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Abstract

We study a model of two interacting Hamiltonian particles subject to a common po-
tential in contact with two Langevin heat reservoirs: one at finite and one at infinite
temperature. This is a toy model for ‘extreme’ non-equilibrium statistical mechanics.
We provide a full picture of the long-time behaviour of such a system, including the
existence / non-existence of a non-equilibrium steady state, the precise tail behaviour
of the energy in such a state, as well as the speed of convergence toward the steady
state.

Despite its apparent simplicity, this model exhibits a surprisingly rich variety of
long time behaviours, depending on the parameter regime: if the surrounding potential
is ‘too stiff’, then no stationary state can exist. In the softer regimes, the tails of
the energy in the stationary state can be either algebraic, fractional exponential, or
exponential. Correspondingly, the speed of convergence to the stationary state can be
either algebraic, stretched exponential, or exponential. Regarding both types of claims,
we obtain matching upper and lower bounds.

Keywords: Hypocoercivity, subexponential convergence, nonequilibrium, Lyapunov
functions
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The aim of this work is to provide a detailed investigation of the dynamic and the
long-time behaviour of the following model. Consider two point particles moving in a
potential V; and interacting through a harmonic force, that is the Hamiltonian system
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with Hamiltonian

———+%mwwmm+%mfmx‘a@:§f. (1.1)

We assume that the first particle is in contact with a Langevin heat path at temperature
T > 0. The second particle is also assumed to have a stochastic force acting on it, but
no corresponding friction term, so that it is at ‘infinite temperature’. The corresponding
equations of motion are

dgi =pidt, i={0,1}, (1.2)
dpo = —V{(go) dt + alqy — qo) dt — y po dt + /29T dwo(?) ,
dpy = =V{i(q) dt + (g0 — q1) dt + /29T dun(®)

where wg and w; are two independent Wiener processes. Although we use the symbol
T in the diffusion coefficient appearing in the second oscillator, this should rot be
interpreted as a physical temperature since the corresponding friction term is missing,
so that detailed balance does not hold, even if T, = 1. We also assume without
further mention throughout this article that the parameters «, v, 1" and T, appearing
in the model (1.2) are all strictly positive.
The equations of motion (1.2) determine a diffusion on R* with generator £ given
by
L=X"—ypo0p, +1(To02, + Tx02,) , (1.3)

where X ¥ is the Liouville operator associated to H, i.e. the first-order differential
operator corresponding to the Hamiltonian vector field. It is easy to show that (1.2)
has a unique global solution for every initial condition since the evolution of the total

energy is controlled by
LH =Ty +To) = 175 » (1.4)

and so EH (t) < H(0)exp(v(Tp + Too)t). Schematically, the system under considera-
tion can thus be depicted as follows, where we show the three terms contributing to the
change of the total energy:
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This model is very closely related to the toy model of heat conduction previously
studied by various authors in [EPR99b, EPR99a, EH00, RT00, RT02, EHO3, Car(07,
HMO08a] consisting of a chain of N anharmonic oscillators coupled at its endpoints
to two heat baths at possibly different temperatures. The main difference is that the
present model does not have any friction term on the second particle. This is similar
in spirit to the system considered in [MTVEO02, DMP*07], where the authors study
the stationary state of a ‘resonant duo’ with forcing on one degree of freedom and
dissipation on another one. Because of this lack of dissipation, even the existence of a
stationary state is not obvious at all in such a system. Indeed, if the coupling constant
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« is equal to zero, one can easily check that the invariant measure for (1.2) is given by
exp(—(pg /2 + Vi(q0))/T) dpo dp;1 dqo dg1, which is obviously not integrable.

One of the main questions of interest for such a system is therefore to under-
stand the mechanism of energy dissipation. In this sense, this is a prime example of a
‘hypocoercive’ system where the dissipation mechanism does not act on all the degrees
of freedom of the system directly, but is transmitted to them indirectly through the dy-
namic [Vil07, Vil08]. This is somewhat analogous to ‘hypoelliptic’ systems, where it
is the smoothing mechanism that is transmitted to all degrees of freedom through the
dynamic. The system under consideration happens to be hypoelliptic as well, but this is
not going to cause any particular difficulty and will not be the main focus of the present
work.

Furthermore, since one of the heat baths is at ‘infinite’ temperature, even if a sta-
tionary state exists, one would not necessarily expect it to behave even roughly like
exp(—BH) for some effective inverse temperature 3. It is therefore of independent
interest to study the tail behaviour of the energy of (1.2) in its stationary state.

In order to simplify our analysis, we are going to limit our investigation to one of
the simplest possible cases, where V; is a perturbation of a homogeneous potential.
More precisely, we assume that V7 is an even function of class C? such that

| :U|2k
Vi(z) = o T Ri(2),
with a remainder term R; such that
|R{™ (@)
sup -~ sup Wfﬁ

z€R\[—1,11m<2

Here, k € R is a parameter describing the ‘stiffness’ of the individual oscillators. (In
the case k = 0, we assume that V;(z) = C' + R;(x) for some constant C'.)

In the case where both ends of the chain are
at finite temperature (which would correspond to vTo ~Ty
the situation depicted on the right), it was shown
in [EPR99b, EH00, RT02, Car07] that, provided W
that the coupling potential V> grows at least as 2/ do ™ 9
fast at infinity as the pinning potential V; and ~ 'F0 P
that the latter grows at least linearly (i.e. pro- 4 A
vided that % < k < 1 with our notations), the
Markov semigroup associated to the model has a unique invariant measure p, and its
transition probabilities converge to p, at exponential speed. One can actually show
even more, namely that the Markov semigroup consists of compact operators in some
suitably weighted space of functions.

Intuitively, the condition that V5 grows at least as fast as V7 can be understood by
the fact that in this case, at high energies, the interaction dominates so that no energy
can get ‘trapped’ in the system. Therefore, the system is sufficiently stiff so that if the
energy of any one of its oscillators is large, then the energy of all of the oscillators
must be large after a very short time. As a consequence, the system behaves like a
‘molecule’ at some effective temperature that moves in the global potential V;. While
the arguments presented in [RT02, Car07] do not cover the case of one of the heat baths
being at infinite temperature, it is nevertheless possible to show that in this case, the
Markov semigroup P; generated by solutions to (1.2) behave qualitatively like in the
case of finite temperature. In particular, if V; grows at least linearly at infinity, the
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system possesses a spectral gap in a space of functions weighted by a weight function
‘close to’ exp(Gy H) for some Gy > 0.
This discussion suggest that:

1. If Vo > V7 > 1, our toy model can sustain arbitrarily large energy currents.

2. In this case, even though the heat bath to the right is at infinite temperature, the
system stabilises at some finite ‘effective temperature’, as expressed by the fact
that [ has finite exponential moments under the invariant measure.

This is in stark contrast with the behaviour encountered when V; grows faster than
V5 at infinity. In this case, the interaction between neighbouring particles is suppressed
at high energies, which precisely favours the trapping of energy in the bulk of the chain.
It was shown in [HMO08a] that this can lead in many cases to a loss of compactness of
the semigroup generated by the dynamic and the appearance of essential spectrum at 1.
This is a manifestation of the fact that energy transport is very weak in such systems,
due to the appearance of ‘breathers’, localised structures that only decay very slowly
[MA94]. In this case, one expects that the long-time behaviour of (1.2) depends much
more strongly on the fine details of the model. For example, regarding the finiteness of
the ‘temperature’ of the second oscillator, one may introduce the following notions by
increasing order of strength:

1. There exists an invariant probability measure pu, for (1.2), that is a positive
solution to L* 1, = 0.

2. There exists an invariant probability measure u, and the average energy of the
second oscillator is finite under fi,.

3. There exists an invariant probability measure pu, and the energy of the second
oscillator has some finite exponential moment under .

We will show that it is possible to find parameters such that the second oscillator does
not have finite temperature according to any of these notions of finiteness. On the other
hand, it is also possible to find parameters such that it does have finite temperature
according to some notions and not to others.

It turns out that, maybe rather surprisingly for such a simple model, there are five
different critical value for the strength k of the pinning potential V; that separate be-
tween qualitatively different behaviours regarding both the integrability properties of
the invariant measure p, and the speed of convergence of transition probabilities to-
wards it. These critical values are £k = 0, k = %, k=1 k= %, and £ = 2. More

precisely, there exists a constant C > 0 such that, setting

_§a2é’—TOO

2
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Cx A -1, (1.5)

R =
the results in this article can be summarised as follows:
Theorem 1.1 The integrability properties of the invariant measure (i, for (1.2) and the

speed of convergence of transition probabilities of (1.2) toward i, can be described by
the following table:
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Parameter range  Integrability of u,  Convergence speed Prefactor
k>2 — — —
k=2 To >a?C — - _
k=2 Ty < a®C HS*e = Cete HSFetl
3<k<2 exp(y+ H") exp(—yxtr/A=m) exp(6H"™)
1<k<g3 exp(y+ H") exp(—v+t) exp(6H1~")
k=1 exp(v+H) exp(—v+t) H*
3<k<1 exp(v+ H) exp(—7+t) exp(JH* 1)
0<k<3 exp(y+ H) exp(—yLth/ A=) exp(6H)
k<0 — — _
Here, the symbol ‘—’ means that no invariant probability measure exists for the corre-

sponding range of parameters. Whenever there exists a (necessarily unique) invariant
measure [i,, we indicate integrability functions I (H), convergence speeds 1+ (t) and
a prefactor K(H). The constant € can be made arbitrarily small, whereas the constants
Y4, 7— and § are fixed and depend on the fine details of the model. For each line in
this table, the following statements hold:

e One has [gi I (H(x)) pui(dx) = 400, but [pi I_(H(x)) pr.(dzx) < 400

e There exists a constant C' such that

[P, ) = pallrv < CKH @)1 (), (1.6)

for every initial condition x € R* and every time t > 0.

e For every initial condition = € R%, there exits a constant C,, and a sequence of
times t,, increasing to infinity such that

||Pt'n,(x’ : ) - M*”TV > Crw—(tn) ,

for every n.

Remark 1.2 The case k = 2 and T5, = a2C is not covered by these results. We
expect that the system admits no invariant probability measure in this case.

Remark 1.3 For k € (0, %), even the gradient dynamic fails to exhibit a spectral gap.
It is therefore not surprising (see for example [HNO5]) that in this case we see again
subexponential relaxation speeds.

Remark 1.4 This table exhibits a symmetry x < k and H” < H around k = 1
(indicated by a grayed row in the table). The reason for this symmetry will be explained
in Section 2 below. If we had chosen V;(x) = K logx + R;(x) in the case k = 0, this
symmetry would have extended to this case, via the correspondence (, « = 1

TH+T~  2°
Remark 1.5 It follows from (1.6) that the time it takes for the transition probabilities
. . . 2
starting from x to satisfy ||Pu(z, ) — pullTv < %, say, is bounded by H(x)?>~ % for
k € (1,2) and by H(:c)%_1 for k£ € (0,1). These bounds are expected to be sharp in

view of the heuristics given in Section 2 below.
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Remark 1.6 Instead of considering only distances in total variation between proba-
bility measures, we could also have obtained bounds in weighted norms, similarly to
[DFGO6].

Remark 1.7 The operator (1.3) appears very closely related to the kinetic Fokker-
Planck operator
Lyvo=pdy—VV(Q) 0y —p0,+ 02,

for the potential V(qo, q1) = V1(q0)+Vi(q1)+ 35 (qo— ¢1)?. The fundamental difference
however is that there is a lack of friction on the second degree of freedom. The effect
of this is dramatic, since the results from [HNO04] (see also [DVO01]) show that one has
exponential return to equilibrium for the kinetic Fokker-Planck operator in the case
k > 1, which is clearly not the case here.

Finally, the techniques presented in this article also shed some light on the mech-
anisms at play in the Helffer-Nier conjecture [HNOS, Conjecture 1.2], namely that the
long-time behaviour of the Fokker-Planck operator without inertia

Lyi=-VV(g)o,+ 07,

is qualitatively the same as that of the kinetic Fokker-Planck operator. If V' grows
faster than quadratically at infinity (so that in particular £y ; has a spectral gap), then
the deterministic motion on the energy levels gets increasingly fast at high energies,
so that the angular variables get washed out and the heuristics from Section 2.1 below
suggests that the total energy of the system behaves like the square of an Ornstein-
Uhlenbeck process, thus leading to a spectral gap for Ly 2 as well.

If on the other hand V' grows slower than quadratically at infinity, then the motion
of the momentum variable happens on a faster timescale at high energies than that of
the position variable. The heuristics from Section 2.2 below then suggests that the
dynamic corresponding to Ly is indeed very well approximated at high energies by
that corresponding to Ly ;.

These considerations suggest that any counterexample to the Helffer-Nier conjec-
ture would come from a potential that has very irregular (oscillating) behaviour at in-
finity, so that none of these two arguments quite works. On the other hand, any proof
of the conjecture would have to carefully glue together both arguments.

The structure of the remainder of this article is the following. First, in Section 2,
we derive in a heuristic way reduced equations for the energies of the two oscillators.
While this section is very far from rigorous, it allows to understand the results presented
above by linking the behaviour of (1.2) to that of the diffusion

dX = —nXdt +V2dW (), X>1,

for suitable constants 1 and o.

