Sampling Conditioned Hypoelliptic Diffusions

Martin Hairer * Andrew M. Stuart Jochen Voss ¥

2nd August 2009

Abstract

A series of recent articles introduced a method to construct stochastic partial differential
equations (SPDEs) which are invariant with respect to the distribution of a given condi-
tioned diffusion. These works are restricted to the case of elliptic diffusions where the drift
has a gradient structure, and the resulting SPDE is of second order parabolic type.

The present article extends this methodology to allow the construction of SPDEs which
are invariant with respect to the distribution of a class of hypoelliptic diffusion processes,
subject to a bridge conditioning. This allows the treatment of more realistic physical models,
for example one can use the resulting SPDE to study transitions between meta-stable states
in mechanical systems with friction and noise. In this situation the restriction of the drift
being a gradient can also be lifted.

1 Introduction

In previous works, see e.g. [SVW04, [HSVWO05, [HSVOT7] or [HSV09] for a review, we described
an SPDE-based method to sample paths from SDEs of the form

i(t) = f(z(t)) +w(t)  Vte[0,T] (1)

where w is white noise, conditioned on several different types of events. The method works by
introducing an ‘algorithmic time’ 7 and constructing a second order SPDE of the form

Orx(r,t) = 0fa(r,t) + N (z(r,t)) + V20, w(T,t) V(r,t) € Ry x 0,7 (2)

which has ¢ as its space variable. Here 0,w(7,t) is space-time white noise. The nonlinearity
N and the boundary conditions of the differential operator 97 are constructed such that, in
stationarity, the distribution of the random function ¢ +— z(7,t) coincides with the required
conditioned distribution. (See also [RVEOQ5].) It transpires that the distribution of under the
bridge conditions 2(0) = (T) = 0 corresponds the choice

Nj(@) = (@) ulw) — S35, (@)

(written using Einstein’s summation convention) and use of Dirichlet boundary conditions for 2.
Assuming ergodicity of the sampling SPDE, one can now solve the sampling problem by
simulating a solution to ([2)) up to a large time 7 and then taking ¢ — x(7,¢) as an approximation
to a path from the conditioned SDE. The resulting sampling method has many applications,
some of which are described in [AHSV07]. The biggest restrictions of this method are that the
derivation requires the drift f to have some gradient structure and the diffusion matrix (chosen
to be the identity matrix in above) to be invertible.
In this article we consider the different problem of sampling conditioned paths of the second
order SDE
mi(t) = f(a() — &(t) +i(t)  Vee[0,T), (3)
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conditioned on z(0) = z_ and x(T) = x4. Equation could, for example, describe the time
evolution of a noisy mechanical system with inertia and friction. Rewriting this second order
SDE as a system of first order SDEs for x and @ leads to a drift which is in general not a gradient
(even in the case when f itself is one) and, since the noise only acts on &, one obtains a singular
diffusion matrix. Thus, this problem is outside the scope of the previous results. However, it has
enough structure so that it still can be treated within a similar framework. Indeed, we derive in
this article a fourth order SPDE of the form

Ora(r,t) = (02 — m201) (7, t) + N(2)(r, 1) + V20rw(r,t)  Y(rt) €Ry x [0,T]  (4)

where, again, the boundary conditions and the drift term A are chosen in such a way that the
conditioned distribution of is stationary for .

One surprising fact about this result is that it does not require f to be a gradient. In our
earlier works, even the appropriate definition of solutions for the (formal) second order SPDE
derived to sample conditioned paths of in the non-gradient case is not clear (see [HSV07,
section 9] or [AHSVO7, section 9.2]); the analysis for elliptic equations is thus restricted to
the gradient case. In contrast, the greater regularity of solutions to SPDE here, sampling
conditioned paths of , allows us to obtain existence results for the fourth order SPDEs arising,
without any gradient requirements on f.

In the special case where f is a gradient and f(z_) = f(xz4) = 0, the components of the
nonlinearity N can be written as

Nj(x) = = fi(x)0; fi(x) — m Oyx; Opy ajzkfz‘(ff) +mdy (3#% (0if;(x) + 8jfz‘(ff))>

(using Einstein’s summation convention again). It is tempting to try to derive by taking the
limit m | 0 in , in particular since the first terms of the corresponding nonlinearities coincide.
It transpires that taking this limit is not entirely trivial: one needs to argue that on one hand,
mOyx; Oxy — %511@ as m | 0, but that the term mod; (ﬁtzi(aifj + 8jfi)) becomes negligible in
the limit.

