely speaking, it states that under certain additional
regularity assumptions, if a semimartingale is “small”, then both its bounded variation
part and its martingale part have to be “small” separately. In other terms, if we have
some a priori knowledge of the regularity of a semimartingale, then there is a limit to
the amount of cancellations that can occur between the two terms in its Doob-Meyer
decomposition. The intuitive reason for this is that a continuous martingale is nothing
but a time-changed Brownian motion and so it has to be very rough at every single scale.

Results of this type are usually considered to be the archetype of a probabilistic
result. The aim of this section is to argue that while the probabilistic intuition described
above is certainly correct, one can have a much more pathwise perspective on Norris’s
lemma. This was already apparent in [HMO09], where the authors obtain a result that is
similar in flavour to Norris’s lemma, but where this lack of cancellations is formulated
as a deterministic property that occurs on a universal “large” subset of Wiener space.
Here, we take this viewpoint one step further by exhibiting a universal set on which a
quantitative version of Norris’s lemma holds as a deterministic property.

The main ingredient in our pathwise perspective is the following definition that
makes precise what we mean by a path that is “rough at every scale”:

Definition 3.1 A path X, with values in R" is said to be 8-Hdolder rough in the interval
[0,T1] for 8 € (0, 1), if there exists a constant Ly(X) such that for every s € [0,T7],
every € € (0,7/2], and every ¢ € R™ with ||| = 1, there exists ¢ € [0, 7] such that

<|t—s|<e, and [{p,0Xs)| > Lo(X)e?. 3.1

| ™

We denote the largest such Ly the “modulus of §-Holder roughness of X ™.

Remark 3.2 We emphasise that the choice of quantifiers in the above definition ensures
that such Holder rough paths actually do exist. In particular, as soon as n > 2, it is
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essential to allow the precise location of ¢ such that (3.1) holds to depend on the vector
®.

A first rather straightforward consequence of this definition is that if a rough path
(X, X) happens to be Holder rough, then the “derivative process” Z’ in the decomposi-
tion (2.5) of a controlled rough path is uniquely determined by Z. This can be made
quantitative in the following way:

Proposition 3.3 Let (X, X) € DV([0,T1, R™) be such that X is a 0-Holder rough path.
Then there exists a constant M depending only on n and m such that the bound

M| 2]

7o <
17/l < 7 56

o _0
(1R713; 1211 v T=?),
holds for every controlled rough path (Z,Z') € C% ([0, T],R™).

Proof. Fix s € [0,T] and ¢ € (0,7/2], From the definition of the remainder RZ in
(2.5), it then follows that

sup [ Z,6X, 4| < sup (6Zosl +RZ]) < 20|Z]o0 + 1R |l20 7 . (32)
lt—s|<e lt—s|<e

Let now Z.(j) denote the jth row of the matrix Z.. Since X is §-Holder rough by
assumption, for every j < d, there exists v = v(j) with €/2 < |v — s| < e such that

(Z2(7), 6X 50| > Lo(X) | ZL()] - (3.3)
Combining both (3.2) and (3.3), we thus obtain that
Lo(X) e’ |ZL()] < 201Z]| o0 + | RZ |2y 6> .
Summing over the rows of Z/, yields a universal constant C' such that
Lo(X)e?|Z;| < O Zlloc + IIR? ||2, £*7) .

Optimising over &, we choose £ = ||Z||ié2’y |R” ||2_~,1/2'y A (T'/2), thus deducing that

M| Z| s =D
z! <7( RA\Z | Z||o2 VT 9).
Since s was arbitrary, the stated bound follows at once. O

One way of reading Proposition 3.3 is to say that if || Z]| is small, then || Z’||«
must also be small, provided that (7, Z') € C;’(([O, T1,R™) and that X is Holder rough.
In the following theorem, we apply Proposition 3.3 to obtain a quantitative version of a
“Doob-Meyer type decomposition” for SDEs driven by a rough path X. This is the main
new technical result of this article.

Theorem 3.4 Let (X,X) € DV([0,T],R™) with v > % be such that X is 0-Holder
rough with 2y > 0. Let (A, A") € C([0, T1,R™") and B € C"([0,T],R™), and set

t t
Zy = / AgdX +/ B, ds . 34
0 0
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Then, there exist constants v > 0 and q > 0 such that, setting

def

RZ1+ Lo(X) ™ + (XXl + (A, Alxy + [1Blle
one has the bound
[Alloo + 1Blloc < MR[|Z]|%,
for a constant M depending only onT', m and n.

Remark 3.5 The proof provides the explicit value ¢ = 6 and shows that r can be taken
arbitrarily close to (2 — 6)%(3y — 1)/(472(1 + 7)), but these values are certainly not
optimal.

Proof. Note first that the definition of Z does not change if we add a constant to X.
We will therefore assume without loss of generality that Xy = 0, so that | X||o <
T7|| X ||y < T7R. By Theorem 2.2 we deduce that the pair (Z, A) is a weakly controlled
rough path, (Z, A) € C}([0, T],R™), with

87 = ASX + R? (3.5)

and
IR? [l2y < M(IX [l |R 2y + [IXll24 [ Alley + [|Bller) < MR

We deduce from the above that in particular, we have the a priori bound || Z|| oo < MR2.
It then follows from Proposition 3.3 that

_ 1— -8 0 0 1—-0
14llee < MLoX)™H (| Z]lo0 ™ (1BZ]I37 + 1 21120) < MRP||Z]lo0 ™ . (3.6)

This is already the requested bound on A. The bound on B is slightly more difficult to
obtain.

At this stage, we would like to make use of the information that || A|| is “small”
to get a bound on the integral of A against X. In order to do so, it turns out to be
convenient to choose a 8 € (%, ) with 25 > 6, so that we can interpret (X, X) as
an element of D?([0, 7], R™) with ||(X,X)|s < M||(X,X)||. This will allow us to
make use of interpolation inequalities to combine our a priori knowledge about the
boundedness of (A4, A’) in C3 norm with (3.6) to conclude that (A, A") is small in Cf(.

We first obtain a bound on A’. Since (A4, A’) € C}([0,T],R™"), we infer from
(3.6) and Proposition 3.3 that

0 -2

_ = -2
14 o0 < MLoX) ™[R |35 [Alloe ™ < MR |1 Z][0 ™

Using the inequality
B 1—-2

[Alg < 2[5 1A ][oe ™ (3.7)

which follows immediately from the definition of the Holder norm, we obtain the bound

’ / 1-£ / 2 4 (1*2i)2(1*ﬁ)
[Alg < M[[A oo " |A'ly < MR Z]|oc =~ 7,

where we used the fact that § < ~. Similarly, we would like to obtain a bound on
| RA |l25. Combining the definition of R4 with (3.6), we deduce that

-2
1R oo < 20| Allse + 14" ]| X lloe) < MR®(| Z]jsc * .
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Using the obvious equivalent to (3.7), we conclude that

B
£)2(1-5) .

g 1-£ 1-
IR l2p < MR35, IR oo © < MR Z]

We are now in a position to use Theorem 2.2 to bound the integral fo AsdX. Indeed,
we obtain from (2.7) the bound

H / A dX,
0

Inserting into this bound all of the above estimates, we conclude that

H/ A dX,
0

This estimate, together with the definition (3.4) of Z immediately implies that we also
have the bound

S M A X oo + X151 R |25 + X251l 4"lls)

_0y21_8
< MRY|Z||ss @ 7.
o

(3.8)

’ _0\21_B
| ] < amrzt =70
0 o0

Once again we use an interpolation inequality to strengthen this bound. Applying the
interpolation inequality

L mwhyg e
101 lloo < M| flloe max( . 11 122177

(see [HMO09, Lemma 6.14]) with f(t) = fot B, ds, it follows that

0 y21_By_
37) (1=

(11—
IBlloe < MR[|Z]|0 (3.9)
The claim now follows from (3.6) and (3.9), and the remark following the statement
follows by choosing 3 ~ % O

3.1 Holder roughness of sample paths of fBm

Our aim now is to show that the sample paths of fractional Brownian motion are indeed
almost surely Holder rough and to provide quantitative bounds on the tail behaviour
of Lp(X) for a suitable 0. Let {FX, s € R} be the natural filtration generated by the
fBm { X} scr. We start with the following lemma on the small ball probability of the
conditioned fBm:

Lemma 3.6 Let ¢ € R™ with ||¢|| = 1 and § < 1. Then, there exist constants M and c
such that the bound

P( inf  sup \(@,5Xst>\§s’]-"§) < Me—e5"e? (3.10)
llell=1 s tef0,s]

holds for every 0 < e < 1.

Proof. For the moment, let us fix an arbitrary ¢ with ||¢|| = 1. Since X, = 0, we
obtain

P(sup |(p,0Xoo)l <&l FF) <P sup [, Xo)| <l 7).
s,t€[0,9] €[0,6]
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At this stage, we note that there exists a one-dimensional Wiener process W (depending
on ¢) independent of FX, a stochastic process Y such that Y; is 5 -measurable for
every t > 0, and a constant ¢ such that

t
(. X)=Yi+c | G- 2dW(s) LY, + X, . 3.11)
0

(See for example [MVNG68, Hai05], as well as (4.2) below.) For the rest of the proof, we
use c for a generic universal constant that will change from expression to expression.
It then follows from Anderson’s inequality ([And55]) that we have the bound

]P’( sup [{p, X¢)| < 5|}'6X> :]P’( sup |X't +Y <e ‘ ]-'5(>
t€[0,6] t€[0,0]

g}P’( sup | X;| < 5) .
t€[0,4]

On the other hand, we can invert the expression (3.11) for X, yielding
t t
W, = c/ t— s)%_HdXS = c/ (t — s)_%_HXS ds .
0 0
In particular, provided that H < %, we have the bound
sup |Wy| < cz 1l sup | Xy,

t€(0,4] t€(0,4]

so that

P( sup |{p, X¢)| < 5“}8() < P( sup |[Wy| < 05%*H5> < Me—e8"e™”
t€10,0] t€[0.5]

where the last inequality is the well known small ball probability for the standard
Brownian motion [LSO1].