The remainder of the article is devoted to the proof of Theorem 1.1, which is broken
into five sections. In Section 3, we introduce the technical tools that are used to obtain
the above statements. These tools are technically quite straightforward and are all based
on the existence of test functions with certain properties. The whole art is to construct
suitable test functions in a relatively systematic manner. This is done by refining the
techniques developed in [HMO08a] and based on ideas from homogenisation theory.

In Section 4, we proceed to showing that k¥ = 2 and T, = o2C is the borderline
case for the existence of an invariant measure. In Section 5, we then show sharp inte-
grability properties of the invariant measure for the regime k£ > 1 when it exists. This
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will imply in particular that even though the effective temperature of the first oscillator
is always finite (for whatever measure of finiteness), the one of the second oscillator
need not necessarily be. In particular, note that it follows from Theorem 1.1 that the
borderline case for the integrability of the energy of the second oscillator in the invari-
ant measure is given by £ = 2 and T, = %oﬂé’. These two sections form the ‘meat’
of the paper.

In Section 6, we make use of the integrability results obtained previously in order
to obtain bounds both from above and from below on the convergence of transition
probabilities towards the invariant measure. The upper bounds are based on a recent
criterion from [DFG06, BCG08], while the lower bounds are based on a simple crite-
rion that exploits the knowledge that certain functions of the energy fail to be integrable
in the invariant measure. Finally, in Section 7, we obtain the results for the case £ < 1.
While these final results are based on the same techniques as the remainder of the
article, the construction of the relevant test functions in this case in inspired by the
arguments presented in [RT02, Car07].

1.1 Notations

In the remainder of this article, we will use the symbol C' to denote a generic strictly
positive constant that, unless stated explicitly, depends only on the details of the model
(1.2) and can change from line to line even within the same block of equations.
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2 Heuristic derivation of the main results

In this section, we give a heuristic derivation of the results of Theorem 1.1. Since we
are interested in the tail behaviour of the energy in the stationary state, an important
ingredient of the analysis is to isolate the ‘worst-case’ degree of freedom of (1.2), that
would be some degree of freedom X which dominates the behaviour of the energy at
infinity. The aim of this section is to argue that it is always possible to find such a degree
of freedom (but what X really describes depends on the details of the model, and in
particular on the value of k) and that, for large values of X, it satisfies asymptotically
an equation of the type

dX = —nX°dt +V2dW(t), 2.1)

for some exponent ¢ and some constant > 0. Before we proceed with this pro-
gramme, let us consider the model (2.1) on the set {X > 1} with reflected boundary
conditions at X = 1. The invariant measure (., for (2.1) then has density proportional
to exp(—nX"“/(a + 1)) forc > —1 and to X =" for 0 = —1. In particular, (2.1)
admits an invariant probability measure if and only if 0 > —1oro = —l andn > 1.
For such a model, we have the following result, which is a slight refinement of the
results obtained in [Ver00, VK04, Ver06].

Theorem 2.1 The long-time behaviour of (2.1) is described by the following table:
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Parameter range  Integrability of i Convergence speed Prefactor
o< —1 — — —
c=-1,n<1 — — —
c=-1n>1 X n—1%e tl_T":I:e Xntite
-1<0o<0 exp(1e X7 exp(—yutIT/0-9)  exp(6X7TY)
0<o<l1 exp(y+ X7T1) exp(—y+t) exp(6X177)
o=1 exp(y+X7th) exp(—v+t) Xe
o>1 exp(y+X7t) exp(—v+t) 1

The entries of this table have the same meaning as in Theorem 1.1, with the exception
that the lower bounds on the convergence speed toward the invariant measure hold for
all t > O rather than only for a subsequence.

Proof. The case 0 < ¢ < 1 is very well-known (one can simply apply Theorem 3.4
below with either V(X) = exp(6X'~7) for § small enough in the case o < 1 or with
X¢ in he case ¢ = 1). The case o > 1 follows from the fact that in this case one can
find a constant C' > 0 such that EX (1) < C, independently of the initial condition.

The bounds for o = —1 and n > 1 can be found in [Ver00, FROS5, Ver06] (a slightly
weaker upper bound can also be found in [RWO01]). However, as shown in [BCGOS],
the upper bound can also be retrieved by using Theorem 3.5 below with a test function
behaving like X7*17¢ for an arbitrarily small value of . The lower bound on the other
hand can be obtained from Theorem 3.6 by using a test function behaving like X,
but with a > 1. (These bounds could actually be slightly improved by choosing test
functions of the form X"+ (log X)? for the upper bound and exp((log X)”) for the
lower bound.)

The upper bound for the case 0 € (—1,0) can be found in [VK04] and more re-
cently in [DFG06, BCGO08]. This and the corresponding lower bound can be obtained
similarly to above from Theorems 3.5 and 3.6 by considering test functions of the form
exp(aX°11) for suitable values of a. (Small for the upper bound and large for the
lower bound.) |

Returning to the problem of interest, it was already noted in [EH00, RT02] that
k = 1 is a boundary between two types of completely different behaviours for the
dynamic (1.2). The remainder of this section is therefore divided into two subsections
where we analyse the behaviour of these two regimes.

2.1 Thecasek >1

When k£ > 1, the pinning potential V] is stronger than the coupling potential V5. There-
fore, in this regime, one would expect the dynamic of the two oscillators to approxi-
mately decouple at very high energies [HMO8a]. This suggests that one should be able
to find functions Hy and H; describing the energies of the two oscillators such that Hy
is distributed approximately according to exp(—Hy/T), while the distribution of H
has heavier tails since that oscillator is not directly damped.

In order to guess the behaviour of H; at high energies, note first that since Hy is
expected to have exponential tails, the regime of interest is that where H is very large,
while Hj is of order one. In this regime, the second oscillator feels mainly its pinning
potential, so that its motion is well approximated by the motion of a single free oscil-
lator moving in the potential |¢|?* /2k. A simple calculation shows that such a motion
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11
is periodic with frequency proportional to H{ ** and with amplitude proportional to

1
H?* . In other words, one can find periodic functions P and ) such that in the regime
of interest, one has (up to phases)

1

1 1_ 1 1 L
qt) =~ H*Q(HY **t),  pi() = H{ P(H{ *"t). (2.2)

Let now ¥, and ¥, be the unique solutions to ¥, = ¥,, ¥, = Q that average out
to zero over one period. It is apparent from the equations of motion (1.2) that if we
assume that (2.2) is a good model for the dynamic of the second oscillator, then the
motion of the first oscillator can, at least to lowest order, be described by

L
k

1 1 1 3 1 1
po®) = Po®) — aHF 2 U, (HE ), qot) = Got) — aHP*  Wo(HY  *t),
(2.3)
where the functions py and Gy do not show any highly oscillatory behaviour anymore.
Furthermore, they then satisfy, at least to lowest order, the decoupled Langevin equa-

tion
dgo ~ podt , dpy =~ —V{(Go)dt — aqgo dt — ypo dt + /27T dwo(t) , (2.4)

that indeed has exp(—Hy /7)) as invariant measure, provided that we set

_7

Hy 5

- a
+ Vi) + 5 s -

Let us now return to the question of the behaviour of energy dissipation. The aver-
age rate of change of the total energy of our system is described by (1.4). Plugging
our ansatz (2.3) into this equation and using the fact that ¥, is highly oscillatory and
averages out to 0, we obtain

CH = (T + Tog) 7% — 70 H ' (12) |
On the other hand, it follows from (2.4) that one has
LHy~~T —~p
so that one expects to obtain for the energy of the second oscillator the expression

20,2\ 172 —1

LHy =yTo —ya™ (V) Hf .

This suggests that, at least in the regime of interest, and since the p-dependence of H;
2

probably goes like %1, the energy of the second oscillator follows a decoupled equation
of the type

dHy ~ (YT — 702 (@2 HE ") dt + /29 Tog KH, dun(t) 2.5)

where K is the average of p? over one period of the free dynamic at energy 1, which
will be shown in (5.10) below to be given by K = 2k /(1 + k).

In order to analyse (2.5), it is convenient to introduce the variable X given by
X2 = 4H, /(7T K), so that its evolution is given by

2 1 e (®)) (T KX?\ 7%
ax = (= -1)5 - N (=)' "+ Vzamm . @6
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This shows that there is a transition at k = 2. For k > 2, we recover (2.1) witho = —1
andn =1— % < 1, so that one does not expect to have an invariant measure, thus
recovering the corresponding statement in Theorem 1.1.
At k = 2, we still have 0 = —1, but we obtain
2/52 2,52
2 20%(Pp) 3« (@) 1

:1—— = -,
n KT Tk 2 1. 2

so that one expects to have existence of an invariant probability measure if and only
if Too < a? <<I>12)> Furthermore, we recover from Theorem 2.1 the integrability results
and convergence rates of Theorem 1.1, noting that one has the formal correspondence
¢ = (n — 1)/2. This correspondence comes from the fact that H ~ X? in the regime
of interest and that X"~ is the borderline for non-integrability with respect to s, in
Theorem 2.1.

In the regime k € (1, 2), the first term in the right hand side of (2.6) is negligible,
so that we have the case 0 = % — 3. Applying Theorem 2.1 then immediately allows
to derive the corresponding integrability and convergence results from Theorem 1.1,
noting that one has the formal correspondence £ = (o + 1)/2.

2.2 Thecasek <1

This case is much more straightforward to analyse. When &k < 1, the coupling potential
V5 is stiffer than the pinning potential V;. Therefore, one expects the two particles to
behave like a single particle moving in the potential V;. This suggests that the ‘worst
case’ degree of freedom should be the centre of mass of the system, thus motivating
the change of coordinates

Go + q1 _ N~

Q="7%"» 1=7>

Fixing ) and writing y = (g, po, p1) for the remaining coordinates, we see that there
exist matrices A and B and a vector v such that y approximately satisfies the equation

dy ~ Aydt + V{(Q)v dt + B dw(t) .

Here, we made the approximation V{(qo) ~ V{(q1) = V{(Q), which is expected to be
justified in the regime of interest () large and y of order one). This shows that for Q
fixed, the law of y is approximately Gaussian with covariance of order one and mean
proportional to V{(Q). Since dQ = (po+p1)/2 dt, we thus expect that over sufficiently
long time intervals, the dynamic of () is well approximated by

dQ ~ —C1V{(Q)dt + Co dW (t) = —C1Q|Q|* 2 dt + C2 dW (1) ,

for some positive constants Cy, Cs and some Wiener process W. We are therefore
reduced again to the case of Theorem 2.1 with X o |@| and 0 = 2k — 1. Since in
the regime considered here one has H ~ X2, this immediately allows to recover the
results of Theorem 1.1 for the case k < 1.

3 A potpourri of test function techniques

In this section, we present the abstract results on which all the integrability and non-
integrability results in this article are based, as well as the techniques allowing to ob-
tain upper and lower bounds on convergence rates toward the invariant measure. All of
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these results without exception are based on the existence of test functions with certain
properties. In this sense, we follow to its bitter end the Lyapunov function-based ap-
proach advocated in [BCGO08, CGWWO07, CGGRO08] and use it to derive not only upper
bounds on convergence rates, but also lower bounds.

While most of these results from this section are known in the literature (except for
the one giving the lower bounds on the convergence of transition probabilities which
appears to be new despite its relative triviality), the main interest of the present article
is to provide tools for the construction of suitable test functions in problems where
different timescales are present at the regimes relevant for the tail behaviour of the
invariant measure.

The general framework of this section is that of a Stratonovich diffusion on R"
with smooth coefficients:

dx(t) = fo(z)dt + Z fi(x) odw;(t), x(0)=x9 € R". (3.1

i=1

Here, we assume that f;: R" — R™ are C* vector fields on R™ and the w; are in-
dependent standard Wiener processes. Denote by £ the generator of (3.1), that is the
differential operator given by

m

1

L=Xo+5)> XP.  X;j=[i@)V..
i=1

We make the following two standing assumptions which can easily be verified in the

context of the model presented in the introduction:

Assumption 1 There exists a smooth function H: R™ — R, with compact level sets
and a constant C > 0 such that the bound LH < C(1 + H) holds.

This assumption ensures that (3.1) has a unique global strong solution. We further-
more assume that:

Assumption 2 Hérmander’s ‘bracket condition’ holds at every point in R". In other
words, consider the families Ay, (with k > 0) of vector fields defined recursively by

AOZ{fla"'afm}and
Ak—‘rl:AKU{[f]?g]J gEAk) ]:037m}

Define furthermore the subspaces As(x) = span{g(xz) : Ik > 0 with g € Ay}. We
then assume that A (x) = R™ for every x € R".

As a consequence of Hormander’s celebrated ‘sums of squares’ theorem [Ho6r67,
Hor85], this assumption ensures that transition probabilities for (3.1) have smooth den-
sities p.(x,y) with respect to Lebesgue measure. In our case, Assumption 2 can be
seen to hold because the coupling potential is harmonic.