One novelty of this article compared to earlier work like [Zab88 [HSV07] is that there is no
natural Banach space (like the space of continuous functions) on which the nonlinearity is well-
defined and on which the linearised equation generates a contraction semigroup. The reason for
this is that the linear operator of the equations studied in this article is a fourth-order differential
operator. Another technical difficulty stems from the fact that the nonlinearity A" has very weak
dissipativity and regularity properties.

While writing this article, we did some numerical simulations on the fourth order SPDE
presented here to study whether the SPDE could be used as the basis of an infinite dimensional
MCMC method. Differently from the situation in earlier articles, these simulations proved
prohibitively slow and the resulting method does not seem like a useful approach to sampling.
This is mainly due to the fact the convergence time to equilibrium seems to grow like 7% and
thus can get very big for non-trivial problems. Consequently, we do not include these simulation
results in the article.

For a number of articles considering fourth-order (S)PDEs, see for example [BMPWOI],
[IDPD96] and [LCMO96]. Alternative methods to construct solutions of SPDEs and to identify
their stationary distributions are based on the theory of Dirichlet forms, see e.g. [RM92].

The text is structured as follows: in section [2| we give a detailed description of the sampling
problem under consideration and formulate the main result in theorem @] The proof of this
result is given in sections [3] ] and

Notation

Throughout the article, we will use the notation as introduced above: by s,t € [0, 7] we denote
‘physical time’; i.e. the time variable in equations like and which define the target
distributions. By 0,7 > 0 we denote ‘algorithmic time’, ¢.e. the time variable in sampling
equations like and . Thus, in the sampling SPDEs, 7 takes the role of time and ¢ takes
the role of space.
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2 The Sampling Problem

In this section we give the full statement of the sampling problem we want to solve; the main
result is contained in theorem @
First consider the following unconditioned second order SDE:

mi(t) = f(z(t)) —&(t) +w(t)  Vte[0,T],

2(0) = 20, #(0) = v )

where the solution z takes values in R, m > 0 is a constant, f: R¢ — R?is a given function, and
w is a standard Brownian motion on R?. The initial conditions zy and vy are either deterministic,
or random variables independent of w. The solution to this SDE can be interpreted as the time
evolution of the state of a mechanical system with friction under the influence of noise. In
this case m would be the mass and f would be an external force field. Models like this are,
for example, widely used in molecular dynamics since for conservative forces f they describe
Hamiltonian systems in contact with a heat bath. In this context, equation is called the
Langevin equation. The limiting case m = 0 corresponds to the Brownian dynamics (|1)).

Remark 1. Arbitrary Constants in front of the & and w terms can be introduced using a scaling
argument: Let 3,7 > 0 and define the process y by y(t) = x(¢/v)/+//2. Then y solves the
SDE

T = . 2y . ~

i) = F(y(0) = 7(0) +4/ ) e (0.T]
where m = v?m, f(x) = f(\/ﬂ/Zx)/«/ﬂ/Q and T = ~T. Thus, by rescaling T, m and F we can
assume [ = 2 and 7 = 1 without loss of generality.

For our analysis we rewrite the second order SDE as a system of first-order SDEs in the
variables x and . We get

dz(t) = ©(t) dt, z(0) = xo,
mdi(t) = f(z(t)) dt — @(t) dt + dw(t) z(0) = vy.

(6)

In the Hamiltonian case f(z) = —VV(x), and provided that the potential V is sufficiently
regular, it can be checked that the Boltzmann-Gibbs distribution

exp(—Q(V(x) + %mdeQ)) dz dx

is invariant for @ If V is sufficiently coercive, this distribution can be normalised to a probab-
ility distribution. Note that in equilibrium, the position x and the velocity & are independent.
Thus, in stationarity, the velocity satisfies &(t) ~ N(0,1/2m) for all t € [0,T]. We will, even for
the non-gradient case, use this distribution for the initial condition for z.

Definition 2. For T > 0, z_,z, € R and f: RY — R?, define Q?{I‘ to be the distribution of

the process = given by @ where xog = z_ and vy ~ /\/’(07 1/2m), independent of w. Define the

target distribution Qg’z‘;T’u to be the distribution of x under Q?c’x‘, conditioned on z(T') = x ..