Up to now, the calculation was performed with a fixed instance of (. The conclusion
then follows by a standard covering argument, see for example [Nor86, p. 127]. O

We have the following corollary of Lemma 3.6:

Corollary 3.7 For any interval Is “ [we, ug + 0] C R of length § and any u < uy,
there exist constants M and c such that the bound

p( inf  sup \(@,6Xst)|§5|]-"f) < Me—es™e™”
llell=1 s te1s

holds for every 0 < e < 1.
Proof. Define the event G = {infj, =1 Supg s, [{(¥, 0 Xst)| < €}. Since the incre-
ments of the fBm are stationary, by Lemma 3.6 we obtain the bound

—c62He—2

E(16| FX) < Me (3.12)

Now notice that for any G € F. and u < uy, E(G|F;\) = E(E(G\]—'jﬁﬂ}'j{). Since
the right hand side of Equation (3.12) does not depend on u,, it immediately follows
that

P(inf sup (0, 0X)| < 2| FY) =B (16| FY) < Me ™" @313)
lell=1sters

and the corollary follows. O
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Remark 3.8 Although the above proof requires that H < %, one would expect that a
result similar to that of Lemma 3.6 holds for all Gaussian processes with covariance
function C(-, -) satisfying the bounds

MZ|t — s> < C(s,t) < M2t — s> 5,6 €[0,T]

for some constants My, M,,, even if H > % For instance, a result similar to Lemma 3.6
can be shown to hold in the case of fBm with index H > %; see for example [BHO7,
Proposition 3.4].

Using this estimate we are now in the position to obtain bounds on the modulus of
Holder roughness for fractional Brownian motion with H < % by a type of chaining
argument.

Lemma 3.9 Let X be a fBm with Hurst parameter H < % Then, for every 0 > H, the
sample paths of X are almost surely 0-Hdlder rough. Moreover, there exists constants
M and c such that

P(Lo(X) < e| F5') < M exp(—ce?),
forall e € (0,1). In particular, E(L,*(X) | F5*) < oo for every p > 0.

Proof. A different way of formulating Definition 3.1 is given by

0X
LoX)= inf inf inf  sup 120Xl
llpll=1t€l0,T1r€[0,T/2] 1 j2<|t—s|<r r

We then define the “discrete analog” Dy(X) of Lg(X) to be

= 1 : |<§07 6Xst>‘
Do(X)ZE inf inf inf sup UL
? Iel=1nol k2n g (@ T

where Iy, , = [521T, £-T'. We first claim that

1
2.8
Indeed, given ¢t € [0,T] and r € [0,T/2], pick n € N such that /8 < 27T < r/4.
It follows that there exists some k such that I}, ,, is included in the set {s : r/2 <

|t — s| < r}. Then, by definition of Dy, for any unit vector ¢ there exist two points
t1,ty € I, such that

Ly(X) > Dy(X) . (3.14)

{9, 0X1,0,)| = 27 Dp(X) .

Therefore by the triangle inequality, we conclude that the magnitude of the difference
between (¢, X;) and one of the two terms {p, X¢,),i = 1,2 (say 1) is at least

(@, 0Xe,e)| = 5 - 27"T)’ Dy(X)

and therefore
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Since t, r and ¢ were chosen arbitrarily, the claim (3.14) follows.
It follows that it is sufficient to obtain the requested bound on P(Dy(X) < € | Fg5).
We have the straightforward bound

X
]P’(Dg(X)§5|]-"§()§]P’< inf inf inf sup %gem{f)

lell=1n=1 k<2 54y,

S
SZZ]P’( inf  sup ng#ﬁ€|f§)~

1
el b1 lell=1s,tely,,

Applying Lemma 3.6 and noting that the bound obtained in this way is independent of
k, we conclude that

IP’(D@(X)<£\}"X)<MZ2"exp — 20— H) =2 SJ\;[Z —éne?) .

n=1 n=1

Here, we used the fact that we can find constants K and ¢ such that
nlog2 — 2 O0-H) =2 < ¢ ane=2?

uniformly over all ¢ < 1 and all n > 1. We deduce from this the bound
P(Dp(X) < e| F3¥) < M(e—éf’Q +/ exp(—és%x) dx) :
1
which immediately implies the result. O

4 Malliavin derivatives

In this section, we derive formulae for the Malliavin derivatives of solutions to (1.1),
when conditioned on the past of the driving noise. In order to clarify the meaning of
this statement, we will reduce this conditioned solution to a functional of an underlying
Wiener process. With this notation, the Malliavin derivative will simply be the “usual”
Malliavin derivative of a random variable on Wiener space.

Before proceeding further, let us make a digression that clarifies this construction.
For o € (0, 1), we define the fractional integration operator Z¢ and the corresponding
fractional differentiation operator D by

10 = o ) / (t — 9" f(s)ds o

DUf(t) = / (t— ) f(s)ds .

o) dt
These operators are inverses of each other, see for example [SKMO93] for a survey of
fractional integral operators.

It turns out that the operator Z 2=H js an isometry between the Cameron-Martin
space of the conditioned fBm and that of the underlying Wiener process mentioned at
the beginning of this section. More precisely, given a typical instance w_ € C(R_, R%)
of the “past” of the fBm, it follows from the Mandelbrot-van Nesse representation
of the fractional Brownian motion [MVNG68, Hai05] that there exists a constant agy
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and a (one-sided) Wiener process W on R independent of w_ such that the future
wy € C(Ry,R?) of the fBm conditioned on the past w_ may be expressed as

wy =Guw_ +agD HW | 4.2)

where D2 ~H is as defined in (4.1) and the operator G: C(R_,R%) +— C(R,,R%) is
given by:

. °1 ¢
Gu®=m [ Ta(3)urdr. @3)
0 T T
Here, the kernel g is given by
1 H-5
o) = o=t g2y [ WD (4.4)
o (1—wH3%

and the constant g is given by vy = (H — %)a HO1—H, Where a g is the constant
appearing in (4.2). The interpretation of the operator G is that (Gw_ )(t) is the conditional
expectation at time ¢ of a two-sided fractional Brownian motion with Hurst parameter
H, conditioned on coinciding with w_ for negative times.

Henceforth we will use the notation (4.2), namely we denote the past of the fBm by
w_ € C(R_,R%) and the future by w, € C(R,R%). At this stage, we will use a slight
abuse of notation, and we will also sometimes interpret w as an element in the space
Cy(Ry, R%) of geometric rough paths that are y-Holder continuous, although we then
usually denote it by (X, X).

In view of (4.2), it will be useful to clarify how to interpret this identity when the
future is considered as an element in the space Cg (R, R%), and for which instances
of w_ the decomposition (4.2) makes sense. Recall that, for (X, X) € CJ ([0, T, R%)
and h € C([0,T1],R?%) a path with bounded variation, we can define a translated path
(Y,Y) = 7,(X, X) in a natural way by

t t t
Yi=Xi+h, Y. :Xs,t+/ 6Xs7r®dhr+/ §hs,r®er+/ Ohsr®dh, .

) ) 4.5)
Since we assumed £ to be of bounded variation, the integrals appearing in this expression
should be interpreted as usual Riemann-Stieltjes integrals. Assume furthermore that
h is such that there exists a constant ||h|/1,, such that, for every s < ¢ in [0, 77, the
variation of h over the interval [s, t] is bounded by ||h|1,,|t — s|”. In this case, it follows
immediately that there exists M (depending on T") such that

||Y_XH7 < ||hH1;v > HY_X”% < MHhHIW(Hh”lW"" ||X||v) : (4.6)
Similarly, we check that there exists a constant M such that

70(X, X) — 73X, X) ||y < M]3 1(X,X) = (X, X)) 4.7)

Ly

so that 7y, is Lipschitz continuous as a map from Cg([O, T1,R%) to itself.
Denote now by W., the completion of C5°(R_; R?) with respect to the norm

_ w(®) — w(s)|
lwll, = sup

. (4.8)
siteR_ [t — s|Y(1 + |t + |s])?
s#t
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For H € (0,1) and v € (0, H), it can be shown that there exists a probability measure
P_ on W, such that the canonical process associated to P_ is a fractional Brownian
motion with Hurst parameter H [HaiO5].

Notice now that the operator G given by (4.3) is actually defined on all of W,.
Indeed, similarly to [HOO7, Prop A.2], it can be checked that the kernel g defined in
Equation (4.4) is smooth away from 0 and that its derivative satisfies

JH=01), t<1l, gi=0t""3%), t>1. 49)
It follows that, for w_ € W,,, one has the bound
(Gu_Y(®) < Cllw_]l, (=" +£74)

where || - ||, is as in (4.8). In particular, over every finite time interval there exists a
constant M such that
1Gw—l1:y < Mw—]l- - (4.10)

As a consequence of this discussion, (4.2) makes sense in Cg(R+, R?) for every w_ €
W,, and this is how we will interpret this identity from now on.

4.1 Derivatives of the solutions

We now derive expressions for the derivatives of solutions to (1.1), both with respect
to its initial condition and with respect to the driving noise. For this, we make the
following assumption, which will be enforced throughout the whole article:

Assumption 4.1 The vector fields V; are C* and all of their derivatives grow at most
polynomially fast. Furthermore, for every initial condition z € R", every final time T,
and every (X,X) € 7);’([07 T1,R%) with v > %, (1.1) has a solution up to time T..

Remark 4.2 Since the solution to (1.1) depends continuously on both its initial condi-
tion and the rough path (X, X) [FV10b], it follows from a simple compactness argument
that, for every R > 0 and every final time 7" > 0, there exists a constant M such that
the bound

12, Z)|xn < M,

holds uniformly over all initial conditions |z| < R and all driving noises ||(X,X)||, < R.
Here, we use the fact that, over finite time intervals, the embedding Dg — D;]Y is
compact for 8 > v [FV10b, Prop. 8.17] and that the continuous dependence on the
driving path also holds in Dg .

For an initial condition 2z and an instance of the driving noise w = (w_, w4 ), let
®,(2, w4) denote the solution map of (1.1):

Z, = By(z,wy) .

Note that for defining the solution, we only use w, and do not use w_, the past of the
driving noise. Define the Jacobian

wr 0D(z, wy)
P

and, for notational convenience, set V' = (V1, Va, - -+ , V). Then the Jacobian Jy ; and
its inverse satisfy the (rough) evolution equations

dJo,s = DVo(Zy) Jop dt + DV (Zy) Jo,e dXy s (4.11a)
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dJyi = —Joi DVo(Zy)dt — J5 ) DV(Z) dX, . (4.11b)

Here, both J and J~! are n x n matrices, and Jo,o = J(; é = 1. In order to deduce
(4.11b) from (4.11a), we used the chain rule, which holds provided that (X, X) € C;’.