Assumption 3 The origin is reachable for the control problem associated to (3.1).
That is, given any xo € R™ and any r > 0 there exists a time T > 0 and a smooth
control u € C*°([0,T], R™) such that the solution to the ordinary differential equation

dz

P Jo(z(1) + ; [iGz@)ui @), 2(0) =z,

satisfies ||z(T)|| < r.
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The fact that Assumption 3 also holds in our case is an immediate consequence of
the results in [EPR99a, Hai05]. Assumptions 2 and 3 taken together imply that:

1. The operator L satisfies a strong maximum principle in the following sense. Let
D C R" be a compact domain with smooth boundary such that 0 ¢ D. Let
furthermore v € C2(D) be such that Lu(z) < 0 for z in the interior of D and
u(x) > 0 for x € 0D. Then, one has u(x) > 0 for all z € D, see [Bon69,
Theorem 3.2].

2. The Markov semigroup associated to (3.1) admits at most one invariant proba-
bility measure [DPZ96]. Furthermore, if such an invariant measure exists, then
it has a smooth density with respect to Lebesgue measure.

3.1 Integrability properties of the invariant measure

We are going to use throughout the following criterion for the existence of an invariant
measure with certain integrability properties:

Theorem 3.1 Consider the diffusion (3.1) and let Assumptions 2 and 3 hold. If there
exists a C? function V: R™ — [1, 00) such that lim SUP 3| o0 LV (x) < 0, then there
exists a unique invariant probability measure ., for (3.1). Furthermore, |LV| is inte-
grable against i, and [ LV (z)p.(dz) = 0.

Proof. The proof is a continuous-time version of the results in [MT93, Chapter 14].
See also for example [HMOS8a]. O

The condition given in Theorem 3.1 is actually an if and only if condition, but
the other implication does not appear at first sight to be directly useful. However, it
is possible to combine the strong maximum principle with a Lyapunov-type criterion
to rule out in certain cases the existence of a function V' as in Theorem 3.1. This is
the content of the next theorem which provides a constructive criterion for the non-
existence of an invariant probability measure with certain integrability properties:

Theorem 3.2 Consider the diffusion (3.1) and let Assumptions 1, 2 and 3 hold. Let
Sfurthermore F': R™ — [1, 00) be a continuous weight function. Assume that there exist
two C? functions W1 and W, such that:

o The function W1 grows in some direction, that is lim SUP|3| o0 Wi(x) = oo.

o There exists R > 0 such that Wo(x) > 0 for |x| > R.

o The function Wy is substantially larger than W1 in the sense that there exists a
positive function H with lim|_, o, H(x) = +00 and such that

su _p Wilx
lim sup SUPH@=r W1 (®) _ 0.

Roo infr—r Wa(z)

o There exists R > 0 such that LW1(z) > 0 and LWs(x) < F(x) for |x| > R.

Then the Markov process generated by solutions to (3.1) does not admit any invariant
measure [, such that f F(x) ps(dr) < oo.

Proof. The existence of an invariant measure that integrates F' is equivalent to the
existence of a positive C? function V such that LV < —F outside of some compact set
[MT93, Chapter 14]. The proof of the claim is then a straightforward extension of the
proof given for the case F' = 1 by Wonham in [Won66]. O
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Remark 3.3 If one is able to choose F' = 1 in Theorem 3.2, then its conclusion is that
the system under consideration does not admit any invariant probability measure.

3.2 Convergence speed toward the invariant measure: upper bounds

We still assume in this section that we are in the same setting as previously and that
Assumptions 2-3 hold. The strongest kind of convergence result that one can hope
to obtain is exponential convergence toward a unique invariant measure. In order to
formulate a result of this type, given a positive function V', we define a weighted norm
on measurable functions by

lelly = sup 2D
zerr 1+ V(2)

We denote the corresponding Banach space by B,(R"™; V). Furthermore, given a Mar-
kov semigroup P; over R", we say that P; has a spectral gap in By(R"; V) if there
exists a probability measure i, on R™ and constants C' and v > 0 such that the bound

[Pep — (@l < Ce™ "l — ue(WM|lv

holds for every o € B,(R™; V). We will also say that a C2 function V: R” — R isa
Lyapunov function for (3.1) if lim|| o V(z) = oo and there exists a strictly positive

constant ¢ such that
LV < —cV,

holds outside of some compact set.
With this notation, we have the following version of Harris’ theorem [MT93] (see
also [HMO08b] for an elementary proof):

Theorem 3.4 Consider the diffusion (3.1) and let Assumptions 2 and 3 hold. If there
exists a Lyapunov function V' for (3.1), then Py admits a spectral gap in B(R™; V).
In particular, (3.1) admits a unique invariant measure [, f Vdu, < oo, and conver-
gence of transition probabilities towards |1, is exponential with prefactor V.

However, there are situations where exponential convergence does simply not take
place. In such situations, one cannot hope to be able to find a Lyapunov function as
above, but it is still possible in general to find a p-Lyapunov function V' in the following
sense. Given a function ¢: R, — R, we say that a C2 function V: R” — R, isa
-Lyapunov function if the bound

LV < —p(V),

holds outside of some compact set and if lim|,| o, V' (x) = oo. If such a p-Lyapunov
function exists, upper bounds on convergence rates toward the invariant measure can be
obtained by applying the following criterion from [DFG06, BCGO8] (see also [FRO5]):

Theorem 3.5 Consider the diffusion (3.1) and let Assumptions 2 and 3 hold. Assume
that there exists a p-Lyapunov function 'V for (3.1), where @ is some increasing smooth
concave function that is strictly sublinear. Then (3.1) admits a unique invariant mea-
sure |1, and there exists a positive constant ¢ such that for all x € R", the bound

Pz, ) — pillTv < eV (@)p(t),
holds, where (t) = 1/(p o H')(t) and H,(t) = ff(l/go(s)) ds.
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3.3 Convergence speed toward the invariant measure: lower bounds

In order to obtain lower bounds on the rate of convergence towards the invariant mea-
sure /i, we are going to make use of the following mechanism. Suppose that we know
of some function G that on the one hand it has very heavy (non-integrable) tails under
the invariant measure of some Markov process but, on the other hand, its moments do
not grow to fast. Then, this should give a lower bound on the speed of convergence
towards the invariant measure since the moment bounds prevent the process from ex-
ploring its heavy tails too quickly. This is made precise by the following elementary
result:

Theorem 3.6 Let X; be a Markov process on a Polish space X with invariant measure
Wy and let G: X — [1, 00) be such that:

o There exists a function f: [1,00) — [0, 1] such that the function 1d - f: y —
yf(y) is increasing to infinity and such that u,(G > y) > f(y) for every y > 1.

o There exists a function g: X x Ry — [1, 00) increasing in its second argument
and such that E(G(X}) | Xo = z¢) < g(zo, ).

Then, one has the bound

1 _
e, — pllTv > if((ld - H 71 2g(xo, ) (3.2)
where (i, is the law of X with initial condition xy € X.

Proof. 1t follows from the definition of the total variation distance and from Cheby-
shev’s inequality that, for every ¢ > 0 and every y > 1, one has the lower bound

t
1t — pellry > pa(G(@) > y) — pe(G(x) > y) > f(y) — 9o, t)

Choosing y to be the unique solution to the equation yf(y) = 2g(xg,t), the result
follows. |

The problem is that in our case, we do not in general have sufficiently good informa-
tion on the tail behaviour of u, to be able to apply Theorem 3.6 as it stands. However,
it follows immediately from the proof that the bound (3.2) still holds for a subsequence
of times ¢,, converging to oo, provided that the bound 1, (G > y,,) > f(y,) holds for
a sequence y,, converging to infinity. This observation allows to obtain the following
corollary that is of more use to us:

Corollary 3.7 Let X; be a Markov process on a Polish space X with invariant measure
Ly and let W: X — [1, 00) be such that f W (x) p«(dx) = co. Assume that there exist
F:[1,00) — Rand h: [1,00) — R such that:

e h is decreasing and floo h(s)ds < oo.
e F'- hisincreasing and lim,_, o, F(s)h(s) = oc.

o There exists a function g: X xR — Ry increasing in its second argument and
such that E((F o W)(X3) | Xo = z0) < g(xo,1).

Then, for every o € X, there exists a sequence of times t,, increasing to infinity such
that the bound

1, — psllTv > B((F - B) " (g(o, tn)))
holds, where i is the law of X with initial condition xo € X.
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Proof. Since [ W(z) p.(dx) = oo, there exists a sequence w,, increasing to infinity
such that u, (W (x) > wy,) > 2h(w,), for otherwise we would have the bound

/W(m)u*(dx):1+/Oou*(W(x)2w)dw§ 1+2/ooh(w)dw<oo,
1 1

thus leading to a contradiction. Applying Theorem 3.6 with G = F oW and f =
2h o F~! concludes the proof. O

4 Existence and non-existence of an invariant probability measure

4.1 Non-existence of an invariant measure

The aim of this section is to show that (1.2) does not admit any invariant probability
measure if k > 2 or k = 2 and T,,, > o?C. Note first that one has an upper bound on
the evolution of the total energy of the system given by

LH =T +~Ts —7pj ,

which suggests that H is a natural choice for the function W5 in Wonham’s criterion
for the non-existence of an invariant probability measure.

It therefore remains to find a function W that grows to infinity in some direction
(not necessarily all), that is dominated by the energy in the sense that

lim 1 sup Wi(p,q) =0, 4.1
E=co B pp,g=p
and such that LWW; > 0 outside of some compact region k.

In order to construct W7, we use some of the ideas introduced in [HMO0S8a]. The
technique used there was to make a change of variables such that, in the new variables,
the motion of the ‘fast’ oscillator decouples from that of the ‘slow oscillator’. In the
situation at hand, we wish to show that the energy of the second oscillator grows, so
that the relevant regime is the one where that energy is very high.

One is then tempted to set

Wy, = H (H —Hy) , 4.2)

for some (typically small) exponent ¢ € (0, 1), where H is a multiple of the energy of
the first oscillator, expressed in the ‘right’ set of variables. In order to compute LWW7,
we make use of the following ‘chain rule’ for £:

L(fog)=0if o g)Lyg; + (07, f o PT'(gi, ;) » 4.3)

(summation over repeated indices is implied), where we defined the ‘carré du champ’
operator

L'(9i, 9;) = YT 0py9iOpo9j + V10 Op, 9iOp, g -
(Note that it differs by a factor two from the usual definition in order to keep expres-
sions as compact as possible.) This allows us to obtain the identity

LWy = H (T + 7T — 75 — LHo)
—yCH™ N H — Ho)\T + Two — p3)
— 29CH ™ (Tpo(po — 9o o) + Toop1(p1 — 9y, Ho))
+ ¢+ DH™ST2(H — Ho) (TP + Toop?) -

(4.4)
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Following our heuristic calculation in Section 2.1, we expect that at high energies,
one has LHy ~ T — vpg, were po denotes the correct variable in which to express
the motion of the oscillator. One would then like to first choose our compact set }C
sufficiently large so that the expression on the first line of (4.4) is larger than 6 H ¢ (1 +
p3) for some § > 0. Then, by choosing ¢ sufficiently close to zero, one would like to
make the remaining terms sufficiently small so that L1¥/; > 0 outside of a compact set.
This is made precise by the following lemma:

Lemma 4.1 If there exist a C? function Hy: R* — R and strictly positive constants ¢
and C such that, outside of some compact subset of R*, it satisfies the bounds

LHo < AT +Too —pg) — c(L+p3),  |Ho| + |0y Hol? + |0p, Hol* < CH,

and such that furthermore

1
lim sup = H(iggr}iE Ho(x) < 1, 4.5)

E—oo

then (1.2) admits no invariant probability measure.

Proof. Setting W as in (4.2), we see from (4.4) and the assumptions on H that there
exists a constant C' > 0 independent of ( € (0, 1) such that the bound

LW > cH™ (1 +pd) — CCH (1 +p?)

holds outside of some compact set. Choosing ¢ < ¢/C, it follows that LIW; > 0
outside of some compact subset of R%. Assumption (4.5) makes sure that 1V, grows to
+o00 in some direction and rules out the trivial choice Hg o< H. Since it follows fur-
thermore from the assumptions that W, < CH 1=¢ (4.1) holds so that the assumptions
of Wonham’s criterion are satisfied. |

The remainder of this section is devoted to the construction of such a function H,
thus giving rise to the following result:

Theorem 4}.2 There exists a constant C' such that, if either k > 2, or k = 2 and
Too > a2C, the model (1.2) admits no invariant probability measure.

Remark 4.3 As will be seen from the construction, the constant C' is really equal to
the constant (®2) from Section 2.1.

Proof. As in [HMO08a], we define the Hamiltonian

P2 ‘Q|2k
EEEY

Hy(P,Q) =
of a ‘free’ oscillator on R? and its generator
Loy =Pog — QIQI**"op . (4.6)

These definitions will be used for all of the remainder of this article, except for Sec-
tion 7. The variables (P, Q) should be thought of as ‘dummy variables’ that will be
replaced by for example (p1, q1) or (po, go) when needed.