The sampling problem considered in the rest of this article is to find a stochastic process with
0,z _;T, x4

values in L? ([O, 7], Rd) which has the target distribution @ ¢
Note that Q(J)c’w’ T i just the distribution of 2 and not of the pair (z, &) and thus is a probability
measure on L?([0,7],R?). Considering this distribution is sufficient since for solutions of (6]
the initial condition x(0) = z_ allows to find a bijection between the paths z and &. If f is a

gradient, the distribution Q%= "7""* coincides with the distribution of the process in stationarity,
conditioned on z(0) = z_ and z(T) = z4.

as its stationary distribution.



Definition 3. Let L denote the formal differential operator
L= -m?0} + 3

and define £ to be this differential operator on the space L?([0,7],R?), equipped with the
domain

D(L) = {x e H* ’ 2(0) = z(T) = 0, m2z(0) = 9;2(0), m?x(T) = —atac(T)} (7)

where H* = H4([O,T ],Rd) is the Sobolev space of functions with square integrable generalised
derivatives up to the fourth order. Furthermore, let Z: [0,7] — R? be the solution of the
boundary value problem Lz = 0 with boundary conditions

z(0)=2_, #T)=2z,, mdz(0)=0x(0), mdz(T)=—0:z(T). (8)

We will see in lemma that the operator £ given by this definition is self-adjoint and
negative definite.

Theorem 4. Consider the L*([0,T], R?)-valued equation
dz(1) = L(x(1) — &) dT + N (2(7)) dT + V2 dw(T), x(0) = xo. (9)

Here L and T are given in deﬁnition@ w is a cylindrical Wiener process, xo € L2([0,T],Rd)
and

Ni(x) = = fi(@) O fi(x) + mdyzx; Dy O fr(x)

— Oyi (9 fr(x) = Op filx)) + mOFw; (9, fi(x) + Oy filx)) (10)
+m(fe(z=)000 — fr(w4)0r)
for k =1,...,d where we used Einstein’s summation convention over repeated indices, g and

o1 are the Dirac distributions at 0 and T respectively, and all derivatives are taken in the
distributional sense. Assume that f € C?(R? R?), that the partial derivatives 0;f and 0i; f are
bounded and globally Lipschitz continuous for all i,7 = 1,...,d and that there are constants
B < 1 and ¢ > 0 such that |f(x)| < |z|® + ¢ for all z € R Furthermore assume that the
SDE @ a.s. has a solution up to time T. Then the following statements hold:

a) For every xy € Lz([O,T],Rd), equation @ has a unique, global, continuous mild solution

with E(||lz(7)||?.) < oo for all 7> 0.
b) For >0, the solution z(7) a.s. takes values in the Sobolev space H' ([0, T],R?).

¢) The distribution Q(}’x’;T’x* given by deﬁm'tion is invariant for (9).

Remark 5. The sub-linear growth-condition |f(x)| < |2|” +c on the drift seems quite technical.
The condition is only required for the bounds in lemma[22] We believe that an additional, linear
drift term can be added by incorporating it into the linear operator L, following a similar
procedure as in [HSVWO05].

Remark 6. As in [HSV0T7, remark 5.5], we see that the terms involving derivatives of Dirac
distributions can be interpreted as modifications to the boundary conditions. Proceeding this
way, we see that @ is formally equivalent to the SPDE

Ory(7,t) = Lag(1,t) — fi(2)0k fi(x) + m Oyx; Opxj ijfk(ac)
— 0xi (0 fr(2) — O fi(2)) + mOFa; (8 fr(x) + O fi(x)) + V20w (T, 1),
where 0,w is space-time white noise, endowed with the boundary conditions

z(0) = a— x(T) = x4
m02x(0) = 9;2(0) + f(z_), m2x(T) = —0x(T) + f(xy).

In the one-dimensional case f: R — R this SPDE simplifies further to

d-a(1,t) = La(r,t) — f(x)f (z) + m (0px)? f"(x) + 2m 02z f'(z) + V2 drw(T, t).



Remark 7. Using a standard bootstrapping argument like the one in the proof of [Hai09l
Theorem 6.5] one can show that, in fact, the solution z of @ takes values in the Sobolev space
H"([0,T],R?) for every r < 3/2.

The remainder of the article gives a proof of theorem [ We start the argument, in section [3]
by collecting some results about the differential operator £. Section [4 shows that the theorem
holds for the linear case f = 0, in which case N' = 0. Finally, Section [5] then completes the
proof by showing that introduction of the drift A/ changes the stationary distribution of @D in
the correct way to account for a non-vanishing f.