We now consider the effect on the solution of a variation, not of the initial condition,
but of the driving noise itself. For this, we define the operators A7 : L2([0,T7], R%)
R™ by

T
Ay = / JoiV(Z)v(s)ds . (4.12)
0

A particular role will be played by A% : R™ — L2([0, T, R%), the adjoint of A7, which
is given by:

(AT E(s) = V(Z)' (J5 )€, E€R™. (4.13)

It is known [FV10b] that for every sample path w. of fBm in D] and for any fixed T',

the map'
he My, — Or(z,wp +h) (4.14)

is Fréchet differentiable, where H iy ;- denotes the Cameron-Martin space of the Gaus-
sian process wy. Furthermore, setting h(s) = fos v(r) dr for some v, one has the
identity

Dp®r(z,wy + h)|h:0 = JO,T.AT’U s 4.15)

whenever v € L2. Note that, by (4.2), the space H 4 consist of those paths i such
that h = D2 ~H h for some / in the Cameron-Martin space of W, which in turn is equal
to H', the space of square integrable functions with square integrable weak derivative.
This shows that the corresponding element v does not necessarily belong to L2, so that
one may wonder what the meaning of (4.15) is in general. Writing Fs = J(; 81 V(Z,) as
a shorthand, a calculation shows that there is a constant ¢ such that

T T _ H—%
ATD%—HU:C/ (/ (r—s) - Fyary T2
0 s 5 —H

F) o(s)ds . (4.16)
2

so that | A7 Dz~ Hy| < M||F||¢~ ||v|| 2 for some constant M, provided that v > 3—H.
Since, in our particular case, F' is a rough path controlled by (X, X), the condition
|1 Flcv < oo fory > % — H can always be satisfied when % — H < H,namely when
H> 1.

In the sequel, we will write &,,Z% as a shorthand for the derivative of the solution
map in the direction h = [, v(s)ds, i.e.

D2t = Dp®r(z,wy) = Jor Arv . 4.17)

We also set
def

D2 = T V(ZD) E JouJg i V(ZE), (4.18)

so that 9, Z% is the L?-scalar product of 2Z% with v.

I'Since Dy is not a linear space, the “addition” of the paths w and h should be interpreted in the sense of
(4.5) below.
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4.2 Malliavin differentiability of the solutions

Using the representation (4.2), the solution map ®;(z, w.) conditioned on the past w_
of the driving noise may be viewed as a functional of an underlying Wiener process
on [0, co) which then allows us to define the Malliavin derivative of the solution map
DZ7 = D®.(z,w,) in the usual way. As shown in [CFV09], the Malliavin derivative
is related to the Fréchet derivative given by (4.14) in the following way. For any
Jyv(s)ds € Hp, v, define & = T~ Hv. Then we have the identity

1 1 1
D3 Z; = — P25 = —JorArv = EJQTATD%_Hf; . (419

where oy is as in (4.2). In line with the notation from [Nua06], we define s — D Z7
to be the stochastic process such that the relation

t
D;Z; = / 0(s)DsZf ds
0
holds for every © € L2. Comparing this with (4.16), we see that one has the identity

t
D7 =c / (r — T3 (J, 4 V(Z2) — . V(Z7)) dr

4.2
2c (4:20)

1-2H
for some fixed constant c. (Furthermore, D;Z7 = 0 for s > t.) In general, we can
rewrite this as

+ (T —91=27,,V(Z7),

pz; =D 977 4.21)

1_
where 2,77 is as in (4.18), with Z,ZF = 0 for s > ¢, and D " is the linear operator
given by

(D f)s) = e / (r— "3 (f(r) — f(s))dr |

The aim of this section is to obtain a priori bounds on the higher-order Malliavin
derivatives of the solution. As a first step, we obtain pointwise bounds on multiple
derivatives of the solution map. In view of (4.18), we will need to compute Z;.Jy ¢
in order to obtain such bounds. At this stage, let us put indices back into the various
expressions in order to clarify the precise meaning of the various expressions that appear.
We will use Einstein’s convention of summation over repeated indices and we write &
for the derivative with respect to the ith component of the driving noise (X, X). It is
clear that Z,Jy + = 0 for t < s. Furthermore, we see from (4.11a) that

DLTS = D VFZ)T (4.22)

For t > s, we formally differentiate (4.11a) and we use the identity (4.18) to obtain the
rough evolution equation

7.5 = DV (Z0) D25 dX () + D Vo' (20) 2T dt
+ D2, VIZ) T TR0V Z) dXT () + D2, V(2 T T2VEZ dt

mn mn

Note now that this is a linear inhomogeneous equation for 2! Jé“”;, where the linear part
has exactly the same structure as (4.11a). As a consequence, we can solve it using the
variation of constants formula which, when combined with (4.22), yields the expression
t
PLTE = TE DV (Z) T + / J,’iﬁD;RX/f(ZT) JEETIVA(Z,) dX (r)

S
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t
+/ Jf,fD,%mVOp(ZT)Jg’)wJ"qViq(Zr)dr. (4.23)

A similar identity also holds for Z;.J; tl, but the precise form of this expression is
unimportant as will be seen presently.

Denote by .7 the space of finite rooted trees and by .# the space of finite forests
(unordered finite collections of trees, allowing for repetitions). Formally, we denote by
(71, ..., 7x) the forest consisting of the trees 71, ..., 7. For F' = (11,...,T,) € F, we
also write [F'] = [71, ..., 7] € 7 for the tree obtained by gluing the roots of the trees
of I’ to a common new root.

For any forest F' € %, we then build a sequence of subsets V}? C C}(([O, T1,R)
with £ > 1 in the following way. For the empty forest (), we set Vg = {1} for every k.
For F' = (e), the forest consisting of one single tree, which itself consists only of a root,
we set N B

VE =I5 (g HY, DY ViZ) s ed0,... k),

ISR VA 1)

where m € {0,...,d}, and the indices 4, j, and i1, .. .4, belong to {1,...,n}. For
forests F' = (7, ..., Tym) consisting of more than one tree, we set

V(]:'h- ) = {Yl te '}/nL : Yy S V(I:-J) ,VJ} . (424)

- '77—771,

In other words, the processes contained in V(kn,...,rm) are obtained by multiplying

together the processes contained in V(kr,-)- Finally, if F’ consists of a single tree consisting
of more than just one root, so that F' = [G] for some forest G, we set

vk, = {/ Y, dX%(s), / Y.ds : Y € V&, ée{l,...,d}}. (4.25)
0 0
This construction has the following feature:

Lemma 4.3 There exists a map F — Ty from .F to 27, the set of subsets of F, with
the following properties:

o The set Tk is finite for every ' € F.

e Forevery ' € %, k > 1, there exist coefficients ci,UU taking values in
{0,1, —1} such that the identity

DY, = Z Z Z C@,U,UUSUt

G,GETr UeVET UevEiH!
holds for every Y € Vllf% and every )0 < s <t <T.

Proof. Note first that, by writing J,; = Jo, J(i i and similarly for J; ,., we see from
(4.23) that Z;Jy + can indeed be written as

D= > Y Y UL,

G,GeET; UEVE UeVy
for some coefficients ¢ € {0,1, ~1}, and for

TJ = {(.)7 (.7 o, .)a (.7 [.7 e, 0,0, .])} .
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The same statement holds true for Qg(JOf tl)ke. Furthermore, we have from (4.18) and

the chain rule the identity
DD Vil Z) = DT V0 ISVEZ,)

so that we have

705 Va@y= Y D> > epgU,

G,GeTp UeVE UeVy,

for some coefficients ¢, 7 € {0,1, —1} (depending also on all the indices appearing on
the left hand side), and for
Tp = {(e,0)}.

It follows that we can indeed find a set T(s) = T’y | J Tp with the two properties stated
in the lemma.

For more complicated forests, the claim follows by building 7" recursively in the
following way. If F' = (71, ..., Ty,) for trees 7; such that T(,) is known, we observe
that one has the identity

ZIVi(t). .. V() = Y _Yi(t)... Vi1 () ZIYi(t) Yiga (D) ... Yin(D) . (4.26)

i=1

As a consequence, if we write F' @ G for the union of two forests and F' © G for the
forest obtained by removing from F' its subforest GG, we can set

Tirr,ry = (T FEO ) @ Tiry} - (4.27)
i=1
It follows from (4.26) and (4.24) that this definition does indeed ensure that the requested
properties are satisfied.
It remains to consider the case F' = (7) for some non-trivial tree 7. In this case,
there exists a forest G such that 7 = [G] and elements in V¥ are given by (4.25). Note
now that one has the identities

t t
7; / Y, dX'(r) = 60V, + / 21, dX (r),
0 0

. t
@;}/ Yrdr:/ DY, dr .
0 0

As a consequence, if we set
Ti) =Te U{G,0y U{([H)) : H € Tg} . (4.28)

the requested properties are again satisfied by induction. Since every forest can be
built from elementary trees by the two operations considered in (4.27) and (4.28), this
concludes the proof. O

For our purpose, this has the following useful consequence. For a fixed final time 7',
define the controlled rough path 7% € Dy ([0, 17, RQ”2+”) by

TP = Z, Jo, Jod) - (4.29)

(Note that both J and J ! also implicitly depend on the starting point z.) We then have
an a priori bound on the derivatives of the solution with respect to the driving noise in
terms of J~*:
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Proposition 4.4 Let A, denote any component of the vector J7. Under assumption 4.1,
for every multiindex o = (a1, . . ., ay) there exists a finite index set T,, and elements
Ff € C(0,T),R) with k € Ty, and j € {1,...,|a| + 1}, such that the identity

DDA = Fl(s1)- - Ff(s)Ff, (1), (4.30)
k€T,

holds for every 0 < s1 < ... < s <t<T.
Furthermore, there exist constants M and p depending only on o and T such that
the bound
1Ef xq < M+ IT7. T )x0)"

holds for every k and j.

Proof. The first claim follows immediately from Lemma 4.3 by induction on |«|. The
second claim follows from the construction of the sets Vl’é, combined with Lemma 2.4
and Theorem 2.2. O

In the particular case when X is fractional Brownian motion with Hurst parameter
H, it follows from Proposition 4.4 that, if we consider the Malliavin derivatives D¢ with
respect to the underlying Wiener process as at the beginning of this section, we have the
following bound:

Theorem 4.5 As above, let A, denote any component of the vector J 7 and let (X, X) be
fractional Brownian motion with Hurst parameter H € (%, %). Under Assumption 4.1,
for every multiindex o = (o, . .., ), everyy € (%, H), everyd > 0, and every T > 0,
there exist constants M and p such that the bound

14
(D2 D2 A TT sy = 55" 72740) < MO T T x4

j=1

holds uniformly for all 0 < s1 < ... < sp41 < T. Furthermore, the exponent p can be
chosen to depend only on |«.

Remark 4.6 Since the function ¢ — 2 =179 is square integrable near the origin for
¢ sufficiently small, the random variable A; belongs to the stochastic Sobolev space
Dy If furthermore E|| (7, J')|| , < oo for every p, then A, belongs to the stochastic

loc*

Sobolev space D*>°. See [Nua06, p 49] for the definitions of D{° and D°°.

loc

Proof. Consider now s1 < ... < sy to be fixed and consider, for j = 0,...,/, the
sequence of functions

F(j)(rj+1a---7ré):Dsl"'DsJ-@r .'.@TzAt?

i+1

so that our aim is to obtain a bound on F'©. Note that, by (4.21), the F @) satisfy the
recursive formula

o0
FO(rjq,..m) = c/ (r— Sj)H_%(F(j_D(r, Tigly .-y T0) 4.31)
Si

—F(jil)(Sj,’l"j_;'_l,...,Tg))d’/‘ .