EXISTENCE AND NON-EXISTENCE OF AN INVARIANT PROBABILITY MEASURE 17

We also define ® as the unique centred' solution to the Poisson equation
Lo®=0Q—R(P,Q),

where R: R? — R is a smooth function averaging out to zero on level sets of H, ¢, and
such that R = 0 outside of a compact set and R = () inside an open set containing
the origin. The reason for introducing the correction term R is so that the function ®
is smooth everywhere including the origin, which would not be the case otherwise. It

11
follows from [HMO8a, Prop. 3.7] that ® scales like ka ? in the sense that, outside
11
a compact set, it can be written as ¢ = Hf’“ 2®y(w), where w is the angle variable
conjugate to Hy.
Inspired by the formal calculation from Section 2.1, we then define py = pg —
a®(p1, q1), so that the equations of motion for the first oscillator turn into

dqgo = po dt + a® dt 4.7)
dpo = —qolqo|** 2 dt — aqo dt — y po dt + /27T dwo(t)

+ aRdt — a*(qo — q)Op® dt — ar/27T0p® dwy(t) — ayTad%® di

+ aR(q1)0p® dt — R}(qo) dt .

Here, we omitted the argument (p1, q1) from &, its partial derivatives, and R in order
to make the expressions shorter. Setting

~ ) 2
Ho = 22+ Vig(qo) + 0podo . Vig(@) = Vi@ +a - (4.8)

we obtain the following identity:

LHy =~T — (v = 0)pj — 0lao|** — abqo|* — v0poao
+ (7 — 0)@* + aly — 0)®py + a® V4 (qo) 4.9)
+apoR — *po(qo — 1)0p® — Y Tacpo0p® + a*Tos (OpP)?
+0g0(aR — a*(qo — q1)0p® — VT 03 D)
+ (Po + 0g0)a R’ (q1)9pP

All the terms on lines 3 to 5 (and also the terms on line 2 provided that £ > 2) are
of the form f(po, q0)9(p1, g1) with g a function going to 0 at infinity and f a function
such that f(po, qo)/Hy(po, qo) goes to 0 at infinity. It follows that, for every ¢ > 0,
there exists a compact set K. C R* such that, outside of K, one has the inequality

~ 0~
LHy <AT —ypg+e+ (0+ % +€)p(2) — (0 —9)gol**

+ a?(y — )@ + aly — O)®po + aPVj(qo) -

(4.10)

Here, we also used the fact that Y0poqo < af|qo|? + %p%. If k > 2, then the function
® also converges to 0 at infinity, so that the bound

. 02
LHy <AT —p2 +¢+ (0+%+s)p37(976)\%|%,

'We say that a function on R? is centred if it averages to 0 along orbits of the Hamiltonian system with
Hamiltonian Hy.
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holds outside of a sufficiently large compact set. It follows that the conditions of
Lemma 4.1 are satisfied by Hy = (1 + 8)Hy for § > 0 sufficiently small whenever
T > 0, provided that one also chooses both # and ¢ sufficiently small.

The case k = 2 is slightly more subtle and we assume that £ = 2 for the remainder
of this proof. In particular, this implies that ® scales like a constant outside of some
compact set. This suggests that the term ®2 should average out to a constant, whereas
the terms ®py and <I>‘/;f’f(qo) should average out to zero, modulo some lower-order
corrections. It turns out that these corrections will have the unfortunate property that
they grow faster than Hy in the (py, go) variables. On the other hand, we notice that both
Po and %’f(qo) do grow slower than Hy at infinity. As a consequence, it is sufficient to
compensate these terms for ‘low’ values of (pg, o).

Before giving the precise expression for a function H that satisfies the assumptions
of Lemma 4.1 for the case k = 2, we make some preliminary calculations. We denote
by 1v: R — R, a smooth decreasing ‘cutoff function’ such that ¥)(z) = 1 forx <1
and ¥ (x) = 0 for x > 2. Given a positive constant F, we also set

YEDo, qo) = w(@) ) g = %W(%) , = %W'(%) .

Definition 4.4 We will say that a function f: R x R* — R is negligible if, for every
€ > 0, there exists £, > 0 and, forevery ' > E, there exists a compactset K . € R*
such that the bound | f(E; p, ¢)| < e(1 + Hy(fo, go)) holds for every (p,q) & K.

With this definition at hand, we introduce the notations

<9, [f~yg, 4.11)

to mean that there exists a negligible function h such that f < g+ hor f =g+ h
respectively. With this notation, we can rewrite (4.10) as

LHy SAT — o5 — 090> + (v — 0)2* + fp® (4.12)

where we introduced the constant 9 = v — 6(1 + %) and the function fy = a(y —
0)po + V(o)

Lemma 4.5 Let a,b > 0 and let f,g: R®> — R be functions that scale like Hf and
Hf_b respectively. Then, the following functions are negligible:

i) f(®o,q0)9(P1,q1)YE®o, q0), provided that b > 0.
ii) f(Po, q0)9(P1, 01V E (Do, qo), provided that b > 0 or a < 2.

ii’) f(Bo, 4091, 1) (B0, 40))*, provided that b > 0 or a < 3.
iii) f(Po, 90)9(p1, ¢V %o, qo), provided that b > 0 or a < 3.
) f(Po,90)9(P1,q1)(1 — YE(Po, qo)), provided that a < 1.

Proof. We assume without loss of generality that the bounds f(p,q) < 1V fg‘»"(p, Q)
and g(p,q) < 1A Hffb(p, ¢) hold for every (p, q) € R%.

In the case i), we take £, = 1 and choose for Kg . the set of points such that
either Hy(po,qo) = 2FE, in which case the expression vanishes, or Hy(p1,q1) >
(2E)*/%c=1/ in which case the expression is smaller than e.
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The case ii) with b > 0 follows exactly like the case i), so we consider the case
a < 2and b = 0. Since ¢ = 0 if Hy(Po,qo) > 2F and is smaller than 1/F
otherwise, we have the bounds

| £(Bo» 20)9(P1, 1)V (Bo, 90)| < (1 + Hy(po, qo)) ECVA— D=1,

Since the exponent of E' appearing in this expression is negative provided that a < 2,
this is shown to be negligible by choosing E. sufficiently large and setting Kg . = ¢.
Cases ii’) and iii) follow in a nearly identical manner.

In the case iv), we use the fact that since a < 1, for fixed ¢ > 0, we can find a
constant C, such that | f(po, qo)| < §Hy(Po, go)+Ce. We then set £, = 2C /¢, so that
H;(po,qo) > E. implies H(po, o) > QSE. Since g is bounded by 1 by assumption
and since 1 — ¢ g vanishes for Hy(po, qo) < E, it follows that the expression iv) is

uniformly bounded by € H¢(po, qo) for £ > E.. |

Remark 4.6 In the case where both b > 0 and a < 1, the function f(po, go)g9(p1,q1)
is negligible, which can be seen from cases i) and ii) above.

Corollary 4.7 In the setting of Lemma 4.5, the following functions are negligible:
v) f(Bo,q0)9(P1,q1)0p W E B0, qo) provided that b > 0 or a < 3/2.
vi) f(Po, q0)9(P1,91)0p, VE(Po, q0)
vii) f(Po,q0)9(p1,q1)LYE(Po, qo) provided that b > % — % orb= % — % and a < 1.

Proof. We can write

T B0, 90)9(P1, 41)Ip, Y EBos q0) = Pof Bos 40)9(P1, GV »
T (B0, 40)9(P1, 41)0p, Y EBo, q0) = Pof Bo, 20)9(P1, 11)OPP(P1, ¢V

so that the first two cases can be reduced to case ii) of Lemma 4.5. For case vii), we
use the fact that

LYp = Y LHr +v(To + Toc(0p®)*) Pt (4.13)

and that £H; consists of terms that all scale like ch(ﬁo, qO)H;i(pl, q1) with ¢ < 1 and
d < % - % (see (4.9)) to reduce ourselves to cases ii) and iii) of Lemma 4.5. |

Before we proceed with the proof of Theorem 4.2, we state two further preliminary
results that will turn out to be useful also for the analysis of the case k € (1, 2):

Lemma 4.8 Ler k € (1,2] and let f: R* — R be a function that scales like HE for
some a € R. Then, the function g = L(f(Po, qo)) consists of terms that are bounded by
multiples ofoC(ﬁo, qO)H;l(pl, qq) with either ¢ < a + % — i andd < 0Oorc<a— %
and d < % — %

Proof. Tt follows from (4.7) that

g = (—agy — v(Po + a®) + aR — a*(qo — ¢1)0p® — AT 03 ®)0p f
+ (@R (q1)0p® — R (q0))0p f
+ (T + T (Op®)?) 03 f + (o + a®)Oo f — qolqo|** 20p f |

from which the claim follows by simple powercounting. O
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Lemma 4.9 Ler k € (1,2] and let f: R* — R be a function that scales like Hffbfor
some b € R. Then, the function g = L(f(p1,q1)) — (Lo f)(p1, q1) consists of terms that
are bounded by multiples of Hf (po, qO)Hfd(pl, q1) with either ¢ < ﬁ andd < —b — %
orc<0andd < —b—%—ki.

Proof. 1t follows from (1.2) that

g9 =algo — q)0pf — Ri(q)Ipf +1Tedp [ , (4.14)
from which the claim follows. O

We now return to the proof of Theorem 4.2. We define ¥ as the unique centred
solution to the equation £Lo¥ = ®. One can see in a similar way as before that ¥

_1 N
scales like H. . 4. Since P scales like a constant, there exists some constant C' such that

®2 averages to C outside a compact set. While the constant C can not be expressed in
simple terms, it is easy to compute it numerically: C ~ 0.63546992.

In particular, there exists a function R: R} — R with compact support and such
that 2 —C + 7A2(H +(P,Q)) is centred. Denote by = the centred solution to the equation

LoZ =02 — C + R(H;P,Q)), (4.15)
_1
so that = scales like Hf 1, just like W does. With these definitions at hand, we set

Hoy = Hy — (a*(y = OZ(p1, q1) + fo¥ (1, 90))YE(o, 00) » (4.16)

where we used the function fp introduced in (4.12). Recalling that fy consists of terms

scaling like Hj?(f)o, qo) with a < %, we obtain from Lemmas 4.9 and 4.5 that

JoL(Y(p1, q))VE = fo® — fo®(1 —E) + fo(LY — LoW)bp ~ frd .
Similarly, we obtain that
LEpr, q))E = ®* — C + (®° — C)1 —vE) + Ryp ~ &* - C'.

It therefore follows from (4.12), the facts that 0,, o = 1 and 0, po = —a0pP(p1, q1),
and the multiplication rule for £, that one has the bound

LHy < AT —vep2 — 0|qo|** + 2(y — 0)C
— (@*(y = OE+ foW)Le — LfHVp
+ C|0pEDp, YE| + C|fo0p Y0y, Y|
+ ClWdp fo(1 + (0p®)*) 5| + C|Op WP fodpPip| -

The terms on the second and third line are negligible by Lemma 4.8 and Corollary 4.7.
The terms on the last line are negligible by Lemma 4.5, so that we finally obtain the
bound

LHy S (T + a?C) — Yopa — 9|q0|2k —a20C . 4.17)

Since the constant 7y can be made arbitrarily close to v by choosing 6 sufficiently
small, we see as before that, provided that T,,, > a2C , it is possible to choose 6 small
enough and E large enough so that the choice Ho = (1 4 6)Hp with § > 0 sufficiently
small again allows to satisfy the conditions of Lemma 4.1. This concludes the proof of
Theorem 4.2. O

2 All displayed digits are accurate.
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4.2 Existence of an invariant measure

Theorem 4.2 has the following converse:

Theorem 4.10 If either 1 < k < 2, or k = 2 and T, < azé', the model (1.2)
admits a unique invariant probability measure .. The constant C' is the same as in
Theorem 4.2.

Proof. Somewhat surprisingly given that the two statements are almost diametrically
opposite, it is possible to prove this positive result in very similar way to the previous
negative result by constructing the right kind of Lyapunov function. As before, the case
k = 2 will be treated somewhat differently.

The case k = 2. Similarly to what we did in (4.2), the idea is to look at the function
V = H — cH, for a suitable constant ¢, but this time we choose it in such a way that
limy(p, )| o0 V' = 00 and lim supy,, oo LV < 0, so that we can apply Theorem 3.1.
Note that, with the same notations as in the proof of Theorem 4.2, one has from (4.9)

LHy ~~T — (v — 0)pg — 0q0|** — abqo|* — v0pogo
+(y — )P + fod,

so that, provided this time that we choose 6 < 0 in the definition of Hy (and therefore
of Hy), we have the bound

LHy ~~T + a*(y = 0)C — (v — 0)p§ — 0]qo|** — ablqo|* — ¥0pogo
> AT + a2y — 0)C — yep? — Olao]** ,

where we set vp = v — 0(1 + 1—2) as before. Here, the function Hj is as in (4.16) and

{0

depends on a large parameter E as above. If we choose ¢ < 1, the function
V = H—cHy (4.18)
does then indeed grow to infinity in all directions and we have
LV SATA =) + 9T — ca’(y = O)C — clfllgo|** — (v = exo)lpol® -
If the assumption a?2C > T is satisfied, we can find a constant 5 > 0 such that
YT = &) + 7T — ca’(y = )C < =P

for all 4 sufficiently small and all ¢ sufficiently close to 1. By fixing ¢ and making 6
sufficiently small, we can furthermore ensure that v —c7yy > 0. This shows that, by first
choosing c sufficiently close to 1, then making 6 very small and finally choosing E very
large, we have constructed a function V satisfying the assumptions of Theorem 3.1,
thus concluding the proof in the case k = 2.