3 Analysis of the Linear Operator

This section collects some results about the operator £ from definition [3] Since we are only
interested in the operator itself and not in the full SPDE, in addition to the scaling-argument
from remark [I] we can rescale t. Thus, throughout section [3| we will consider the operator £
defined as

L=-0/+3;,

where v = %, on the domain

D(L) = {z € H* | 2(0) = z(7) =0, % 02x(0) = 9,x(0), 7% Otz () = —opx(m)}.

Then, after rescaling ¢, £ differs from the operator £ from definition [3[ only by multiplication of
a positive constant.

Throughout the rest of the paper we will use the following notation: We denote by (S(7))r>0
the semigroup associated to £ on H = L?([0,7],R?) and by H, = D((—L)™) the associated
interpolation spaces.

3.1 Approximation to the Spectral Decomposition
Lemma 8. L is a self-adjoint, negative definite operator on Lz([O,w],Rd),

Proof. Using partial integration it is easy to see that

T T
(z, Ly) = —mz/ foafydt—/ Oy Opy dt
0 0
— m(0(0)y(0) + Dyx(T)Ory(T))

for all x,y € D(L), i.e. the operator £ is symmetric and negative. Its self-adjointness can be
checked just as in [RST2] section VIII]. |

Lemma 9. Let A\, k € N be the eigenvalues of —L and ey, be the corresponding eigenfunctions.
Define furthermore

@ = 1,2,3,4) = (sinkt, coskt, e *t, e~ k(1)
(fx

Then the following statements hold:
a) The eigenvalues of L satisfy A\, = k* + O(k?).
b) There exist functions g,(C) such that eg(t) = sin(kt) + + Z] 1 gk ( )sz (t) for allt € [0, 7]

and such that sup;*:1 SUPLeN ||g,gj)||cj < oo for every j > 0.

Proof. Since L acts independently on each coordinate, we can assume d = 1 without loss of
generality. The eigenfunctions of £ can be written in the form

.'lf(t) — §1el€+(t—7r) + é—ze—ﬁth 4 fgeiﬁ,t +€4e—i#€,t)

where

4

72 7
Kt = M4+Zi?—ﬂi@+0(1/ﬂg)7



with A = p* the corresponding eigenvalue. The coeflicient vector £ € C* is determined by the
boundary conditions: for x to be an eigenfunction of £, £ must satisfy A, = 0 where

e i+ 1 1 1
A 1 e R+ eiﬁ,Tr e—in,ﬂ'
P (kg — D)er+m arks +1 —ak_ —1i —ak_ +1i
aky +1 (aky —De ™™™  (—ak_ +1i)e"™ ™ (—ar_ —i)e "7

and o = T/my. Setting k = (k4 + k_)/2 = p+ O(1/u?) for ease of notation, we note that this
equation has non-zero solutions if and only if

0 =det A, = 8i((a’s® + ar) sin(k_m) — (& + ar) cos(k_m)) + O(1/p)
= 8ia®p? sin um + O(p).

It follows immediately that, at least for large values of p, one has p =k + O(1/k) with k € N,
so that A\, = k* + O(k?) as requested. In particular, one has

Ky =k+ % + O(1/k%),

for some constants 0+ € R. It remains to check the statement about the eigenfunctions.

Given that we already have good control on the eigenvalues, our claim will follow if we are
able to show that one can choose & = (0,0, %, —%) + O(1/k). Expanding A, in powers of k, we
obtain

00 0 0 01 1 1
oo 0o o 10 (-DF  (-1)F — A 4 A
A=kl g 0 e ol o 1 ; +O(1/k) = kAQ + AD + O(1/k),
a 0 —a —a 1 0 dc(—=1)F —ic(—1)*

for c =1—af_n. It now follows from standard perturbation theory that the eigenvector £ with
eigenvalue 0 can be written as & = £(9) + O(1/k), where £(©) satisfies ALO)S(O) = 0. Since A&O) is
degenerate, this is however not sufficient to determine £(©) uniquely, but only tells us that £ is
of the form (a+b,a+b,a,b) for a,b € R. In order to determine a and b, we have to consider the
next order, which yields the compatibility condition Aﬁl)g 0) ¢ Range Afto). This compatibility
condition can be rewritten as a + b = 0, so that we can indeed choose £(©) = (0,0, %, f%), as
requested. |

3.2 The Relation Between Interpolation and Sobolev Spaces

In this section, we show how the interpolation spaces H, associated to the operator £ relate to
the usual fractional Sobolev spaces. These results are “well-known” in the folklore of the subject.
However, in our specific context (especially since we need to consider fractional exponents), we
were not able to derive them as straightforward corollaries from results in standard textbooks
on function spaces, like [Tri83] [Tri92] [Tri06]. Because of this, and since one can find rather short
and self-contained proofs, we prefer to include them here.