MALLIAVIN DERIVATIVES 21

We claim now that, for every j, there exists an index set T; and a family of functions
F;J’k) such that, for s; < ;11 < ... <r¢ < t, one has the identity

)4
FOwi,..ory =Y [ F"ea. 4.32)

kET; i=j+1

Furthermore, for every 8 € (% — H, H), there exists a constant M independent of
S1, ..., 8¢ such that these functions satisfy the bound

14

J
I 1EZPeols; < M lsjsr — s/ 2P A+ 1(T5 T )xA) . (4.33)
i=j+1 i=1

for some fixed p > 0. Here, where we denote by || F| .; the C#-norm (not seminorm!)
of F, restricted to the interval [s;41,t]. In the special case j = ¢, this is just |E(t)].
Once we show that (4.32) and (4.33) hold, the proof is complete since the special case
j = ¢ and the choice § = % — H + ¢ yields the stated claim for ¢ sufficiently small. For
larger values of d, the claim can easily be reduced to that for small §.

Note furthermore that F)(r; 41, ...,7¢) = 0 if there exists i > j such that r; > ¢
and that the function F¥) is symmetric under permutations of its arguments. As a
consequence, (4.32) is sufficient to determine F'¥).

The proof now goes by induction over j. For j = 0, we have

F(O)(rla cee 7TK) = @7‘1 c —@mAt s

which is indeed of the form (4.32) by Proposition 4.4. In this case, the bound (4.33)
reduces to the statement that the Fi(o’k) are 3-Holder continuous, which is also a con-
sequence of Proposition 4.4. In order to make use of the recursion (4.31), we have to
rewrite it in such a way that the arguments of FU—1 are always ordered. Using the
recursion hypothesis, we then have the identity

, Tit1 . . -
F(])(TjJrl? . 777) =c Z / (’I" _ SJ)H_% (Fj(] l,k)(,r) _ FJ(J 17k)(sj)) dr
J

keT;_17*%
(7—1,k)
< [T FZ M)
>
Ti41

te > > (r—sp)T 2 FI" 1Py ar

keT;_q i>j VTt

x (ﬁ FI™0040) I ()
q=j

g=1+1
2c _1 j— j—
— T e = s TEE T s [T e
1>]
ST+ T+ Ts.

Rewriting the integral from r; to ;4.1 appearing in 75 as

¢ _ ¢ _
/ (r— sj)H*%FZ.(Jfl’k)(r) dr — / (r— sj)H*%Fi(Jfl’k)(r) dr,

7 Ti4+1
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we see that F') is indeed again of the form (4.32). It remains to show that the bound
(4.33) holds. To show that it holds for 77, write

S
—3 -1,k i—1,k
Grts) = [ (= sy E (BT ) - FO )
8
so that one has, for s > s;, the bound
H-3 j—1,k
0:Gr(s)] < (s = s FHETT 5500
In particular, one has for s > s;; the bound
—1 — i—1,k
05G()] < (541 = 572 (s = )" HEFS gm0
Furthermore, we obtain in a similar way the bound
_1 i—1,k
|Gr(sj+1)| < M(sjs1 —spP 2+BHFJ('] g1
for some constant M, so that a straightforward calculation yields

1 i—1,k
Gkl < M(sj41 — s 2||FF 1P

B,j—1>

for some constant M. The requested bound on 7} (actually a bound that it better than
requested) then follows at once.
To bound 75, we proceed similarly by setting

Gr(s) = /t(r - sj)H*%Fi(j_l’k)(r) dr
and noting that G(¢) = 0 and
10.Gr(s)| < (5541 — 5,)7 7 B(s — ;)P FI71P 5,4 .
It follows as above that
IGkll5. < M(sjer — s =2 FEI P50,

as requested. Finally, the bound on T3 follows in the same way. O

S Regularity of laws

Our aim in this section is to show that, if the vector fields V' satisfy Hormander’s
celebrated Lie bracket condition (see below), then the Malliavin matrix of the process
Zy is almost surely invertible and to obtain quantitative bounds on its lowest eigenvalue.

In order to state Hormander’s condition, we define recursively the families of vector
fields

Vo={Vek : k>1}, Vo1 =V, U{IU Vil 1 U €V, k >0},

where [U, V] denotes the Lie bracket between the vector fields U and V. Note that
under Assumption 4.1, the elements in V,, also have derivatives of all orders that grow
at most polynomially. We now formulate Hormander’s bracket condition [Hor67]:
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Assumption 5.1 For every zy € R", there exists N € N such that the identity
span{U(z) : U € Vy} =R" (5.1)
holds.

It is well-known from the works of Malliavin, Bismut, Kusuoka, Stroock and others
[Mal78, Bis81, KS84, KS85, KS87, Nor86, Mal97, Nua06] that when the driving noise
X is Brownian motion, one way of proving the smoothness of the law of Zr under

Hormander’s condition is to first show the invertibility of the “reduced Malliavin matrix”
2

T
Cr = Ap Al = / o V(Z)V(Z)* (Jg )" ds . (5.2)
; ,

Recall that the matrix norm of a symmetric matrix is equal to its largest eigenvalue.
Since Cr is a symmetric matrix, one can write the norm of its inverse as

IC7!I™ = inf (v,C7v), pER". (5.3)

Before we turn to our bound on the inverse of Cr, let us introduce some notation. For
any smooth vector field U, define the process Zy(t) = J(i tl U(Z;), and set furthermore

def

R, Z 14 Lo(X) ™+ |(X, X + (T2 T xy + 2] (5.4)

where 7~ is as in (4.29). Here, we fix a “roughness exponent” 6 > H which will appear
n subsequent statements.

Lemma 5.2 Fix a final time T > 0. Under Assumption 4.1, there exist constants
¢,a > 0and M > 0 such that the bound

[[{p, Zu()loc < MR [(p, CT)|*,

holds for all U € Vi, all ¢ € R™ such that ||| = 1, all initial conditions z and all
(X,X) € D([0, T1,RY).

Proof. By definition we have

d T d
(0, Cr) = /0 (@, JoaViZ) ds = > (e, ZvOlie00y - (55
=1 =1

To obtain an upper bound of order |{y, C7¢)|* on the supremum norm, our main tool
is the interpolation inequality

1 2y _1
1 lloc < 2max (T~ fllz2to,m, 11 2 115777 (5.6)

which holds for every y-Holder continuous function f : [0, T] — R (see for example
[HP11, Lemma A.3]). Since in our case the final time 7 is fixed, the L? norm is
controlled by the y-Holder norm, so that

2y

J
e, ZviClloo < M (e, Zv,O)l 210,110 ZviEN 3™

2This is a slight misnomer since our SDE is driven by fractional Brownian motion, rather than Brownian
motion. One can actually rewrite the solution as a function of an underlying Brownian motion by making use
of the representation 4.2, but the associated Malliavin matrix has a slightly more complicated relation to C
than usual. Still, it will be useful to first obtain a bound on the inverse of C'p.
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Since the vector fields V; have derivatives with at most polynomial growth by
assumption, we obtain immediately from Lemma 2.4 the bound

1{e; Zv;(Nlex < MR, (5.7)
for some exponent a. Combining this with (5.5), the claim follows at once. 0

The next lemma involves an iterative argument (similar in spirit to [KS85, Nor86,
BHO7]) to show that a similar bound holds with V; replaced by any vector field obtained
by taking finitely many Lie brackets between the V}’s.

Lemma 5.3 Fix a final time T' > 0. Under Assumption 4.1, for every v > 1, there exist
constants c;,a; > 0 and M > 0 such that

(e, Zu(Dlloo < MR [{p, Crp)|**,

Sor every U € V;, every ¢ € R™ such that ||¢|| = 1, every initial condition z and every
(X,X) € Dy([0,T71, RY).

Proof. The proof goes by induction over 7. We already know from Lemma 5.2 that the
statement holds for # = 1. Assume now that it holds for some ¢ > 1 and let us show
that it holds for ¢ + 1. For any ¢ < T and U € V;, a simple application of the chain rule
(which holds since (X, X) is assumed to be a geometric rough path) yields

t d st
(¢, Zu®)) =/ (@, Z1vo,01(8)) ds + Z/ (0, Zv,ui()dX],  (5.8)
0 o

where the second integral is a rough integral as in Theorem 2.2.
First we derive a priori bounds on the two integrands of (5.8) and then apply Theorem
3.4. It follows from Lemma 2.4 and Assumption 4.1 that

||<S07Z[VJU]()>||X,’Y SMRG7 jZO,...7d, (59)

so that a similar bound holds on ||{¢, Ziv, 1)) |-

By the induction hypothesis, for every U € V; we have the bound || (0, Z¢/() || <
MR |{p, CTp)|* for some constants a;, ¢;. Applying Theorem 3.4 to (5.8) and using
the a priori bound (5.9), we conclude that there exist constants o1, ¢;+1 such that

{2, Zir v (Nleo < MR [{p, Crp)

for{ =0,...,d. Since V;; contains precisely the vector fields [U, V], this concludes
the proof. O

Q41
s

Now we combine the above two lemmas and Hérmander’s hypothesis, Assump-
tion 5.1, to obtain lower bounds on the smallest eigenvalue of C'r.

Proposition 5.4 Assume that Assumptions 4.1 and 5.1 hold. Fix T > 0 and let the
matrix Cp and the quantity R be as defined in (5.2) and (5.4) respectively. Then there
exists a constant ¢ > 0 such that the bound

nf I, Cre)| > MR, (5.10)
nf

holds uniformly over every driving path (X, X) € Dj and every initial condition z.
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Remark 5.5 We emphasise again that (5.10) yields a lower bound on the eigenvalues
of C'p that is not probabilistic in nature. All the probabilistic cancellations that take
place in the classical probabilistic proofs of Hormander’s theorem are “hidden” in the
strict positivity of Lg(X) and the boundedness of ||(X, X)||,.