The case k < 2. Even though one would expect this to be the easier case, it turns
out to be tricky because of the fact that the approximate decoupling of the oscillators
at high energies is not such a good description of the dynamic anymore. The idea is
to consider again the variable py introduced previously but, because of the fact that the
function ® is now no longer bounded, we are going to multiply certain correction terms
by a ‘cutoff function’.

Since we are following a similar line of proof to the non-existence result and since
we expect from (2.5) to be able to find a function V' close to H and such that it asymp-
totically satisfies a bound of the type LV ~ —H{(po, qo) — Hf% 71(p1, q1), this suggests

that we should introduce the following notion of a negligible function suited to this par-
ticular case:
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Definition 4.11 A function f: R* — R is negligible if, for every € > (, there exists
2 _

a compact set K. such that the bound | f(p, ¢)| < e(Hf(Po, qo) + Hf% 1(pl, ¢1)) holds

for every (p, q) & K-.

We also introduce the notations ~ and < similarly to before. For § > 0, we then
set V = H + 0ppqo, so that (4.7) yields
LV =T + Too) — p5 + afpo® + 055 — 0lgo|* — ablqo|® — ¥0pogo
+6ago(R — algo — ¢)p® — 1T 07 @)
+ 0q0(aR1(q1)0p® — R1(q0)) -
It is straightforward to check that all of the terms on the second and third lines are

negligible. Using the definition of py and completing the square for the term a|q0|2 +
YPoqo, we thus obtain the bound

LV S —0p5 — Olgo|™ + copo® — ag®* . (4.19)
Here, we defined the constants
€] 0 €]
ag = av(a - %) .o = (@l =207+ 37°0),

in order to shorten the expressions.
As before, we see that there exists a positive constant C' and a function R : R? >

R, with compact support such that > — C'H, f%_l +R is smooth, centred, and vanishes
in a neighbourhood of the origin. Similarly to (4.15), we define = as the unique centred
solution to g -

LoZ(P,Q) = ®*(P,Q) — CHf " (P,Q) + R(P,Q)

(N

and W as the unique centred solution to LW = ®. Note that = scales like HfTo’ﬂ_ and

that ¥ scales like Hf%_l.

At this stage, we would like to define V' = V+o<0 2Z(p1,q1)—copo¥(p1, q1) in order
to compensate for the last two terms in (4.19). The problem is that when applying the
generator to oW, we obtain an unwanted term of the type qo|qo|?*~2¥, which grows
too fast in the gg direction. We note however that the term py® only needs to be
compensated when |pp| > ®, which is the regime in which the description (4.7) is
expected to be relevant. We therefore consider the same cutoff function i as before
and we set

1 + Hy(po, q0) )

V =V + aE(p1,q1) — copo¥(pi, qlw(m

(4.20)
for a positive exponent 7 to be determined later.

In order to obtain bounds on £V, we make use of the fact that Lemma 4.9 still
applies to the present situation. In particular, we can apply it to the function =, thus
obtaining the bound

LV S —Co(Hy(po, qo) + Hf%_l(m, q1) + co (ﬁo‘l) — L(po¥(p1, Q1)¢)) ,

for some constant Cy, where it is understood that the function ¢ is composed with the
ratio appearing in (4.20). Using the fact that Lo ¥ = & by definition and applying the
chain rule (4.3) for £, we thus obtain

LV S —Co(Hf (Do, q0) + Hf?_l(Ph q1))
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— ¢o((LDP0)VY + PoV LY + po(L — Lo)V + poLY(P — 1)) 4.21)
— CgT(aplﬁ()@p\I/dJ + 8,,1130\118p11/1 + ﬁoapwaplll)) — C@Too\llﬁpo’l/) .

We claim that all the terms appearing on the second and the third line of this expression
are negligible, thus concluding the proof. The most tricky part of showing this is to
obtain bounds on L.

Define Ey = 1 + Hy(po,qo) and By = 1+ Hy(p1, q1) as a shorthand. Our main
tool in bounding LV is then the following result which shows that the terms containing
L1 are negligible:

Proposition 4.12 Provided that ) € [2 — k, k], there exists a constant C such that

o) <c.

apow(ggi)‘ <CE;?,

o E)| <ot

Proof. Define the function f: Ri — Ry by f(z,y) = ¥((1 + 2)/(1 + y)"). It can
then be checked by induction that, for every pair of positive integers m and n with
m +n > 0 and for every real number (3, there exists a constant C' such that the bound

020 f1 < A4 2) ™A 4y~ 0 (4.22)

holds uniformly in x and y. It furthermore follows from (4.7) and (1.2) that

1_

ILEo| < C(Eo+ ELFEF 7)),
ILEy| < C(BF Y + B B}),
1 0 1
|0y Eo| < CEY/? 10, 1| =0,

1 1_ 1
|0y Eol < CEGEF ™", |8, E1| < CE} .

Combining these two bounds with (4.22) and the chain rule (4.3), the required bounds
follow. o

Let us now return to the bound on LV It is straightforward to check that

=

Lho| < C(Ey ™ + Ef 7)),

for some constant C, so that

e

_ 1 3 5
W(py, q)Lho| < C(Ey *EX* ' 4 B2 %),

which is negligible. Combining Proposition 4.12 with the scaling behaviours of ®
and W, one can check in a similar way that the term poW L), as well as all the terms
appearing on the third line of (4.21) are also negligible. It therefore remains to bound
po(L — Lo)V¥ and po LY () — 1). It follows from (4.14) that

3 _
k

(L~ Lo)¥| < CE}

3 2_3
2 k2

1 1 1
(BG* + EpF) <C(EgF + Bf 7)., (4.23)
so that |po(L — Lo) V] is negligible as well. Since we know that LV scales like El% % ,
it follows from (4.23) that

_3
2

[PoL¥| < CEJEF 2 (B3 + By ).
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This term has of course no chance of being negligible: we have to use the fact that it is

multiplied by 1 — ¢. The function 1 — 1) is non-vanishing only when E, > E7, so that

we obtain ,
)

L 41,103 3

4 EEIGD)
We see that both exponents are strictly smaller than 1, provided that n > % - L
Combining all of these estimates with (4.21), we see that, provided that € (% —1,k),

there exists a constant C' such that

LV < —C(By+EF

).
In particular, using the scaling of ®, we deduce the existence of a constant ¢ such that
the bound )

LV < —cVET, (4.24)

holds outside of a sufficiently large compact set (we can choose such a set so that V' is
positive outside), thus concluding the proof of Theorem 4.10 by applying Theorem 3.1.
O

S Integrability properties of the invariant measure

The aim of this section is to explore the integrability properties of the invariant measure
15 When it exists. First of all, we show the completely unsurprising fact that:

Proposition 5.1 For all ranges of parameters for which there exists an invariant mea-
sure [y, one has [ exp(BH(x)) pi(dz) = oo for every 3 > 1/T.

Proof. Choose 3 > [ > 1/T. Setting Wa(z) = exp(B2H (x)), we have
LWa = 1B Wa (T + Tow = 9 + Bo(Tp + Toop?) ) < exp(3H) .

outside of a sufficiently large compact set. Setting similarly W7 = exp(H (x)/T), we
see immediately from a similar calculation that LW; > 0, so that the result follows
from Theorem 3.2. |

Remark 5.2 Actually, one can show similarly a slightly stronger result, namely that
there exists some exponent o < 1 such that H* exp(H /T)) is not integrable against .

5.1 Energy of the first oscillator

What is maybe slightly more surprising is that the tail behaviour of the distribution of
the energy of the first oscillator is not very strongly influenced by the presence of an
infinite-temperature heat bath just next to it, provided that we look at the correct set of
variables. Indeed, we have:

Proposition 5.3 Let either % < k < 2o0rk = 2and Ty be such that there exists
an invariant probability measure ji.. Then [ exp(8Hy(Po, qo)) pt(dx) < oo for every

8 <1/T.

Remark 5.4 When k£ = 2, ® is bounded and the exponential integrability of Hy(po, qo)
is equivalent to that of Hy(pg, go). This is however not the case when k < 2.
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Remark 5.5 The borderline case k = % is expected to be optimal if we restrict our-
selves to the variables (pg, qo). This is because for &k < % one would have to add
additional correction terms taking into account the nonlinearity of the pinning poten-

tial.

The main ingredient in the proof of Proposition 5.3 is the following proposition,
which is also going to be very useful for the non-integrability results later in this sec-
tion.

Proposition 5.6 Forevery 0 > 0, there exist functions Hy, po: R* — Rand a constant
Cy such that

o Forevery e > 0, there exists a constant C. such that the bounds

0<Hy;<(1+eH+C., (5.1)
hold.
e Provided that k > % for every € > 0 there exists a constant C such that the
bound
(1 —&)Hy(po, q0) — Cc <Ho < (1 +e)Hy(po, q0) + C- , (5.2)
holds.
e One has the bounds
(9p,Ho — po)* < Cy +6'Ho, (5.3)
(0p,Ho)? < Cy + 0*H, . (5.3b)

o [ffurthermore k > % the bound LHy < Cy — (v — 20)p2 — 0Hy holds.

o Ifk € (4/3,3/2) then, for every 6 > (2k — 1)(% — 2), one has the bound
LHy < Cy — (v — 20)p3 — 6H, + 92HJ§(P17 q1)-

Remark 5.7 The presence of pg rather than pg in (5.2) is not a typographical mistake.

Proof. We start be defining the differential operator K acting on functions F': R> — R
as

KE =T (03 F)(p1, q1) + (e(do — Pq(p1, 1) — 1) — Ri(q))(OpF) (01, q1)
so that CF = L(F(p1,q1)) — (LoF)(p1,q1). Setting

Do =po + Pp(p1,q1) » do = qo + Pg(p1, q)V(Ey/EY) , (5.4)

for some yet to be defined functions ®,, and ®, and for E; and v as in Proposition 4.12,
we then obtain
dgo = po dt + (Lo — @) dt
+ YK, dt + (¢ — DLy P, dt + oLy dt + YT 0p, YOp Py dt
+ V27T (V0P Py + ®g0p, ) dwi(t) + /27T D 0py Y dwo(?) ,
dpo = ~Vig(do) dt — Py dt + /2Ty
+ (Lo®p — aqr +7®p) dt
+ K&, dt 4+ (Vi(Go) — Voy(qo)) dt 4+ /27T Op P, dwi (1)

(5.5)
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where we defined as before the effective potential Vzz(q) = Vi(q) + a%.
Let £ > 0 and set ®(! as the unique centred solution to

Lo®L = aQ(1 — Y(Hp(P,Q)/E)), (5.6)

where v is the same cutoff function already used previously. We then define @;2) by
L@ = @) and we set &, = @V + &), This ensures that one has the identity

Lo®, —aq +7, =R, ,

where the function R, consists of terms that scale like H]? with a < % — 1. We

furthermore set ®, to be the unique centred solution to Lo®, = ®,. Note that ¢,

consists of terms scaling like HJ? with a < % — 1 and that ®, consists of terms scaling

2
like H]? with a < % — 1. The introduction of the parameter E in (5.6) ensures that

we can make functions scaling like a negative power of H; arbitrarily small in the
supremum norm. It follows indeed that one has for example |0p®,| < CE— L,
With these definitions at hand, it follows from (5.5) that

ddo = Po dt + /27 Tae (WOp®y + B0, 1) dwy (t) + /27T ® 4By, 1h duw(t)
+ KB dt + (1 — 1)®, dt + B L) dt + YT 0y, YIp Py dt
dpo = —Vijy(do) dt — ~ypo dt + /2y Tdwy
+ Ry dt + K®, dt + (Vjp(do) — V(o)) dt + /29T Op @, duwn (t) -
Let now Hy be defined by

(5.7)

I
2
were Cj is a sufficiently large constant so that Hy > 1. Note that, as a consequence of
the definitions of pg and qo, if k > 3/2 then |py — Po| and |jo — qo| are bounded so that
the two-sided bound (5.2) does indeed hold. Showing that the weaker one-sided bound

(5.1) holds for every k € [%, 2] is straightforward to check.

Before we turn to the proof of (5.3), let us define Ey in a similar way as in the proof
of the case k < 2 of Theorem 4.10, but using the ‘hat’ variables. If & > %, then E’O
and E are equivalent in the sense that they are bounded by multiples of each other. If
k< % this is not the case, but it follows from the definitions of ®,, and ®,, that

Hy = — + V(o) + 0Dogo + Co

EO < C(Eo + E?izk) s FEy < C(Eo =+ Ei%72k) .

It follows that, provided that we impose the condition > 3 — 2k, where 7 is the
exponent appearing in (5.4), then one has the implications

Ey<CE] = FEy<CE] (5.82)
Ey>CE] = FEy>CE], (5.8b)

for some constant C depending on C'. We will assume from now on that the condition
1 > 3 — 2k is indeed satisfied. Let us now show that (5.3a) holds. We have the identity

OpoHo — po = 0do + (Vigr(Go) + 0P0) P 0p, ¥ -

Since the term 64 satisfies the required bound, we only need to worry about the second
term. It follows from Proposition 4.12 and from the scaling of ®, that this term is
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- %. Since the bounds (5.8) hold on the support

1

ST SR W
bounded by a multiple of Eé B

A~ 3 _1_-1
of Op, 1, this in turn is bounded by a multiple of Eé/ 2E12’“ 2% , so that the requested
bound follows, provided again that the condition > 3 — 2k holds.
Turning to (5.3b), we have the identity

Op, Ho = (Bo + 0G0)0p Py, + (Vyr(Go) + 0P0) Oy, (Py1)) .