Before we turn to this however, we start with a comparison between the interpolation spaces
of the Dirichlet Laplacian and the periodic Laplacian. These are going to be useful in the sequel.

Let Ag denote the Laplacian on [0, 7] with Dirichlet boundary conditions and let A denote
the Laplacian on [0, 27] with periodic boundary conditions. These operators are self-adjoint in
Hy = L%([0,7]) and H = L?([0, 27]) respectively. We denote by H§ the domain of Ag/z and by
H* the domain of A%/2 (defined in the usual way through spectral decomposition). The aim
of this section is to study the correspondence between these two different types of fractional
Sobolev spaces. Denote by ¢: Hj — H?® the map

[rw for ¢t € [0, 7],
Lf(t){_f(gﬂ_t) fort€(7T727T]-



Note that ¢/2 is an isometry since it maps the eigenfunctions of Ag into eigenfunctions of A. This
therefore defines an inclusion H§ C H?®. A natural left inverse for ¢ is given by the restriction
map

rf:f|[0m] for all f € H®.

However, r is not an isometry and, for s > 1/2, it certainly doesn’t map H?® into H§ in general
(since the constant function 1 belongs to every H® but only belongs to H{ for s < 1/2). We do
however have the following:

Lemma 10. The restriction operator r is bounded from H?® into H{ for any s < 1/2.

Proof. Note first that H*® is isomorphic to H via the isomorphism z — A®/2z and similarly

for Hg, so that the study of r as an operator from H*® to H{ is equivalent to the study of the
operator AS/ZrA_s/Q from H to Hy. Furthermore, we know that r is bounded from H to Hy,
so that it suffices to show that the operator A = (AS/QTA*S/Q — ) is bounded from H to Hy.

Since A maps sin(n-) to 0 for every n, it suffices to consider A on the subspace of H given
by even functions, and generated by the basis of eigenfunctions of A given by ¢, (t) = %cos nt.
Define furthermore the basis of eigenfunctions of Ay given by v, = %sin mt. This yields for A
the matrix elements

A = (U, Apy) = %(msnfs - 1)/ sin(mt) cos(nt) dt
™ 0

_ ] el ifmton s odd,
if m + n is even.

It follows that there exists a constant C' > 0 such that ||A|| < C||A|, where the operator A is

defined via its matrix elements by

A mn 2 if n > m,
mnT A s InTs ifm > n.

Now it is a straightforward exercise in linear algebra to show that, given an orthonormal basis
{¢n}n>0, an operator A is bounded if there exist positive numbers f,, , such that the inequalities

sup

A naA m A A
" [Aen Apmil _ > Apn, Apun)| frim < 00, (11)

m>0 fn,m m>0 n>0

both hold. (Just expand ||Az|? for z = > n>0 Tnn and make use of the inequality |2,2,,| <
2;% + %) We will show that does indeed hold for A as above. Assuming without
loss of generality that m > n, we have the bound

‘<A@H7A(Pm>‘ < Z ka_Qn_Q + Z ksm_zn_s + Z kQS—Qm—Sn—s
k=1 k=n k=m
< C'(nnf2 + msflnfs) <Cm* Ins,

and similarly for n > m. Here, we have made use of the fact that s < % to ensure that the last
sum converges. It remains to check that the bounds are satisfied for some choice of fy, ».

With the choice fn, n, = v/m/n, we obtain

|(Apn, Apm)| - -
Z Lo rm §C’Zm_s_%ns_%+02ms_gn%_s <C,
m>0 fn,m m=1 m=n
where we made again use of the fact that s < % The second bound in is obtained in an
identical way with the roles of m and n reversed. |

For s > 1/2, the problem is that elements of H{ are forced to be equal to 0 at the boundary,
which is not the case for elements of H®. One has however:



Lemma 11. For any s € (1/2,2], the map r is bounded from the subspace of H® consisting of
functions that vanish at 0 and 7 into H{.

Proof. Instead of considering the restriction operator r as before, we are going to consider the
operator 7 defined on continuous functions as

(Ff) (@) = f(t) - %(f(O)(W — )+ f(1)1).

Note that 7f = rf if f(0) = f(w) = 0, so that the statement will be implied by the fact that 7 is
shown to be a bounded operator from H*® to H§. Therefore, instead of considering A as before,

we consider the operator A = (Ag/ 2EA=S/2 r), which has matrix elements

™

A Amn - %ms—ln—s m-+n Odd7
0 m + n even.