Proof of Proposition 5.4. Let N € N be such that

def

K< inf inf U >0. (5.11)
l2|<R Jlell=1 Z I )
UeVn

The existence of such an N follows from Assumption 5.1 and the smoothness of the
vector fields V.
Note now that, considering the right hand side at time 0, we see that

(e, UG < (s Zu)IZ -
From Lemmas 5.2 and 5.3, there then exist constants ¢y, oy such that

K< inf sup [{p, Zu()[5 < MR inf [{p,Cre)[*Y,  (5.12)
~1yevy lell=1

which is precisely the required bound. O

Now let Mt be the Malliavin matrix of the map W — Z% where W is the
underlying Wiener process from the representation (4.2). Then we have the following
pathwise bound on M:

Theorem 5.6 Under the assumptions of Proposition 5.4, there exists a constant ¢; > 0
such that the bound

| ilﬁf1 [{o, MTp)| > MR~ (5.13)
(P =

holds for every driving path (X, X) € D" and every initial condition with |z| < R.
Proof. By virtue of (4.19), we have the identity
l — * * *
[{p, Mr@)| = ||(D2 ) AT‘]O,T(PH%Q[O,T] (5.14)
where (Dz~H)* is the L,[0, T'] adjoint of the operator Dz~ defined in (4.1). Notice
1 . . 1 1
that 7z~ : L,[0,T] — Ls[0, 7] is a bounded operator and since Zz~# and D2~
. 1 . .
are inverses of each other, we conclude that operator (D2 —HY* has a bounded inverse in
L5[0,T]. Thus
1_ * Ak Tk * Tk * *
(D2 ) 'ATJ07T90HL2[07T] > MHATJO,TSOHZLQ[QT] = M<J0,T<P70TJ0,T<P> >
which, from Proposition 5.4, is bounded from below by

MR\ Jg el = MR™ ol

where the last bound is a consequence of the fact that ||.J; || < MR. 0
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5.1 Probabilistic Bounds and Smoothness of Laws

Recall from (4.2) that the “future” evolution of the fBm conditional on the past w_ may
be expressed as

wy = Gw_ + ocHDéfHW s

where Gw_ is the conditional expectation with the operator G given by (4.3). As in the
previous section, we will mostly be interested in the situation when w_ is fixed and the
conditional law of the solution is considered.

One problem is that it is in general quite difficult to obtain moment bounds on the
Jacobian (and its inverse) for equations of the type (1.1) when the driving noise is only
~-Holder for some v > % (Rather than v > %.) The best bounds obtained in [FV10b]
rule out a downright explosion of the Jacobian, but only yield logarithmic moments
in general. The very recent article [CLL11] obtains such moment bounds, but under
boundedness conditions that are stronger than Assumption 4.1. See also [FR11] for a
related result. We therefore state the moment bounds on the solution and its Jacobian as
an additional assumption:

Assumption 5.7 There exists an exponent ( < 2 and a seminorm || - || on C(R_,R%)
such that ||w_|| is almost surely finite and such that, for every R > 0 and every p > 1,
the bound ~

El(T*, Tk, < Mexp(M[lw_[|), (5.15)

holds for some constant M, uniformly over all initial conditions with |z| < R.

Remark 5.8 Combining (5.15) with Fernique’s theorem immediately yields the uncon-
ditioned bound

El(T*, T, <M, (5.16)
for any p > 1.

Now we combine the results above with the results from the previous section to ob-
tain probabilistic bounds on the inverse of the Malliavin matrix, under the additional
hypothesis that Assumption 5.7 holds.

Proposition 5.9 Let (1.1) be such that Assumptions 4.1, 5.1, and 5.7 are satisfied. Fix
T > 0 and let M~ be the Malliavin matrix as in (5.13).

Then, there exists a norm || - || such that ||w_| < oo almost surely and, for any
R > 0and any p > 1, there exists M such that the bound

IED( inf (o, M) < 5) < M eMlw-lI¢ gp | (5.17)
lell=1

holds for all £ € (0, 1] and all initial conditions z with |z| < R. Here, the constant C is
as in (5.15).

Similarly, the unconditional bound

]P’( inf (o, Mrg) < 5) < MeP, (5.18)
lell=1

holds.
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Proof. From Theorem 5.6 we deduce that for small enough ¢,

B(inf Itp Mrg)| <€) <BR>e7),
oll=
for some constant ¢c; > 0. By Markov’s inequality, for any p > 1, this expression is
bounded by ~

MePrER? .

Now for any p > 1, from Lemma 3.9 and Assumption 5.7 it follows that
E(Le(X)*p + I(T7, jZ’)HgM) < M eMlw-lI*

Furthermore, it follows from (4.2) that E||(X, [ <M eMIGw-1I5  thys proving the
claim (5.17). The second claim then follows from Fernique’s theorem. O

As an immediate corollary, we obtain that the Malliavin matrix has all moments:

Corollary 5.10 Under the assumptions of Proposition 5.9, the matrix M is almost
surely invertible and, for any R > 0 and any p > 1,

E(IMZ|) < M eMle-lI*
uniformly over all initial conditions z of (1.1) such that |z| < R.

As a consequence of Proposition 5.9, we obtain the smoothness of the laws of Z,
conditioned on an instance of the past w_:

Theorem 5.11 Let (1.1) be such that Assumptions 4.1, 5.1, and 5.7 are satisfied.

Then, for every realisation of the past w_ with |Jw_|| < oo, every initial condition
z and every t > 0, the conditional distribution of Z7 has a smooth density with respect
to Lebesgue measure. Furthermore, every derivative of this density has finite moments
of all orders with respect to the law of w_, so that the unconditioned distribution of Z?
also has moments of all orders.

Remark 5.12 The norm ||- || appearing in the statement is the same as the one appearing
in Assumption 5.7.

Proof. Combining Theorem 4.5 with Assumption 5.7, we see that the random variable
Z} belongs to the space D*°. The claim then immediately follows from the fact that the
Malliavin matrix has inverse moments of all orders [Nua06].

The claim about the moments of the density follows from the fact that, by (5.15),
| MZ!|| and all Malliavin derivatives of Z7 also have unconditional moments of all
orders. O

5.2 A cutoff argument

While [CLL11] provides a large collection of examples for which Assumption 5.7 holds,
this condition is not always easy to check. In this section, we therefore provide a cutoff
argument that allows to still show the existence of a density for the law of the solutions
to (1.1) under Hormander’s condition, without assuming that Assumption 5.7 holds.
Actually, we show slightly more than the mere existence of a density, namely we show
that the density can be approximated from below by a sequence of smooth densities.
More precisely, the main result of this section is the following:
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Theorem 5.13 Assume that Assumptions 4.1 and 5.1 hold, and denote by i the condi-
tional law of the solution to (1.1) at time t > 0, with fixed initial condition z € R".

Then, there exists a sequence of increasing positive measures iy with C* densities
oy such that lim,,_, o, pi(A) = p(A) for every Borel set A. In particular, p, has a
density p; with respect to Lebesgue measure and lim,,_, . 07 (x) = o(x) for Lebesgue-
almost every .

Remark 5.14 The statement that g; can be approximated from below by smooth func-
tions is strictly stronger than just o, € L', which was already obtained in [CF10]. An
example of a density function that cannot be approximated in this way would be the
characteristic function of a Cantor set with positive Lebesgue measure.

Proof. The idea is to perform the following cutoff argument. For 5 > 0 real, T' > ¢ and
g > 2 an even integer, we define the function

T rt 2 X
6 X, 1|27 + ||X ||
AB,Q,T(X,X)z/O /O | i;—ngq l? gt (5.19)

where we denote by X the antisymmetric part of X. This function has the following
desirable properties:

1. From the scaling of the covariance function for fractional Brownian motion and
the equivalence of moments for Gaussian measures, we conclude that if (X, X)
is fractional Brownian motion with Hurst parameter H, then Ag , 7(X, X) has
finite (conditional) moments of all orders, provided that 5 < H.

2. Forevery v € (0, H) and every 8 € (v, H), there exists ¢ > 0 and M > 0 such
that
1
X2 + [1X]l2y < MAYE1(X,X) . (5.20)

A proof of this fact can be found in [FV10b, p. 149]. Note that since we assume
(X, X) to be geometric, the symmetric part of X ; is given by 6.X, ; ® 6 X ¢, so
that it is indeed sufficient to control the increments of X and the antisymmetric
part of X.

3. For every (X, X) € D7, the map

/HH’+ Shw— A[g’q’T(Th(X, X)) s

s

is Fréchet differentiable to all orders [FV10b], where 7y, is the “translation map’
as defined in (4.5) below. In particular, the map wy — Ag 47 (X (wy), X(w4))
belongs to the space D> of random variables that are Malliavin differentiable
of all orders with all Malliavin derivatives having moments of all orders. The
precise statement of this fact is given in Proposition A.1 in the appendix.

The proof is now straightforward. First of all, we let v < H be as in the previous
sections, let 5 € (v, H), and fix ¢ large enough so that (5.20) holds. We also let
x: Ry — R, be a C*> non-increasing cut-off function so that x(A) = 1 for A < 1 and
x(A) = 0 for A > 2. With these definitions at hand, we set

Un(wp) = x(n " Ag g r (X (wy), X(wy))) - (5.21)
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Fix furthermore z € R"™ and as before denote by ®.(z,wy) the Itd map, so that
e = ©;P. We then set pj = @7 (V,,P). In other words, we have the identity

H?(A)Z/ ) U (wy) P(dwy) ,
&, (A)

valid for every measurable set A C R™. Since Ag 4 7 is almost surely finite, we clearly
have pj(A)  pi(A) for every measurable set A, so that the claim follows if we can
show that every p* has a smooth density. This in turn follows by Malliavin’s lemma
[Nua06] if we are able to show that, for every bounded open set K C R" and every
multiindex «, there exists a constant M such that the bound

E(D*G(®i(z, wy))V,(w)) < M(w_) sup |G(x)],
reK
holds uniformly over all test function G: R™ — R that are C* and supported in K.
Let o = (a1, 9, ,ak),a; € {1,2,--- ,n}. Using the chain rule and the inte-
gration by parts formula from Malliavin calculus, we have the identity

E(DG(®y(2, w)) U (ws)) = E(G(cbt(z, W) Ho (®y(2, w4), \I/n(w+))) ,
(5.22)
where the random variables H,, are defined as follows. For o = ¢, the empty multiindex,
we set Hy = W,,. Furthermore, given a random variable G and an index o, we set

Ho,(G) = D* (G S My D?<I>t(z,w+)) . (5.23)
=1
with these definitions at hand, it is straightforward to see that, for &« = (a, ..., ag), we

have
H, = Hal (H(az,-~-~,ak)) :

Fortunately, all of these expressions can be controlled in the following way. Define the
set
Sp = {w Mg g7 (X(wy), X(wy)) < 2n} . (5.24)

It then follows from the local property of the Skorokhod integral [Nua06, Prop. 1.3.15]
that H,(w4) = 0 for wy € S,,. As a consequence, we also have the identity

H, = HQI(H(‘X?un;ak:)) >
where

Ha (@) = D" (G Y (Wan(M; ) D (W2 @iz, 04)))
j=1

Note now that, by Corollary A.2, Theorem 5.6, and Theorem 4.5, both ¥y, (M, l)a1 j
and ¥, ®.(z, w4 ) belong to the stochastic Sobolev space DP for every {,p > 1,
uniformly over every w_ such that ||w_||, < R for any R > 0, where |Jw_||, was
defined in (4.8).