Making use of the parameter E introduced in (5.6), it follows that the first term is
bounded by Eé 2pi —1, which can be made sufficiently small by choosing E > =3
In order to bound the second term, we expand the last factor into ®,0,,v + ¥Ip®,,.
The first term can be bounded just as we did for d,,,Hy, noting that the bound on 9,9

in Proposition 4.12 is better than the bound on Jp,, 1. Using the fact that (5.8a) holds

on the support of 7, the second term yields a bound of the form Eo% E:Ts (17%), which
yields the required bound provided that < 3.

It therefore remains to show the bound on LHj. It follows from (5.7) that one has
the identity

LHy =T — (v — 0)pg — 0]do]** — ab|do|* — v0Podo
+ VT (0P ®)? + Viff(Go) (O, (2g1))* + 200p 0y, (P 1))
+ 'YT(‘/eleji(do)(q)qapow)Q + 2‘Q(I)qazkﬂ/)) (5.9)
+ (o + 0G0)(Rp + K®p, + Vir(do) — Vigr(q0))
+ (V(do) + 0po) (VK@ + (¢ — P, + By L1p + 7 Toe 8y, 0P Py) .

We now use the following notion of a negligible function. A function f: R, xR* — R
is negligible if, for every € > 0 there exists a constant E. and, for every E > E_, there
exists a constant C.. such that the bound | f(E; p, q)| < C. + £(Eo + EY) holds, where
d is as in the statement of the proposition. (Set § = 0 for k& > 3/2.)

With this notation, the required bounds follow if we can show that all the terms
appearing in (5.9) are negligible, except for those on the first line. The terms appearing
in the second line are all smaller than the last term appearing in 0,, Hy and so they
are negligible. Similarly, the terms appearing in the third line are smaller than those
appearing in 9,, Hy — po.

It is easy to see that the first term on the fourth line is negligible. Concerning the
second term, we see that |[®,| < C (Eozi’f + Efi’“ 71), so that this term is also seen to
be negligible by power counting. Note now that the definitions of ;4 and ¢y imply that
one has the bound

. . - — = -1
V(o) — Vigr(go)| < C(1 +1Go|* = + lqo[** ) HZ" ™~ (p1, q1)
_oy (3 3 _
SC(1+|qAO|2k72+E(12/€ 255 1))E12k 1

A1_1 3 13- —
< C(Ey FEF T 4 pEVEETY)
Furthermore, one has V;;f(cjo) = V‘;f’f(qo), unless By < EY, so that we have the bound

. . S - -1 At k1S -1
Pol V(o) — Vijp(go)| < C(Eo By ™21y a2 g~ Pee—hy

The second term is always negligible. Furthermore, if n > (3 — 2k)/(2 — k) the first
term is also negligible.
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We now turn to the last line in (5.9). In order to bound the term involving K&,
note that the functions ®,0p®,, 9%®,, and QIpyp, are bounded provided that k >
%, so that the terms involving these expressions are negligible. Concerning the term
%(cjo)qoap@q, we use the fact that 9p®, can be made arbitrarily small by choosing
LI’ large enough in (5.6) to conclude that it is also negligible. The term involving
®,, is bounded by a multiple of Eé 7ﬁ+5(%7§), so that it is negligible provided that
7 > 2 — k. The term involving ®,£L+ is bounded similarly, using the fact that £1) is
bounded by Proposition 4.12 and that ®, scales like a smaller power of Hy than ®,,.
Finally, the last term is negligible since 0,,,10p®, is bounded, thus concluding the
proof of Proposition 5.6. Note that the choice n = 2 for example allows to satisfy all

the conditions that we had to impose on 7 in the interval & € [4/3, 2]. O
We are now able to give the

Proof of Proposition 5.3. 1t follows from (5.2) that if we can show that exp(SHy) is
integrable with respect to u, for every 8 < 1/T, then the same is also true for
exp(8H;(Po, qo)), provided that we restrict ourselves to the range k > %

Before we proceed, we also note that (5.3a) implies that for 6 sufficiently small,
one has the bound

(OpoHo)* < (1 + 0)p5 + Cp + 6°Hy ,
for some constant C’g. Setting W = exp(8Hy), we thus have the bound

Lw
Fi7 = £Ho + 18T Ho)? + Too Dy, Ho)?)
< Cy — (v — 20)p3 — 0Ho + yB(1 + 0)p5 + CO*Hy

for some constant C' independent of . Since we assumed that 3 < 1/T, we can make
0 sufficiently small so that —(y — 26) 4+ v3(1 + 6) < 0 and C#? — 6 < 0. The claim
then follows from Theorem 3.1. O

5.2 Integrability and non-integrability in the case k = 2

We next show that if k = 2 and T, < o? C , then the invariant measure is heavy-tailed
in the sense that there exists an exponent ¢ such that f HS(z) i (dx) = co. Our precise
result is given by:

Theorem 5.8 If k =2 and T, < o2C, one has f HS(x) p,(dx) = 0o provided that

def 3042@_T00
>( 2l ==
C>G=7 T

Conversely, one has | H(x) py(dzx) < 0o for ¢ < (.

Proof. We first show the positive result, namely that H¢ is integrable with respect to /i
for any ¢ < (.. Fixing such a ¢, our aim is to construct a smooth function W bounded
from below such that, for some small value ¢ > 0, the bound LW < —eH¢ holds
outside of some compact set. This then immediately implies the required integrability
by Theorem 3.1.

Consider the function V' defined in (4.18). Note that this function depends on
parameters F, 6 and c and that, for any given value of € > 0, it is possible to choose
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first 0 sufficiently small and c sufficiently close to 1, and then FE sufficiently large, so
that the bound .
LV < AT —a®yC + e,

holds outside of some compact set.
Let us now turn to the behaviour of d,,, V" and 0, V. It follows from the definitions,
Lemma 4.5, and Corollary 4.7 that one has the identity

(0pV)* = (1 — &)*p2 + Ry ,

where the function Ry can be bounded by an arbitrarily small multiple of V' outside of
some sufficiently large compact set. Furthermore, it follows from the definition of V'

and the construction of H that one has the bound V' > lch outside of some compact
set, so that we have the bound

(8,,V)> <4(1 — )V + Ry .

Ensuring first that 1 — ¢ < ¢/8 and then choosing F sufficiently large, it follows that
we can ensure that (9, V)2 < eV outside of a sufficiently large compact set. It follows
in a similar way that, by possibly choosing E even larger, the bound

(0, V)* < p}+eV
holds outside of some compact set. Note now that since
Lo(PQ) = 3P — 4H; , (5.10)

the function P? — %Hf is centred. Let furthermore R : R?> — R be a centred compactly
supported function such that P? — %Hj + R vanishes in a neighbourhood of the origin
and let = be the centred solution to

= p?_

(112

Lo Hf+7i,

Q| W~

so that we have the identity

_ 4 _ _
LE(p1,q1) = pi — ng(ph q1) + R(p1, ¢1) + (algo — 1) — R (q1)) (OpE)(p1, 1) -

Furthermore, it follows at once from the definition of V' and the scaling behaviours of
= and ¥ that the bound
Hi(p1,q1) <A +9)V,

holds outside of some compact set. Since furthermore R is bounded and Z scales like
3
Hf4, it follows that the bound

= 4
£‘:(p17q1) Z p? - 5(1 + E)V 5

holds outside of some (possibly larger) compact set. Finally, it follows from the scaling
of = that the bounds

|ZLV| < eV and [0, VI, =<V, (5.11)

hold outside of some sufficiently large compact set.



INTEGRABILITY PROPERTIES OF THE INVARIANT MEASURE 30

With all these definitions at hand, we consider the function
W =V — 40+ DT VEP:, q1) - (5.12)

Note that V' is positive outside of a compact set, so that W is well-defined there. Since
we do not care about compactly supported modifications of W, we can assume that
(5.12) makes sense globally. We then have the identity

LW = (C+ DVELY + Cy(¢ + DV HT(8p, V) + To (85, V)? — T LE)
— A+ DT VE Y ELY + 1T, VI, E) .

Collecting all of the bounds obtained above, this in turn yields the bound

LW < (¢ + DVE( T — aP1C + &) + Cy(C + DVE(Te + Tooe + %Too(l +o)
—ve*(C+ DT VE
<A+ 1)(Tso — a?C + %CTOO + Ke)V©,

holding for some constant K > 0 independent of ¢ outside of some sufficiently large
compact set. It follows that if { < (,, it is possible to choose ¢ sufficiently small so
that the prefactor in this expression is negative, thus yielding the desired result.

We now prove the ‘negative result’, namely that H¢ is not integrable with respect
to puy if ¢ > (. In order to show this, we are going to apply Wonham’s criterion with
Wy = H'TC. It therefore suffices to find a function 1, growing to infinity in some
direction, such that LW; > 0 outside of some compact set, and such that

sup Wilp,)E~1¢ =0 (5.13)
H(p,q)=E

as ¥ — oco. We are going to construct IV} in a way very similar to the construction in
the proof of the positive result above.

Fix some arbitrarily small ¢ > 0 as before. Setting V' as above, note first that
it follows immediately from (4.17) that, by choosing first 6 sufficiently small, then ¢
sufficiently close to 1 and finally F large enough, we can ensure that the bound

LV > Ts — a?yC — (1 + p})

holds outside of some sufficiently large compact set. Similarly as before, we can also
ensure that the bound
(amV)2 <pt—eV

holds. Fix now some C~ € ((4, ¢) and define W as in (5.12), but with C~ replacing (. It
follows that the bound

~ A 4~ .

LWy > v+ D(Toe — a*C + gCToo — Ke(l+pp)V©,
holds for some constant & > 0 outside of some compact set. The problem is that the
right hand side of this expression is not everywhere positive because of the appearance

of the term p3. This can however be dealt with by setting

W, =Wy — KeH™ (5.14)
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so that A

LWy >4+ 1)(Toe — a®C + ngoc — Ke)V©,
for some different constant K. Since f > (,, we can ensure that this term is uniformly
positive by choosing ¢ sufficiently small. By possibly making ¢ even smaller, we can
furthermore guarantees that W, grows in some direction, despite the presence of the

term —KeH 14¢ i (5.14). Finally, the condition (5.13) is guaranteed to hold because
we choose ¢ < (. O

As a corollary of Theorem 5.8, we obtain:

Corollary 5.9 If a2C > Ty > %aQC’, then even though the system admits a unique
invariant measure i, the average kinetic energy of the second oscillator is infinite,
that is fp% Li(dx) = oc.

Proof. Since in this case the expectation of H is infinite and the expectation of 77 is
finite |

5.3 Integrability and non-integrability in the case k < 2.

In this case, we show that the exponential of a suitable fractional power of H is inte-
grable with respect to the invariant measure. Our positive result is given by:

Theorem 5.10 For every k € (1, 2) there exists § > 0 such that
/ exp(6H# ~1(2)) po(dz) < o0, (5.15)
R4

where L, is the unique invariant measure for (1.2).

Proof. Define W = exp(6V*) for a (small) constant § > 0 and an exponent x € (0, 1]
to be determined later (the optimal exponent will turn out to be xk = % — 1). Here, V'
is the function that was previously defined in (4.20). Since V' and H are equivalent in
the sense that there exist positive constants C7 and C5 such that

CilV-Cy<HLOV+Cy,

showing the integrability of W implies (5.15) for a possibly different constant 4.
Applying the chain rule (4.3), we obtain outside of a sufficiently large compact set
the bound

LW =W (VETILY + (5kVH 72 4 (k — DVEHI(V, V)
< SEWVATYH LV 4+ 20sVEIT(V, V) . (5.16)

Note now that it follows immediately from (4.20) and Proposition 4.12 that, outside of
some compact set, one has the bounds

0, V| < C(E§ + EgBF % 4 B ) < C(Bf + Bf) < OVV
3

9 b opk  pEt phpk-i T N
‘P1V|SC(E1 +EO +E1 +EOE1 )SO(EO+E1)SC V’

so that I'(V, V) < CV. Combining this with (4.24), we obtain the existence of con-
stants ¢ and C' (possibly depending on «, but not depending on §) such that

LW < SWVY(C + C§V* —cViTh), (5.17)

thus concluding the proof. O
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We have the following partial converse to Theorem 5.10:

Theorem 5.11 Let k € (%, 2). Then, there exists A > 0 such that

/ exp(AH & 1(2)) pe(da) = 00, (5.18)
R4

where |1, is the unique invariant measure for (1.2).

Proof. We are again going to make use of Wonham’s criterion. Let K be a (sufficiently
large) constant, define k = 2 —1 € (0, 3), set Fi(z) = exp(AH"(x)), and set W(z) =
exp(f( H"(x)). We then have the bound

LWy

Lt = H" YT +Ta —p2) + H %k — 1 + kKH®)(Tp3 + Toop?)
YK W,

<CO+H*™1,

for some constant C > 0. In partigular, we have LV < F outside of some compact
set, provided that we choose A > K. Let now K be any constant smaller than K and
set

Wy = exp(K(H" — 2H" 'Hy + H**72®)) £ exp(KH,) ,
where Hj is the function from Proposition 5.6. Note that the properties of Hy imply
that, outside of some compact set, one has the bounds

1<Hy <(1+¢e)H.