4 _m (mS*QnQ*S — 1) m + n odd,
0 m + n even.

Note that s = 2 is a special case since one then has A=0asa consequence of the relation
A()?: =rA.

In this regime, we have as before ||A|| < C||A|, but this time A is defined via its matrix
elements by

Apn = .
mn m~! if m > n.

A { m*~In=% ifn>m,
Computing (Agowu flcpn> for m > n as before, we note that there is a difference between the case
s <1 and the case s > 1. We obtain:

m~1 s>1,

|{Apm, Apn)| < { n " Im™s s< 1.

For s < 1, we now make the choice fp,,, = m* " *n®"% where € > 0 is chosen sufficiently small
so that 2s — e > 1 (this is always possible since s > %) With this choice, we obtain

Z |<A90naAS0m>| <C i mE—1n—¢ +C i mE—25y2s—1—¢ <C,

m>0 fn,m m=1 m=n

and similarly for the other term. This calculation also works for the case s = 1, so that the case

5 > 1 can be obtained in an identical manner (set for example ¢ = 1). |

Consider now the operator £, given by (ﬁa f) (t) = 9} f, endowed with the boundary condi-
tions f(0) = f(w) =0 and f”(0) = —af’(0), f"(7) = af’(7). This operator can be viewed as a
perturbation of the square of the Dirichlet Laplacian, since one has £y = A2. This can be made
more precise in the following way:

3
Proposition 12. Fiz a € R and ¢ > 0 be arbitrary and define the linear operator A: H te
3
by

—5—¢&

Hy >
Af = f1(0)dh — f'(m)dz.

Then, the operator L, = AZ+aA is the generator of an analytic semigroup on Ho. Furthermore,
this semigroup coincides with the one generated by L, so that L, = L,. As a consequence, we
obtain the identities H* = H3® for every o € (fg, %)

Proof. Note first that A is well-defined since it follows from standard Sobolev embedding the-

3
orems that f’ is continuous for every f € H 3+¢ and therefore for every f € Hy *¢. Since JAY;
generates an analytic semigroup on H§ for any o € R, it follows from applying [Hai09, Proposi-

_3 _s -
tion 4.42] once with B = H, ? and once with B = H,, >t that L, is the generator of an analytic
semigroup on H§ for every a € (—%, g) and that the corresponding scale of interpolation spaces
satisfies H® = H{* for every o € (-2,9).



It therefore remains to show that the semigroup S, generated by L, coincides with the
semigroup S, generated by L,. Since, for any v € Hy, any 7 > 0 and any ¢ € (0,7), we have
the identities

d-Su(r,t) = =0t Su(r,t), 0rSu(r,t) = =0 Su(r, 1),
it suffices to show that S;u € D(L,) for 7 > 0. Since we already know that Hi = H} for
example, we have (S;u)(0) = (S,u)(7) = 0, so that only the second set of boundary conditions

needs to be checked. For this, writing S? for the semigroup generated by A2, note that we have
the identity

Sru = S% + a/ SO AS.udr+ a/ S A(Sru — Syu) dr. (12)
0 0

Therefore, the first term in this equation belongs to Hgj. Furthermore, it follows from the

definition of A that the H3 norm of the third term is bounded by Cfo T —r) g S —

S 7ul|gz dr. Since we know already that HE = Hz, and since S,u € H® for every a > 0, it

follows from standard analytic semigroup theory that ||S,u — gTuHHg < Clr — 7|. So that the
third term in also belongs to Hi. The second term can be rewritten as

/ S0 AS;udr = —A;?ASu— S° / SOAS wdr.
0 0

Collecting all of this, we conclude that we can write
Sou= —aAEQAS’Tu + R, u,

where R,u € H¢. On the other hand, using an approximation argument, one can check that if
f € Cl, then g = Aj2Af satisfies the boundary conditions g”(0) = f'(0) and ¢"(7) = —f'(n),
from which the claim follows at once. [ |

Corollary 13. For every a € (—%, %), we have the identity Ho = H4a([0 7], RY). For every
o € (%,3], we have the identity Ho = H*([0,7],R?) N Co([0, 7], R?), where Co([0, 7], Rd)
denotes the set of continuous functions vanishing at their endpoints. For every a € [—l, —g),
we have Ho = H**([0,7],R?)/ ~, where the relation ~ identifies distributions that differ only

by a linear combination of 69 and .