As a consequence, for « = (a1, ..., ax) and £ > 0, we have the bound

EIDOH,|? < (Jw-ID D (E[D"™ Hias,....anlI?)?
m<l+1

where we denote by D™ the kth iterated Malliavin derivative and by || - || the L?-norm.
Since H also belongs to D*P for every £,p > 1 by Corollary A.2, the claim then
follows. 0
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6 Ergodicity of SDEs driven by fBm

The aim of this section is to use the preceding results in order to obtain ergodicity
results for stochastic differential equations driven by fractional Brownian motion. In
order to do this, we make use of the abstract framework introduced in [Hai05] and
further refined in [HOO07, Hai09]. This allows to introduce a notion of a “strong Feller
property” for a large class of equations driven by non-white noise, together with a
corresponding version of the Doob-Khasminskii theorem, stating that the strong Feller
property, combined with a form of topological irreducibility and a quasi-Markovian
property, is sufficient to deduce the uniqueness of an “invariant measure” in a suitable
sense.

In order to use this framework, we view solutions to (1.1) as a discrete-time Markov
process on a space of the type W x R"™, where WV contains all the information about the
driving noise X required to solve (1.1) over a (fixed) time interval 1 and to predict the
law of its future evolution. In our case, it is natural to choose WV to be of the form

W:W—@W+7

where VW_ contains the “past” of the driving noise up to time 0, and WV, contains the
noise between times 0 and 1. The reason for splitting our space explicitly into two
parts is that in order to be able to give a meaning to solutions to (1.1), we consider the
driving noise as a rough path, i.e. we choose W, = D;([O, 1], R%) for some v E (%, H).
(Recall that Dg is the closure of the set of lifts of smooth functions in D7.)

On the other hand, in order to recover the conditional law of fractional Brownian
motion given its past, iterated integrals are not needed and it is sufficient to retain
information about the path itself. Therefore, it makes sense to choose VV_ in a way
similar to [Hai05], namely we choose W_ = W, for some v < H, where W, was
defined in (4.8). Denote as before by P_ the measure on W, such that the canonical
process is a fractional Brownian motion with Hurst parameter H under P_.

For any given w_ € W_, we now construct a measure on YV, as the law of a
two-sided fractional Brownian motion, conditioned on its past w_, and enhanced with
the corresponding “area process”. More precisely, denote by If%r the law of the stochastic
process { X }ieo,1)- given by

t
X, = aH/ t —rH-zaw, 6.1)
0

where W is a standard Wiener process and o gy is the constant appearing in (4.2). In can
be checked that the covariance of }f”+ satisfies the assumptions of [CQ02, FV10a], so
that it can be lifted in a canonical way to a measure P on W, .
With this definition at hand, we define a Markov transition kernel P from W_ to
W+ by R
Pw_,") =15, P4 .

It follows from (4.10), (4.6), and (4.7) that P is Feller. Furthermore, it determines a
measure P on W = W_ x W, in a natural way by

P(dw_ x dw,) = P_(dw_YP(w_, dw.) .

It follows from our construction that if we denote by II: W — C((—o0, 1], R%) the
natural map that concatenates w_ with the “path” component of w, then the image
of P under II is precisely the law of a two-sided fractional Brownian motion with
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Hurst parameter H. Similarly, we have a natural shift map ©: W — W_ that con-
sists of composing II with the usual time-1 shift map that maps C((—oo, 1], R?) into
C((—00,0],R%) D W_. It follows from the definitions of WW_ and W, that the map ©
is actually continuous. This construction allows us to lift P to a Feller Markov transition
kernel on W by R

Plw, ) = dow) © POW), ) .

It also follows from our construction that P is invariant (and ergodic) for P. Indeed, the
action of P(w, -) is to shift the “path” component of w backwards by one time unit and
to then concatenate it with the canonical lift to W, of a piece of two-sided fractional
Brownian motion, conditional on its past being given by O(w).

We now combine the noise process (W, P, P) with the solution map for (1.1) in the
following way. As before let ®.(z, w4 ) denote the map that solves (1.1) for a given
initial condition z and a given realisation w = (w_, w_ ) of the driving noise. Since the
Itd map is continuous on the space of rough paths with fixed Holder regularity [FV10b],
the map ® is continuous. We can then view the solutions to (1.1) as a Markov process
on R™ x W with transition probabilities given by

Qz,w;+) = ¢IP(w, ),

where we define ®,: W — R" x W by @, (w) = (P1(2, w4 ), w). In other words, we
first shift back the noise by a time interval 1, then draw a sample from the conditional
realisation of an enhanced fractional Brownian motion on [0, 1], and then use this
sample to solve (1.1) between 0 and 1.

The aim of this section is to show that the Markov operator Q admits a unique
invariant measure, modulo a natural equivalence relation described in Section 6.1 below.
Note that while Q is Feller (since @ is continuous and P is Feller), but it is certainly
not strong Feller in the usual sense. We will however show in Section 6.1 that there
is a natural generalisation of the strong Feller property in this context that, in a way,
only considers the part of Q in R™. In this generalised sense, it turns out that the
invertibility of the Malliavin matrix shown in the preceding sections allows to prove
that Q satisfies the strong Feller property in this generalised sense. Combined with a
form of topological irreducibility and a “quasi-Markov” property, this is then sufficient
to deduce the uniqueness of the invariant measure for @ modulo equivalence of the
induced laws on the space of trajectories on R™.

6.1 General uniqueness criterion for the invariant measure

From now on, we use the notation X = R" in order to simplify notations and to
emphasise the fact that the results do not depend on the linear structure of the space.

The aim of this section is to study the uniqueness of “invariant measures” for (1.1).
The question of uniqueness of the invariant measure for the SDE (1.1) should not
be interpreted as the question of uniqueness of the invariant measure for the Markov
operator Q constructed in the previous section. This is because one might imagine
that the augmented phase space X' x VV contains some “redundant” randomness that
is not necessary to describe the stationary solutions to (1.1). (This would be the case
for example if the V;’s are not always linearly independent.) One would like therefore
to have a concept of uniqueness for the invariant measure that is independent of the
particular description of the driving noise.

To this end, we introduce the Markov transition kernel Q from X x W to XN
constructed in the following way. Denote by (z,,, w,) a sample of the Markov chain
with transition probabilities Q starting at (g, wg). We then denote by Q(zg, wo; - ) the
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law of (21, 22, . ..). (We do not include the starting point, consistent with the convention
that 0 ¢ N.)
With this notation, we have a natural equivalence relation between measures on
X x W given by
o~ v & Ou=2Qv. (6.2)

In other terms, two measures on X x WV are equivalent if they generate the same
dynamics in X In the particular case when the process in X’ is Markov, Q is independent
of w and the equivalence relation simply states that the marginals on X’ should agree.
Denoting by || - ||Tv the total variation norm, this suggests that the following is a good
generalisation of the strong Feller property to our setting:

Definition 6.1 The solutions to (1.1) are said to be strong Feller if there exists a jointly
continuous function £: X2 x W — R_. such that

19z, w; ) = Qy, w; v < Uz, y, w), (6.3)
and {(z, z,w) = 0 for every z € X and every w € W.

We stress again that the definition given here has essentially nothing to do with the
strong Feller property of Q. It rather generalises the notion of the strong Feller property
for the Markov process associated to (1.1) in the case where the driving noise is white
in time. See for example the review article [Hai09] for more details.

Definition 6.2 The solutions to (1.1) are said to be topologically irreducible if, for every
z € X, w € W and every non-empty open set U C X, one has Q(z,w; U x W) > 0.

Remark 6.3 In order to prove topological irreducibility, one usually uses some form of
the Stroock-Varadhan support theorem [SV72]. A version of this theorem was shown in
the present context to hold in [FV10b, Thm 15.63]. This shows that, in order to verify
that (1.1) is topologically irreducible, it suffices to show that, for every x¢ € R", the set
of points that are obtained as the solution at time £ = 1 to

d
B(t) = Vo@®) + Y Vi@®) ui(t) . 2(0) =z,

i—1
with v € C*°([0, 1], R%) is dense in R™.

The following result, which is a consequence of [HO07, Thm 3.10], is a generalisa-
tion of the well-known Doeblin-Doob-Khasminskii criterion for the uniqueness of the
invariant measure of a general Markov chain:

Theorem 6.4 Ifthe solutions to (1.1) are strong Feller and and topologically irreducible,
then (1.1) can have at most one invariant measure, modulo the equivalence relation
(6.2).

Proof. The only missing ingredient to be able to apply [HO07, Thm 3.10] is the “quasi-
Markov” property of the solutions to a stochastic differential equation driven by frac-
tional Brownian motion with H € (%, %). For the case H > %, this property was shown
to hold in [HOO7, Prop. 5.11]. The proof in the case H < % is virtually identical, so we
only sketch it. It only uses the fact that the set X = {h € C>([0, 1], R?) : h/(0) = 0}
has the following properties:
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1. The canonical injection X — V. has dense image in W, .

2. The set X belongs to the Cameron-Martin space of ]f”+, viewed as a measure on
C([0, 11, RY).

3. The set {Gh : h € X}, where G is defined as
5 b1t 1 st
Gh(t) = VH/O ;g(;> (h(1 = r) — h(0)) dr — wj,h(o)/1 ;g(;) dr,

belongs to the Cameron-Martin space of I@’Jr, viewed as a measure on C(R, , R%).
Indeed, because of the representation (4.2) and the properties of fractional in-
tegrals, it suffices to check that DHT2Gh € L2(R,,R%). for h € X. Using
(4.9), an explicit calculation shows that DH+2Gh ~ t2—H for t < 1 and
DHY3Gh ~ t=3H for t >> 1 (see also [Hai05, Lemma 4.3]), so that this is
indeed the case.

Indeed, the first property ensures that, given any two open sets U, V € W, , we can
find two smaller open sets U,V € W, ,suchthat U ¢ U,V C V,and V = 7,U, with
h € X. Furthermore, P (U) > 0, and so is P, (V) since the topological support of P
is all of W, by [FV10b, Thm 15.63].

Since X belongs to the Cameron-Martin space of P, this guarantees that, for every
w_ € W_, we can construct a subcoupling 75U,V on Wﬁ between 75(w,, )| and
Pw_, )| such that 75U_,V charges the set of pairs (w4, w4 ) such that W, = 7w, . In
order to check the quasi-Markov property, it now suffices to check that the measures
O(x, w; -) and O(x, w; -) are mutually equivalent if (w, w) are such that their components
in W_ are identical and their components in W, satisfy w, = 7,w,. This in turn is
precisely the content of the third property above. O

The aim of the next section is to show that (1.1) does indeed possess the strong Feller
property, provided that the vector fields {V;} satisfy Hormander’s bracket condition.