It is clear that W5 is much larger than W; at infinity, so that it remains to show that
LW71 > 0 outside of a compact set for K sufficiently large. We are actually going
to show that there exists a constant C' such that (CW;)/W; > CH?*~! outside of
some compact set. Therefore, we call a function f negligible if, for every ¢ > 0, there
exists a compact set such that |f| < eH?*~! outside of this set. Note that since we
consider the range of parameters such that xk < %, bounded functions are not negligible
in general.
Using the chain rule (4.3), we have the identity

LW,

= CHit VK (T(BpyH1)? + Too(3p, H1)?)

> LH) + 7K Too (3, H1)? .
We first turn to the estimate of LH;. Using again (4.3), we have the identity
LH, = (kH* ' 4201 — k)(H"?Hy — H*73®))LH — 2H" ' LHy + H*7?L®
+ 72k — 2)2k — ) H* "H(Tp3 + Toop?)® + 1Toe 2k — 2)H* " 3p10p®
+ (s — DH" 7 (kH + 22 — ©)Ho) (Tpj + Toop?)
+2y(1 = ) H""*(Tpodp, Ho + Tocp18,, Ho)
We see immediately that all terms except for the ones in the first line are negligible. On

that line, the first term involving @ is negligible as well since ® scales like a power of
the energy strictly smaller than one. Furthermore, it follows from (5.1) that

RH! 4 2(1— )H"Hy < (2— D)H"",
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say. Combining this with Proposition 5.6 and the fact that the inequality x > (2k —
1)(% — 2) holds in the range of parameters under consideration, we obtain the lower
bound

LH, > H* ! (V(g — 2)p? + 20y — 2032 + 29H0) FH®2LE

Using the definition of py, and choosing 6 < vk /8, we obtain the existence of a con-
stant C such that

LHy > H* ' (20Hy — CHf (p1,q1)) + H** 2 Lo® .

Here, we also made use of the scaling properties of ® in order to replace LP by LyP.
Note that the constant C' appearing in the expression above can be made independent
of 0 provided that we restrict ourselves to § < vx/16, say. At this point, we make the
choice M = 2C in the definition of ®, so that we have the lower bound

M
LHy 2 (200 — S HF(prya0) ) + ME(Hy (1, a1) = p?)

M - K K—
R~ HYUHf (p1,q) + MH**(Ho + Hy(pr, 1) = pY) »

where we made use of the fact that, since xk < 1, for every constant C, there is a
compact set such that H*"'Hy > C H?*:~2H|, outside of that compact set. From the
definitions of H and Hy, we see that there exists a constant C' and a compact set outside
of which CHy + Hf(p1,q1) > %H , say, so that we finally obtain the lower bound

M
LH; > ZHQ"‘l — MH*2p? (5.19)

Let us now turn to the term (0,, H;)2. We have the identity

8p1H1 = HH*Q(/{H +2(1 — H)Ho)pl +2(k — 1)H2n73¢p1
—2H"" 9, Hy + H**?0p® .

Using the inequality (a + b)? > %2 — b2, as well as the bound (5.3b), it follows that
there exists a constant C' such that the bound

2
(3p1H1)2 > %Hz’“?pf —160H?"2H, — CH?*"? |

holds. Combining this bound with (5.19), we obtain the lower bound

2 > —M)HQ"“*Qp%—167KT0004H2”*2H0,
1

We now choose K = 2M /(7T k2) so that the second term is always positive. The
prefactor of the last term is then given by 3201 0* /k2. Choosing 6 small enough so that
9* < K2 /256, say, we finally obtain the lower bound

MK
EWl 2 WH2K71W1 > O 5

valid outside of some sufficiently large compact set, as required. O
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6 Convergence speed towards the invariant measure

In this section, we are concerned with the convergence rates towards the invariant mea-

sure in the case 1 < k& < 2 where it exists. Our main result will be that k = % is
the threshold separating between exponential convergence and stretched exponential

convergence.

6.1 Upper bounds

Our main tool for upper bounds will be the integrability bounds obtained in the previous
section, together with the results recently obtained in [DFG06, BCGOS].

The results obtained in Section 5 suggest that it is natural to work in spaces of
functions weighted by exp(§V ¢), where V' was defined in (4.18). Fore > 0 and § > 0,
we therefore define the space B(e, ) as the closure of the space of all smooth compactly
supported functions under the norm

l¢lle,5 = sup |p(x)|exp(—=6H"(2)) ,
rzER4

where we used the letter « to denote the coordinates (pg, qo, P1, q1). Note that the dual
norm on measures is a weighted total variation norm with weight exp(6 H*(x)). We
also say that a Markov semigroup P; with invariant measure p, has a spectral gap in a
Banach space B containing constants if there exist constants C' and 4 such that

[Prp — @)l < Ce M lplls, VoeB.

As a consequence of the bounds of Section 5 , we obtain:

Theorem 6.1 Let k € (1,2] and set k = % — 1. Then, the semigroup P; extends to a
Co-semigroup on the space B(g, §), provided that ¢ < max{%, 1 — k}. Furthermore:

a Ifl<k< % then, for every € € [1 — k, k) and every 6 > 0, the semigroup Py
has a spectral gap in B(g, §). Furthermore, there exists 6o > 0 such that it has
a spectral gap in B(k, 6) for every 6 < .
In particular, for every 6 > 0 there exist constants C > 0 and 4 > 0 such that
the bound
[Pe(z, ) — ps|lrv < Cexp(GH ™ (z))e ", (6.1)
holds uniformly over all initial conditions x and all times t > 0.

b. If k = % then there exists 0o > 0 such that the semigroup P; has a spectral
gap in B(%, 6) for every § < dg. In particular, there exists § > 0 such that the
convergence result (6.1) holds.

c. For % < k < 2, there exist positive constants 0, C and % such that the bound

t“/“*’“

[ Pe(x, ) — psllrv < Cexp(6H (z))e ™ , (6.2)

holds uniformly over all initial conditions x and all times t > 0.

d. For the case k = 2, set (, as in Theorem 5.8. Then, for every T, < a2C and
every ¢ < (, there exists C' > 0 such that the bound

| Pe(x, ) — psllrv < CH™ S(2)t=¢, (6.3)

holds uniformly over all initial conditions x and all times t > 0.
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Proof. The set of bounded continuous functions is dense in 5(e, §) and is mapped into
itself by P,. Therefore, in order to show that it extends to a Cy-semigroup on B(e, 9), it
remains to verify that:

1. There exists a constant C' such that ||P:¢||c.5) < C|l¢|
and every bounded continuous function ¢.

@, forevery t € [0,1]

2. For every ¢ € C§°, one has lim;_¢ || Py — ¢l|e,5) = 0.

Using the a priori bounds on the solutions given by the bound LH < y(T'+ T,), itis
possible to check that the second statement holds for every (g, §). The first claim then
follows from [MT93] and (5.17).

It remains to show claims a to d. Claims a and b follow immediately from (5.17). To
show that claim c also holds, we use the fact that, by using (5.17) in the case ¢ = % -1,
we can find § > 0 such that the bound

LW < 2V = — 575 W (log(W))2 ™+ ,

holds outside of some compact subset of R*. Since we are considering a regular
Markov process, every compact set is petite. This shows that there exists a constant §
such that, in the terminology of [BCGOS8], W is a (p-Lyapunov function for our model
with . .

o(t) = 62=Ft(logt)* = .

In particular, this yields the identity
t log(t)
d e & 11—k
H,(t) = / B 5 / s*2ds = C(logt) =,
1 ¢(s) 0

for some constant C' depending on ¢ and «. It follows from the results in [BCGOS8] that
the convergence rate to the invariant measure is given by

1-2k K/(1—k)
i
Cti—re 7 ,

V) = —— =
(po Hy (D)
for some positive constants C' and ~, so that (6.2) follows.
The case k = 2 can be treated in a very similar way. It follows from the first part of
the proof of Theorem 5.8 that, there exists 3 > 0 and a function W growing like H'*+¢
at infinity such that one has the bound LW < —BH¢ outside of some sufficiently large

compact set. Therefore, W is a p-Lyapunov function for p(t) = — Btﬁ. Following
the same calculations as before, we obtain Y (t) = Ct=¢, so that the required bound
follows at once. U

6.2 Lower bounds

In order to be able to use Theorem 3.7, we need upper bounds on the moments of some
observable that is not integrable with respect to the invariant measure. This is achieved
by the following proposition:

Proposition 6.2 For every o > 0 and every k € [0, %] there exist constants C, and
C'. such that the bounds

(PeH*)(z) < (H(z) + Cat)™,
(Pyexp aH")(z) < exp(aH"(x) + C(1 4 t)*/1=9)

hold for every t > 0 and every & € R*.
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Proof. Note first that LH < ~(T + T,) and that
T(Opo H)? + T (0p, H)? = T3 + Toops < 2T + Too)H . (6.4)

It follows that for o > 1, there exists C' > 0 such that one has the bound

d

2 (PH™)@) = (P(LH™)) (@)
= a(Py(H* ' LH + (o — VH* 2(Tp§ + Toop)) (@)
< C(PLH Y (2) < C((PHY) ()™= .

The last inequality followed from the concavity of z + x!~ a. Setting C,, = C'/«, the
bound on P, H“ now follows from a simple differential inequality. The corresponding
bound for o € (0, 1) follows by a simple application of Jensen’s inequality.

The bounds on the exponential of the energy are obtained in a similar way. Set
fr(x) = z(log 1:)2’% and note that there exists a constant K,; such that, provided that
Kk € (0, %], f 18 concave for x > exp(aK 7). It then follows as before from (6.4) and
the bound on L£H that there exists a constant C' such that

%(Pt exp (K, + H)")(x) < C(Py(K, + H)** L exp (K, + H)")(x)

= C(Ptfn(exp a(KH + H)K))(x)
< Cfe((Prexpa(K, + H))(2)) . (6.5)

The result then follows again from a simple differential inequality. O

As a consequence, we have the following result in the case k = 2:

Theorem 6.3 For every ¢ > (, and every xo € R*, there exists a constant C' and a
sequence t,, increasing to infinity such that || j, — ps, || > Ct; .

Proof. Let f € (4, (), and lete > 0, « > ((1 + ¢). It then follows from Theo-
rem 5.8 and Proposition 6.2 that the assumptions of Theorem 3.7 are satisfied with
W(z) = HS(z), h(s) = s~ 17, F(s) = s*/<, and g(z¢,t) = (H(zo) + Ct)*. Apply-
ing Theorem 3.7 yields the lower bound

_ (+s)al

lpts = pe, || = Ot =75

for some C' > 0 and some sequence t,, increasing to infinity. Choosing ¢ sufficiently
small and o sufficiently large, we can ensure that the exponent appearing in this ex-
pression is larger than —(, so that the claim follows. O

Furthermore, we have

Theorem 6.4 Let k € (%, 2) and define k = % — 1. Then, there exists a constant c
such that, for every initial condition o € R* there exists a constant C and a sequence
of times t,, increasing to infinite such that || s — pit, || > C exp(—ctg/(l_ﬁ)).

Proof. We apply Theorem 3.7 in a similar way to above, but it turns out that we don’t
need to make such ‘sharp’ choices for A and F. Take h(s) = s72 F(s) = s3, and
let W = exp(K H") with the constant K large enough so that W is not integrable
with respect to p,. It then follows from Proposition 6.2 that we can choose g(z,t) =
exp(3K H"(x) + C(1 4 t)*/*=) for a suitable constant C. The requested bound
follows at once, noting that h o (F - h) o g = 1/g%. O
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7 The case of a weak pinning potential

In this section, we are going to study the case k£ < 1, that is when we have either V; ~
Vy or Vi < V; at infinity. This case was studied extensively in the previous works
[EHOO0, RT02, EHO3, Car(7], but the results and techniques obtained there do not seem
to cover the situation at hand where one of the heat baths is at ‘infinite temperature’.
Furthermore, these works do not cover the case k& < 1/2 where one does not have a
spectral gap and exponential convergence fails. One further interest of the present work
is that, unlike in the above-mentioned works, we are able to work with the generator
L instead of having to obtain bounds on the semigroup P;. This makes the argument
somewhat cleaner.

We divide this part into two subsections. We first treat the case where one can find
a spectral gap, which is relatively easy in the present setting. In the second part, we
then treat the case where the spectral gap fails to hold, which follows more closely the
heuristics set out in Section 2.2. There, we also show that, rather unsurprisingly, no
invariant measure exists in the case where k£ < 0.

7.1 Thecasek > 1/2

Our aim is to find a modified version H of the energy function H such that, for a
sufficiently small constant 5y, one has exp(— ﬁOH )L exp(ﬁoH ) < 0 at infinity. This is
achieved by the following result:

Theorem 7.1 Let k € (%, 1) andlet § € [% — 1, 1]. Then, there exist constants ¢, C >
0, Bo > 0 and a function H: R* = R such that
e The bounds cH < H < C'H hold outside of some compact set.

e Foranyt > 0, the operator P; admits a spectral gap in the space of measurable
functions weighted by exp(3oH?).