3.3 Well-Behaved Projection Operators

We will later identify the stationary distribution of the SPDE @D by using a finite dimensional
approximation argument. When projecting the equation to a finite dimensional subspace, the
most natural choice of a projection would be to use the orthogonal projection II,, onto the space
spanned by the first n eigenfunctions of £, but it transpires that these projections don’t possess
enough regularity. Instead, we will need to use, in some places, the operators 1L, given by

M,z = Z n- k(m, k) els (13)

n

where the e, are the eigenfunctions of L. The purpose of this section is to prove the required
regularity properties for II,,.
We use the Holder norms

. z(t) — x(s .
ol ol + i+ sup =L i 0 € 01 ana
Clta = s#t -

+00 else

where o € [0,1) and write C'T® = {z € C! | ||z||c1+a < 00} and Ci** = {z € C1** | 2(0) =

m) =0}
Lemma 14. Let fi: [0,7] — R be defined by fi(t) = sin(kt). Define 110z = Sohey =E(, ) fr
a) Let F,, be the Fejér kernel given by F,(t) = X (sin(%)/ sin(% )) for allt € [—-m,w]. Then

ﬁ%x = —iFn * T, where T is the antisymmetric continuation of x.
b) |0z || crta < 2| cise for all z € CYH and all o € (0,1).



Proof. a) Since [*_#(t)sin(kt) dt = 2(x, fi) and ["_&(t) cos(kt) dt = 0, it follows from trigono-

metric identities that .

1 -
(@ ) =~ [ at)cos(h(s 1) at.
The result then follows from the fact that F,,(t) = 23 ,_, =% cos kt.

b) This follows directly from part a, using the definition of the C'*®-norm and properties of
the convolution operator. |

Lemma 15. Let a € (0,1) and let z € C** with x(0) = z(m) = 0. Then there exists a constant
¢ > 0 such that the bounds

1) | fullor+e < cki*e,

2) llek — frllcra < ck®,

3) |, fu)l < cllzllereak™7%, and

4) (@ en = fi)l < cllaflcrvak™2
hold for every k € N.

Proof. The first bound is standard. The second bound follows immediately from lemma[9] part b.
For the third bound, we use partial integration to get

T k—1 ~yr/k .
(x, fu) = %/0 z(t) cos(kt) dt = ;;(—1)3 /0 i:(t + %ﬂ') cos(ks) ds.

Writing |#]a = sup,, W

and the claim follows from this.
The bound on (z, e, — fi) follows similarly: if g is any C1T¢ function with g(0) = g(m) = 0,
we can use integration by parts to get

, it is easy to see that each term of the sum is of order O(|i#|q/k' ™)

i i _1 " cos
/0 g(t) sin(kt) dt = k/’/o g(t) cos(kt) dt,

s 1 s
/ g(t)e M dt = T / g(t)e *t dt,
0 0

and similar results for integrals against coskt and e *("=%)_ As above, these expressions are

bounded by O(k~!~%). The claim now follows from lemma @ part b, by absorbing the slowly
varying terms g,(j ) into g. |

The following lemma collects all the properties we will require for the operators II,. These
will be used in the proof of propositions 26 below.

Lemma 16. Let (ep)nen be an orthonormal system of eigenfunctions of L and denote by 11,
the orthogonal projection of H onto E, = span{es,...,e,}. Define I,: H — E, as in .
Then the following statements hold:

a) 11, oI, = I1,,.

b) I,z — x in He as n — oo for all a € R.

¢) |yl <1 foralln eN and o € R.

d) For every 0 < a < 8 < 1 we have ||ﬂn||cé+,@_)cé+a < 00.

e) Let 0 < a < 3<1/2 and z € C5™°. Then |,z — zl|cie — 0 as n — co.

Proof. Statement a is clear from the definition of I0,,. Let z = 2;021 rrer € He. Then

R n k o0
z—1l,x = ; n:ckek + kgﬂxkek
and thus, writing A\ for the eigenvalues of —L,
. 9 R 9 n k2 o]
|z = Moy, = |[(=£)% (= - Muz)[|} = kzl A + kzﬂ A — 0
= =N