6.2 Verification of the strong Feller property

The main result of this section is that the strong Feller property is a consequence of
Hormander’s bracket condition.

Theorem 6.5 Under Assumptions 4.1 and 5.1, (1.1) is strong Feller in the sense of
Definition 6.1.

Remark 6.6 The main feature that distinguishes this situation from the usual one is
that the process is not Markov. As a consequence, our definition of the strong Feller
property implies that, as in [HOO7], we need to construct a coupling between solutions
starting from nearby points such that, with high probability, solutions agree not only
after some fixed time (say 1), but also for all subsequent times. Furthermore, we will
circumvent the fact that we do not assume a priori that the Jacobian of our solution has
moments. This will be done by a cutoff procedure similar to [HOO7].

Proof. Fix some arbitrary value N > 1 and a Fréchet differentiable map +: XV — R,
which is bounded with bounded derivative. Denote furthermore by Ry : AN — x N
the projection onto the first N components, and set as before

Q(z, w) & / W(Bya) Oz, w: der)
XN



ERGODICITY OF SDES DRIVEN BY FBM 34

so that sz X xW — R
The strong Feller property will follow if we show the existence of a jointly continu-
ous function ¢ : X2 x W+ R, such that

for all Fréchet differentiable functions v with bounded derivatives such that

sup [Y(x)| <1,
zeXN
uniformly for all N > 1.
To this end, set z; = zs + y(1 — s) for s € [0,1] and £ = 2z — y. Let @1 1(2, w4)
denote the solution to (1.1), restricted to the interval [1,7']. Since

QU(z, w) = Epr (Pp1 1y(2,w34))

where 7 is just 1, composed with the evaluation map at integer times, we have the
identity

1
Ou(z, w) — Qdb(y, w) = E /O Dyr(Bpmi(a w)) TS Eds . (6.5)

Here, Jg’_ denotes the linearisation of (1.1) with the initial condition z,.

If moment bounds for the Jacobian Jg,t are available, as in [HP11], we can proceed
via a stochastic control argument using a Bismut-Elworthy-Li type formula [EL94] to
show that that Q(z, w) is actually differentiable in z. Since we do not assume this, we
will combine this with a cutoff argument adapted from [HOO7].

Recall the function Ag 4(X, X) = Ag q.1(X,X) from (5.19) with 8 >  and set ¢
to be an even integer such that (5.20) holds. Similar to (5.21), define the cutoff function

i (1
Uaw) 2 EAna(X @), X)), R>0, (66)
where x: Ry — Ry is a C* decreasing function with x(A\) = 1 for A < 1 and

x(A) =0for A > 2.
From (6.5) we obtain that

1
| QY (2, w) — QY (y, w)| < ‘E/ U p(wy) DYr(Pp,1y(2s, w)) 5 € ds
0

+ B - Wpw ) or (@ w)|

+ B = Wa) Y (@, ws)|

ET 4+ Ty + Ty

Since 1 is bounded by 1, we have the bound,
T§+T§§2P<w,{w+‘A&AXXw+LXQMJ)>2R}), 6.7)

which can be made arbitrarily small by choosing R sufficiently large.

For tackling the term 77, we now outline the stochastic control argument. Recall the
operator A from (4.12). As explained in (4.17), the Fréchet derivative of the flow map
with respect to the driving noise w in the direction of fo v(s) ds is given by

J(‘)S’TATU .
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The key idea underlying Bismut-type formulae is to use the relation (4.17) to convert
the derivative of ®1(z,, w, ) with respect to its initial condition z, into a derivative with
respect to the driving noise and to use the integration by parts formula from Malliavin
calculus.

To this end, given an initial displacement £ € R", we seek for a “control” v on
the time interval [0, 1] that solves the equation A;v = £. If this can be achieved,
then we extend v to all of R, by setting v(s) = 0 for s > 1 and define v = Tz Hy,
Note that since v(s) = 0 for s > 1, it follows from the definition of A7 that we have
Arv = Ay = € for T > 1. If v is sufficiently regular in time so that ¥ € L?(R,,R%),
we have the identity

D;Z7 = J5 1€ s (6.8)
for every T' > 1 and therefore, by the chain rule
D (®p1,1)Jo,-& = DY (@)D 27 = Dy (r(@, 1) - (6.9)

It remains to find a control v which solves Ajv = £. From Proposition 5.4,
C1 = A, A7 is invertible and therefore one possible solution to the equation A;v = &
is given by the “least squares” formula:

v(r) £ AT ((ALAD T = VIZ)* (Jg ) Crte re©,1). (6.10)

Note that the control v also depends on the initial condition z, but since |z| < |z| V |y|,
all our estimates for the rest of the proof will be uniform in the initial condition by
Remark 4.2.

Inserting the identity (6.9) into the definition of 77, we obtain

Ty| = ‘/01 ]E(‘I’R(w+)D5¢T(‘1’[1,T](Zs,w+)))ds’ ) 6.11)
Applying the integration by parts formula from Malliavin calculus, we obtain
E(W r(w ) Dator (@,11)) = B (0 (@,0)D" (Wr(w)7)
< (JEID*(‘I’R(m)ﬁ)Iz) : , (6.12)

where the second inequality follows from the fact that )1 is bounded by 1. To conclude
the proof, it thus suffices to show that

E(ID*(¥zd)|?) < C(R,w_, 2) €%, (6.13)

where C' is uniformly bounded on [Jw_||, < M and |z| < M.

Since the stochastic process v is in general not adapted to the filtration generated
by the underlying Wiener process, we use the following extension of Itd’s isometry
[Nua06]:

B0 (vr0)?) = B( [ writos)

+E /°° /OO tr(Dy (W 5(s))” Dy (VD)) ds di
0 0

< E[VRD|* +E[D(YR0)|? < ¢(E[ ¥ pol|* + EID zo])
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def

“L+1. (6.14)

Here, ||v|| denotes the L2-norm of v and similarly for Dv. Since & = Z#~ 2, the
second inequality is a consequence of the fact that Z# ~2 is a bounded operator from
L2([0,1]) into L2(R ), see Corollary 6.8 below.

The bound (6.13) on /; now follows immediately from Proposition 5.4 and Re-
mark 4.2. The bound on 5 follows similarly by also using Theorem 4.5. The proof of
Theorem 6.5 is complete. O

We now show that 7 %*H~ is indeed a bounded operator from L?([0, 1]) to L2(R+).
For this, define the operator Z,, by

(Zov)(s) = /1 |s —r|*"Lu(r) dr .
0
We then have:
Lemma 6.7 For a € (0, %), there exists a constant c such that, for positive v,
IZavll* < ellv]l I Z2av]] -

Proof. We have the bound
B 1 1 e}
||Ioév||2 = / / / |s —7|* s — t|2 "L dsv(r) v(t) dr dt
o Jo Jo

1 1 [ee)
S/ // s —r|*7H s = t|*"H ds w(r) v(t) dr dt
0 0 —00
1 1
—e [ [ =it asumwdrar,
0 0

where the first step follows from the positivity of v and the second step follows from
a simple scaling argument. Since this is nothing but ¢(v, Z5,v), the requested bound
follows from the Cauchy-Schwarz inequality. O

Corollary 6.8 For every a € (0, 1), the operator I* is bounded from L*([0,1]) to
L2(Ry).

Proof. Note that B
|Z%(s)| < Z%w|(s) < Z%w](s) .

Since |s — r|*~! is square integrable if o > %, the claim follows for that range of a.
For smaller values of «, it is always possible to reduce oneself to the range (%, 1) by

Lemma 6.7, noting also that ||Z,v|| < ¢||Zsv]| for a > S. O

7 Examples

In this section, we collect a few examples to which our main results apply.
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7.1 Hypoelliptic Ornstein-Uhlenbeck process

Consider the process z; given by
dr = Az dt + CdBg(t) , (7.1)

where x € R™, By is an m-dimensional fractional Brownian motion with Hurst
parameter H > L1 Aisann x n matrix with A + AT < 0, and C is an n X m matrix.
It is well-known that (7.1) satisfies Hormander’s condition if and only if there exists
k > 0 such that the matrix (C, AC, ..., A*C) has rank n.

Since the Jacobian is given by J; : = exp(A(t — s)) and therefore has moments of
all orders, we conclude that, for any initial condition zy and for any sequence of times
t1,...,tx, the joint distribution of (x,,..., 2, ) has a smooth density with respect
to Lebesgue measure. Since this distribution is Gaussian, one could have verified
directly that its covariance is non-degenerate, but this would have been a rather lengthy
calculation.

7.2 Linear equations / Lévy area

Let B be a d-dimensional fractional Brownian motion and consider equations in R" of
the type
Xm = (AZ]kX] + Czk) e} dBk(t) N (72)

where we use Einstein’s convention of summation over repeated indices. In this case,
the derivative of the solution with respect to its initial condition in a direction n € R™
is nothing but the solution to

dJ; = AjJj o dBg(t) , (7.3)

with initial condition J(0) = 7. Similar formulae hold for higher order derivatives,
so that it follows from the results recently obtained in [FR11] that Assumption 5.7
is satisfied and our result on the smoothness of the densities applies, provided that
Hormander’s condition holds.

As an immediate consequence, we have the smoothness of the Lévy area, which
was recently obtained independently in [Dril0]:

Proposition 7.1 Let B be a d-dimensional fractional Brownian motion with Hurst
parameter H > % and let W;(t) = fot Bi(s) o dBj(s) — fot Bj(s) o dB;(s) fori < j.
Then, for any fixed t > 0, the vector (By(t), W;;()) withk =1,...,dand i < j has a
smooth density with respect to Lebesgue measure.

Proof. The verification of Hérmander’s condition boils down to a simple problem in
linear algebra. Writing e; for the basis vector in the direction B; and f;; for the basis
vector in the direction W;;, we can rewrite x = B @ W as the solution to the SDE

dl‘ = Z(Gj + Z fq;j <l’, 67;> — Z fji<x, €L>> o dBj = Z ‘/j(:C) o dBj .
J i< > J
An explicit calculation shows that, for j < k, we have
[V}, Vil(@) = 2fji
so that Hormander’s condition holds after one step. O
Remark 7.2 Higher order totally antisymmetric iterated integrals can be treated in

exactly the same way with the kth iterated Lie brackets recovering precisely the basis
vectors of the elements in the kth antisymmetric tensor.
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7.3 Simplified fractional Langevin equation

Consider the process (g;, p;) on R?" given by
dg =pdt, dp=—-VV(¢)dt —pdt+ dBg(t), (7.4)

where, for the sake of simplicity, we assume that V': R®™ — R has bounded second
derivative and there exist C' > 0 and x > 0 such that

(¢, VV(@) = klg?—C, V(g =klg?*-C. (7.5)

This equation is a simplified version of the fractional Langevin equation. (The equation
satisfying the correct physical detailed balance condition would have a more complicated
memory kernel instead of the simple friction term —p dt appearing above.)