Remark 7.2 Combining this result with Proposition 5.1 shows the existence of con-
stants ¢, C' > 0 such that [ exp(cH) dp, < oo, but [ exp(CH)dpu, = oo

Remark 7.3 The technique used in the proof of Theorem 7.1 is more robust than that
used in the previous sections. In particular, it applies to chains of arbitrary length. It
would also not be too difficult to modify it to suit the more general class of potentials
considered in [RT02, Car07].

Proof. Define the variable y = (¢, po, p1) with ¢ = (go — ¢1)/2 and let A and B be the
matrices defined by

1 1
0 ! ) 0 0

A= =20 —y 0], BEV29(VvT 0o |. (7.1)
2a 0 0 0 VI

With this notation, we can write the equations of motion for ¢ following from (1.2) as
dy = Ay dt + F(y, Q) dt + B dw(t) , (7.2)

where we defined the centre of mass @ = (go + ¢1)/2 and F': R* — R3 is a vector-
valued function whose components are all bounded by C'+ |V{ (go)| + | V7 (go)| for some
constant C'.
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Since det A = —vya < 0 and we know from a simple contradiction argument
[RT02, Car07] that the energy of the system converges to zero under the deterministic
equation y = Ay, we conclude that all eigenvalues of A have strictly negative real part.
As a consequence, there exists 7 > 0 such that the strictly positive definite symmetric
quadratic form

{y, Sy) & / Aty | dt 1.3)
0

is well-defined. A simple change of variable shows that one then has the bound
(e, Setty) < ey, Sy) . (7.4)

For any given (small) value ¢ > 0, let now G.: R — R be a smooth function such
that:

e There exists a constant C.. such that the bounds G.(q)V{(¢q) < C. — |V{(q)|?
and |G.(q)|? < C. + |V/(¢)|? hold for every ¢ € R.

e One has |GL(g)| < e forevery ¢ € R.

Since we assumed that £ < 1, it is possible to construct a function G. satisfying these
conditions by choosing R. sufficiently large, setting G.(q) = —V/(q) for |¢| > 2R.,
G.(q) = q|R.|**2 for |q| < R., and interpolating smoothly in between. For large
values of R., one can then guarantee that |G"(q)| < CR?*~2, which does indeed go to
0 for large values of R..

We now define, for a (large) constant £ to be determined,

H = H + (y,Sy) — &po + p1)(G=(q0) + Ge(q1)) -
Before we bound £H , we note that we have the bound

(G=(q0) + Ge(q)(V{(q0) + V{(q1)) = 2(G=(q0)V{(q0) + G=(q)V{(q1))
q1
+ (| Glada) (Vi) - Vi)

q0

< 2C. —2(|V{(q)]* + |V{(qV)|?) + Celqo — q1)*

for some constant C' independent of .
It therefore follows from (7.4), (7.2), (1.2) and the properties of G, that there exist
constants C; independent of £ and ¢ such that we have the bound

LH < Cy —yp3 — 3y, Sy) + 2(y, SF(y, Q)
+ &(Ge(qo) + G=(g1))(V{(g0) + V{(q1))
+ 7€po(Ge(q0) + G=(q1)) — &(po + p1)(GL(qo)po + GL(q1)p1)
< Co(C: + V] (@) + |V (a)]?)

- C ! 1
I Gy, sy) 26V + Vi@l

It follows that, by first making & sufficiently large and then making ¢ sufficiently small,
it is possible to obtain the bound

LH < C = 21+ (y,8y) + Vi) + V(@) (7.5)
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for some constant C. (The constant C' depends of course on the choice of £ and of €,
but assume those to be fixed from now on.) Furthermore, it follows immediately from
the definition of H that

T(H, H) < C(1+ (y,Sy) + [V{(@)* + Vi (@)*) <CH>* %, (1.6)

where we used the scaling behaviour of V; in order to obtain the second bound. Set
now W = exp(ﬁofl %) for a constant 3y to be determined. It follows from (5.16) that
the bound

LW < BodWHO ™Y (LH + 2600 HOT'T(H, H))

holds outside of some sufficiently large compact set. Combining this with (7.6) and
(7.5), we see that if § € [% — 1, 1] and fy is sufficiently small, then the bound

LW < —CW(H =% < —CW,

holds outside of some compact set. The claim then follows immediately from Theo-
rem 3.4. O

The case K = 1 can be shown similarly, but the result that we obtain is slightly
stronger in the sense that one has a spectral gap in spaces weighted by H?° for any
0> 0:

Theorem 7.4 Let k = 1 and let § > 0. Then, for any t > 0, the operator P; admits a
spectral gap in the space of measurable functions weighted by H°.

Proof. The proof is similar to the above, but this time by setting ¥ = (qo, 91, Po, P1),

0 0 1 0 0 0

~ar | O 0 0 1 def 0 0

4= -a a -y 0] B=v2y VT 0 ’
a —a 0 0 0 VI

and noting that R R
dy = Agdt + F(y)dt + Bdw(t) ,

for some bounded function F'. It then suffices to construct S similarly to above and to
set H = (g, Sy), without requiring any correction term. This yields the existence of
constants C'; and C5 such that one has the bounds

LH<-CiH, T(H H) <CH,

outside of some compact set. The existence of a spectral gap in spaces weighted by H®
follows at once. The claim then follows from the fact that H is bounded from above
and from below by multiples of H. O

7.2 Thecasek <1/2

This case is slightly more subtle since the function V’(g) is either bounded or even
converges to zero at infinity, so that bounds of the type (7.5) are not very useful. We
nevertheless have the following result:

Theorem 7.5 Let k € (0, %]. Then, (1.2) admits a unique invariant probability mea-

sure (i, and there exist constants ¢,C > 0, 5y > 0, and a function H:R* — R such
that
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o The bounds cH < H < CH hold outside of some compact set.

o Ifk = % then P admits a spectral gap in the space of measurable functions
weighted by exp(ﬁolfl ).
o Ifk < % then there exist positive constants C' and 7 such that the bound
_agk/(—k)
[Pe(,-) — piellrv < Cexp(BoH(x))e™ , (1.7)

holds uniformly over all initial conditions x and all times t > 0.

Proof. Define again y, A and B as in (7.1) but let us be slightly more careful about
the remainder term. We define as before the center of mass @@ = (go + ¢1)/2 and the
displacement ¢ = (go — ¢1)/2 and write

Vi(q0) = VI(Q) + Ro(q, @), V{(q1) = V{(@Q) + Ri(q, Q) .

With this notation, defining furthermore the vector 1 = (0, 1, 1), the equation of motion
for y = (¢, po, p1) is given by

This suggests the introduction, for fixed @ € R, of the reduced generator L acting on
functions from R® to R by

/ 1 * *
Lo = (Ay,0,) = Vi(Q)1,0,) + 5 (B0, B*9,) .

Following the usual procedure in the theory of homogenisation, we wish to correct
the ‘slow variable’ () in order to obtain an effective equation that takes into account
the behaviour of the ‘fast variable’ y. Since the equation of motion for () is given by
Q = (po + p1)/2 = (1,y)/2, this can be achieved by finding a function (Q) such
that (1,y)/2 — 1¥(Q) is centred with respect to the invariant measure for £¢ and then
solving the Poisson equation Lopg = (1,y)/2 — ¥(Q).

Since all the coefficients of Lq are linear (remember that @) is a constant there),
this can be solved explicitly, yielding

2
Q) = —;V{(Q) . ey =—(a,y), a=1,1/v,1/7).

We now introduce the corrected variable Q=0Q+ (a,y), so that the equations of
motion for () are given by

4Q = 2 Vi@t + (0. RQu) di + | = duntt) + [ dun(t)

Defining § = %, the ‘mean temperature’ T =(T+Ts) /2, and

R=(a,RQ,y) +(V{(@Q - V@), (7.8)

we thus see that there exists a Wiener process W such that Q satisfies the equation

dQ = =3V (Q)dt + Rdt + /25T dW (t) .
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Setting again S as in (7.3), this suggests that in order to extract the tail behaviour of
the invariant measure for (1.2), a good test function would be Vl(Q) + {(y, Sy). This
function however turns out not to be suitable in the regime where Qis large and y is
small, because of the constant appearing when applying £ to (y, Sy). In order to avoid
this, let us introduce a smooth increasing function x: Ry — [0, 1] such that x(¢) = 1

for t > 2 and x(t) = 0 for y < 1. We also define the function (Q) = /1 4 Q?2, so
that |V/(Q)| < C(Q)**~! and similarly for V/"(Q).

Note that, since we are considering the regime where V7 is a bounded function,
there exists a constant Cg such that

—Cs —2%(y, Sy) < L{y,Sy) < Cs — = (y,5Y) .

[\CR 3}

where 7 is as jn (7.4). lfurthermore, we note that since all terms contained in R are of
the form V{(Q) — V/(Q + (b,y)) for some vector b € R?, there exists a constant C
such that the bound

¢ QI < Clyl,

7 A A .
| 'S{ CQ)* 10> Cly @.9)

holds for every pair (Q, y). (In particular Ris bounded.) We now set

W = exp(Bo(y, Sy)) + exp(BoAVi(Q) »

for some positive constants 3y and A to be determined.

Since we are only interested in bounds that hold outside of a compact set, we use
in the remainder of this proof the notation f < g to signify that there exists a constant
¢ > 0 such that the bound f < cg holds outside of a sufficiently large compact set.
With this notation, one can check in a straightforward way that there exist constants [3;
depending on 3y and A such that the two-sided bound

exp(B1H) S W S exp(BH) ,

holds.
It follows then from the chain rule that there exist constants C; > 0 such that one
has the upper bound

LW < Bo(Cs = (G = C1B0)(y. Sy) ) exp(Go(y. Sv)) (7.10)
+ BoA(—(1 = C2Bo NIV Q) + C5|VI(Q)||R] + C4V{"(@)) exp(BoAV(Q)) -

Choosing (y sufficiently small, we obtain the existence of a constant C' such that the
bound

LW <(C — (y, Sy)) exp(Boly, Sy)) + (@) H(CIR| — (Q)** 1) exp(BoAV1(Q))

holds.
We now consider three separate cases. In the regime )\Vl(Q) > (y,Syy > C, it
follows from (7.9) and our definition of A that we have the bound

LW S (Q*HCIR] = (@™ exp(BoAVI(@Q) S — (@)W .
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In the regime where AV;(Q) > (y, Sy) but (y, Sy) < C, we similarly have
LW < Cexp(BoC) — (@) exp(BoAV1(Q) £ —(Q)*" *W .
Finally, in the regime where AV;(Q) < (y, Sy), we have the bound

LW < —(y, Sy) exp(Boly, Sy)) < —|yl*W .

Combining all of these bounds, we have
LW < —(logW)2 * W,

so that the upper bounds on the transition probabilities follow just as in the proof of
Theorem 6.1 with x replaced by k. O

Before we obtain lower bounds on the convergence speed, we show the following
non-integrability result:

Lemma 7.6 In the case k < % there exists 3 > 0 such that f exp(6V1 (Q)) dpiy = oo.

Proof. We are going to construct functions Wy and W5 satisfying Wonham’s criterion.
Let ), S and y be as in the proof of the previous result and set

Wa = exp(26Vi(Q)) + exp(e(y, Sy)) ,

for constants 3 > 0 and ¢ > 0 to be determined. It follows from the boundedness of
Vi, V{" and R that, whatever the choice of 3, one has

LW> < exp(BVi(Q))

provided that we choose ¢ sufficiently small. Setting

W1 = exp(BV1(Q)) — exp(e(y, Sy)) ,
we have similarly to (7.10) the bound
LW = B((Caf = DIVI@QF = C5|V{@Q)[|R] + C1V{' (@) exp(BV1(Q))
+e((5/2 = Cre){y, Sy) — Cs) exp(e(y, Sy))

so that an analysis similar to before shows that L7 > 0 outside of some compact set,
provided that e < 4/(2C1) and 8 > 1/C5, thus concluding the proof. 0

Remark 7.7 The proof of Lemma 7.6 does not require k£ > 0. It therefore shows that
there exists no invariant probability measure for (1.2) if £ < 0.

We now use this result in order to obtain the following lower bound on the conver-
gence of the transition probabilities towards the invariant measure:

Theorem 7.8 Let k € (0, %). Then, there exists a constant c such that, for every initial
condition zy € R? there exists a constant C' and a sequence of times t,, increasing to
> Cexp(—ctﬁ/(kk)).

infinite such that || p. — fit,,
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Proof. We use the same notations as above. Let § be sufficiently large so that the
function exp(6V1(Q)) is not integrable with respect to the invariant measure. We also
fix some small € > 0 and we set

W = exp(BV1(Q)) + exp(e(y, Sy)) -

We then obtain in a very similar way to before the upper bound

LW < B((C28 — 1)|VI(Q) + C5|VI(@Q)||R] + C4V{"(Q)) exp(BV1(Q))
+¢e(Cs — (/2 — Cre)(y, Sy)) exp(e(y, Sy)) .

It follows again from a similar analysis that there exists a constant C' > 0 such that the
bound X
LW < ClogW)* " * W,

holds outside of some compact set. As in the proof of Proposition 6.2, this implies the
existence of a constant C' > 0 such that one has the pointwise bound

P,W < Wexp(C(1 + t)*/1=R)y

Combining this with Lemma 7.6, the rest of the proof is identical to that of Theo-
rem 6.4. O
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