Because we assume V' to have a bounded second derivative, the Jacobian of (7.1)
is bounded by a deterministic constant over any finite time interval. Furthermore,
Hormander’s condition is easy to verify, so that we can apply Theorem 5.11 to infer the
existence of smooth densities for the joint distribution of the solution at any time.

Regarding the existence of a unique invariant measure for (7.1), it only remains to
obtain a Lyapunov function for the solution to (7.4). For this, similarly to [Hai05], we
proceed as follows. We consider the process (p, §) solution to

dj=—gdt, dp=—dpdt+dBy(1).

It is of course trivial to bound solutions to this equation. Then, we set P = p — p and
@ = q — q. The equation for (P, Q)) can be written as

Q=P+Rg, P=-VV(@Q-P+Rp,

where
Ro=p-4q, Rp =VV(Q) - VV(Q+ 9 .

Note that since we assumed that V' has bounded second derivative, both Rp and
R are bounded by a multiple of |p| + |g|, independently of P and Q). We now set
HP,Q) = %PQ + V(Q) + vPQ for a constant  to be determined later. An explicit
calculation yields the bound

d -
THP,Q = —A=|PP=4(Q,VV(@) +(VV(@Q+7P, Rq) + (P+7Q, Rp) -

Making use of (7.5) and the bounds on 2 and Rp, we see that there exists constant
a > 0and C > 0 such that

d - _
ZHP.Q) < —aHP,Q)+C(1+ 11+ 1dl*) -

Since, by (7.5), H grows quadratically at infinity for v small enough, It follows in the
same way as in [Hai03, Prop. 3.12] that |p|? + |¢|? is a Lyapunov function for (7.4). We
therefore have:

Theorem 7.3 IfV has bounded second derivative and (7.5) holds, then there exists a
unique invariant measure for (7.4).

Proof. The existence of an invariant measure follows from the fact that [p|? + |¢|? is a
Lyapunov function. The uniqueness then follows from Theorem 6.4. O
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Appendix A Bounds on the cutoff function

In this section, we show that the function Ag , appearing in Sections 5.2 and 6.2 does
indeed have the requested smoothness properties. Our main result is the following:

Proposition A.1 Let Ag , be as in (5.19) and assume that 3 and q are such that (5.20)
holds and such that 23 < v+ H. (This is always possible by first setting 8 = (v+ H)/2
and then choosing q large enough.)
Then, for every k > 0 and every R > 0, there exists a constant M such that the
bound
ID®Ap (X, X < M,

holds for all (X,X) such that Ag o(X,X) < 2R. Here, D® denotes the kth iterated
Malliavin derivative and || - | is the L?-norm on [0, T1".

Proof. Note first that, by definition
Zi0X], = Sijlrersn »

S

where d;; is the Kronecker delta. It thus follows from (4.21) that
DIOX], = co((t— T iy — (s =T 2 ,0) 2o fs(r) . (A

The L?-norm of f ; is given by

t s
| fsell®> = 62/ t—r)* = dr 4 2 / (t =21 — (s =)~y dr.
s 0
Since H < % by assumption, one has the inequality
|t2H _ 82H| < ‘t— S|2H ,
so that a straightforward calculation yields the bound
I fs.ell < wlt — 5|,

for some constant x > 0.
Concerning Xfet = X’jet — Xﬁyt, an explicit calculation yields the identity

DX = Vrersn (B (0X7, — 0X{,) — 6 (0X), — 6X(,)) -
Applying again (4.21), we obtain
DIXY, = 6, GY,(r) + 6: Gl (1)
where we set
t
G (1) = 21,1, / (u—mT=35XF, du

+ Lo, (0X), — 6XE,) / (u—r""% du
t

t P
+1,5 / (w—r)f=3 (éXf’u — 5X7’j’t) du .
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The important fact about Gﬁ,t(r) is that we can estimate it by
(G5 0] < MIIX |y Legon(t — )2
M| X[ Lot — (=1 TF — (s =)= 3),
so that its L2-norm is controlled by
IGE.I < MIX ] [t = 577 (A2)

We finally compute the second Malliavin derivative of X’;ft. It follows in a rather
straightforward way from (4.21) that, for r; € (s,t) and v € (1, ), one has

t . oo .
203, XEG = (0300 + 610051 (2/ (u—r)" % du + / (u—r)H~3 du) ,
v t

for r1 < sand v € (s,t), one has

@f)Dileﬁ = (8ixd 0 + 0i00 ;1) (2/ (u—r)772 du — / (u—r)2 du) ,
and for all other combinations with v > r1 one has Z:Di Xk = 0.

A lengthy but straightforward calculation then yields
Di DI XEL = (6166 + 0ie05k)9s,e(r1,72) (A.3)

where, for s < 71 < ry < t, the function g; ; is given by

t v
9s,t(r1,m2) = 2/ (w—ry)f3 / (w—r)3 dudv
T2 [}

+eg(t =) 2 (20 — )T — (k=) 2)
= 92%(7"17 ro) + gfi(ﬁ, r2)

for some constant ¢ . For 71 < s < ry < t on the other hand, one has

t v
Gon(risra) =2 / (W — o) / (- )"} dude
T2 ()

Fegt—r)T 32y — )72 — (s — )T — (¢ — )T 3)

def (3 4
£ g8 r1,m0) + g1, )

Finally, for ry < ro < s < t, one has

t v
_3 _3 ef
gst(r1,m2) = 2/ (v —ry)t> / (u—r)" 72 dudv = gC)(ry,72) .
s r2

It is possible to check that
lgs.ell < Mt = s[>, (A4)

where || - || denotes again the L?-norm. (We postpone the proof of this to Lemma A.3
below.)
We now have all the necessary tools to conclude. Write

Ap o(X,X) = AP (X) + A (X),
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where AW is as (5.19), but keeping only the term proportional to |§ X ;|27 in the integral,
and similarly for A®. It follows from (A.1) that, for ¢ < 2¢, the multiple Malliavin
derivative of A(Bl,)q satisfies the bound

2q—¢ ¢ .
D AR (X)) < M/ / |5X” 11 st 4 gy

S|B(2q £) ‘t — 5|5
7j=1

Since the L?-norm of f; ; is bounded by M|t — 5|, it follows immediately that there
exits a constant M such that the L?-norm of Dy, .. A( ) is bounded by M A(l) Its
Malliavin derivative of order ¢ > 2q on the other hand Vamshes identically.

Similarly, we only need to consider Malliavin derivatives of order ¢ < 2q for Ag)q
A reasoning similar to the above shows that its Malliavin derivative can be written as

D, ...D, A = / / (Xs,t, D X ¢, gs,4(5.,5.)) dsdi |
where & is a homogeneous polynomial of degree ¢ and “s.” is a generic placeholder
for any of the times sy, ..., sg. It now follows from (A.2), (A 4), and the assumption

28 < v+ H that the L2 -norm of D, .. DSZA is bounded by M(A(Q) + [ XN12).
Since on the other hand || X|Z is bounded by M A 5 o by assumption, this concludes the
proof. O

Corollary A.2 Let W r(w4) be as defined in (6.6) with Ag 4 as in (5.19), and let B and
q be as in Proposition A.1.

Then, for every R > 0, U € D*°. Furthermore, every multiple Malliavin derivative
of ¥ g vanishes outside of the set {Ag 4(X,X) < 2R}.

Proof. By the chain rule,
1 _
D, ¥r(ws) = 2x (B Apq (X X0)Dulp (X, X0

and similarly for higher order derivatives. Since all derivatives of y vanish when the
argument is larger than 2, the claim follows from Proposition A.1. O

Lemma A.3 For every T' > 0, there exists a constant M such that the function g,
from (A.3) satisfies

Proof. We show the bound separately for g(f i withj =1,...,5. For g,,, t, we use the
bound . ,
(w—r)"2 < @—r) 72— )77

in order to conclude that, provided that 1 — 2H < [, one has the pointwise bound

9 ) < (= 1) By — ) TP <t — PRy — ) O

If furthermore 3 < & (which is always possible if H > ) the integral of (ry — r1)~27
over s < 1y < r9 < tis proportional to [t — s|*~2#, thus yielding the required bound.
Similarly, g(fz satisfies

1 _1
19201, 72)| < Ct — 1) 2 (ry —r)H 72
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and a straightforward calculation shows that

t T2
/ (t — )t / (ro —r)?" Y dry dry = Ot — s|* |
S S

for some constant C' as required.
For gg?’z we have, as for ggg,

191,72 < (= 1) By — )P

This time however we choose 3 € (%, 1), so that

t s t
/ / |9(s3,Z(T1’7"2)|2 drydry < M/ (t —r)* 2420 (g — ) 2B dry |
s JO s

which is indeed proportional to |t — s|*.

To bound gg we perform the change of variables r; — s — ry and 72 +— 12 + 5, SO
that

t s t—s
/ / \gﬁi(rl, ro)|*dry dry = M/ (t—s—ry)?H1
s JO 0

s 1
></ (2(7‘2—&—7“1)H_% —rfl 2 —(t—s+r1)H_%)2dr1d7“2.
0

We then dilate the expression by ¢ — s, showing that it is proportional to

1

— (1 + Tl)H72)2 dT1 d’l"g .

N|=

1 -
= [ [T A e o
0 0

It is straightforward to check that this integral converges for all H € (0, 1), which shows
the requested bound on gffi
Finally, to bound gg, we perform the change of variables r; — s — r; and

ro > s — 19, followed by a dilatation of ¢ — s, so that

s To 17% i
/ / |g§?§(r1, ro)|* dry dry = |t — s[*H / / 1§ (r1, r2)|* drydrs
o Jo 0 o

where o
T2
3 (ry, ) = / (ry —v)~32 / (r1 — w72 dudv .
,1 v

Note now that, for every 5 € (0, % — H), there exists a constant M such that, for
r1 > 79, one has the bound

3 2H-1
(r1 —r2)~Pr; +h

1+’/‘2

dv .

0
391, r2)| < My —19)~ / (rg — 0?1248 4y < M
-1

Choosing 3 = % (but slightly larger than %) forry > ro 4+ 1and 8 = 0 forry < rg, we

can check that
o0 o
~ 2
/ / |g(5)(7“1,7“2)| dridry < oo,
0 To

so that the claim follows. O
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