10



as n — o0o. This proves statement b. Similarly, we have

n

A 2 (n—k)2 2002 = 20,2 2
2%, = Z Y Aty < Z/\k zj = [|zll3,
k=1 k=1

which is statement c.
d) From lemma [15 we get |lex[ci+a < |[fellci+a + |lex — fillcita < ck*e. Using this and
the other bounds from lemma, we obtain

n

. . —k
Iz — x| crea = Z t - (2, ex — fr)ex + (2, i) (ex — fr)|| orsa
k=1
<> (I ex = flllexlionre + (@, fi|llew = fellorse)

k=1
o0
< OHJL‘”CH-ﬁ Zkili(ﬁia).
k=1

Since we already know that 1:[91 satisfies the requested bound, the claim follows.

e) Let ¢ > 0. We can write z € Cy™° as # = y + 2z with ||yl|ci+e < € and z € H? with

z(0) = z(T) = 0. This gives
[ R

Because 1 + a + 1/2 < 2, we have ||z||ci+a < ¢|z||gz for all z € H2. Corollary gives
H? N Cy = Hy o and thus

||f[nx—x||cl+a Scs—|—||ﬂnz— — ce

ZHH1/2

as n — oo by part b. Since we can choose € > 0 arbitrarily small, this completes the proof. =1

4 The Linear Case

This section gives the proof of theorem [4] for the linear case f = 0.
Lemma 17. Let £ and T be given by definition @ Then Qg’w*‘T’”“r =N(z,-L71).

Proof. Since, for f = 0, the components of the solution of @ are independent, it suffices to
work in dimension d = 1. First consider the unconditioned process, described by @ It is easy

to check that p satisfies
1 t
p(t) _ eft/2mp(0) + \/g/ o (t=r)/2m dw(r)
0

1 t v
— _ A—t/2m - —(v—r)/2m
gty =z_+2(1-e )p(0) + 4/ 503 /0 /0 e dw(r) dv.

The mean of this process is

and thus

{f()(t) = E(q(t)) = X_

and, since p(0) is independent of w, the covariance function can be found as
Co(s,t) = Cov(q(s), a(t))

s t uAv
— 4(1—e7%/2m) (1 —et/2m) % + 2—;2 / / / e~ (WFv=2n/2m iy dy dy,
0o Jo Jo

for all s,t € [0,T]. Evaluating the integrals and combining the resulting terms allows to simplify
this to
Co(s,t) =2(sAt) + 2m(efs/2m +e7t/2m _ olstl/2m _ 1).

11



Denote the mean and covariance function of the process conditioned on ¢(T) = x, by T
and C, respectively. From [HSVWO05, equations (3.15) and (3.16)] we know that

Z(t) = Zo(t) + Co(t, T)Co(T,T) ! (x4 — z_)

and
C(S,t) = C()(S,t) — Co(S,T)Co(T, T)ilc()(T, t)

for all s,t € [0,T]. The covariance operator of Qg’m‘;T’m’ is then given by

T
Cr(s) = / Cls, 1) (1) dt.

To complete the proof we have to verify that £ and C have the required form. The following
facts are easily checked:
(i) the first the derivatives Co(s,t), 9,Co(s,t) and 92Cy(s,t) are continuous at ¢ = s and the
third derivative at t = s jumps according to

1
8?00(3,34—) - 3;9’00(3,5—) = ﬁ;

(ii) the derivative boundary conditions
2m 87Co(s,0) = 8;Co(s,0), 2md}Co(s,T) = —0,Co(s,T)

are satisfied;
(iii) the left boundary condition
C()(S, 0) =0

holds; and
(iv) LCo(T,t) = 0.
Clearly, by (ii) and (iii), the mean Z satisfies the required boundary conditions () and by (iv)
it also satisfies Lz = 0. From the definition of L and in particular from properties (i) and (iv)
we can deduce

—LC(s,t) =6(t — s)

and using (ii) and (iii) we deduce that C(t, s) satisfies the boundary conditions (7). Thus C' is
the Green’s function of —£ and we can deduce that C = —£~! as required. |

Proposition 18. Consider the LQ([O7 T},Rd) -valued equation

dy(r) = L{y(r) — ) dr +V2dw(r),  y(0)=yo (14)

where yg € LQ([O,T],Rd). Then the following statements hold:
a) Equation has a unique, global, continuous mild solution.
b) For every a < 3/8 the solution y is a.s. continuous with values in H,,.

¢) The distribution Qg’x’;T’x+ 1s the unique stationary distribution for @

Proof. From lemma |17 we know Qg’gg’;T’w+ = N(fc, (—E)_l). Thus we can apply [HSVWO05,
lemma 2.2] to get that has a continuous, LZ([O,T},Rd)-Valued mild solution and v is its
unique stationary distribution.

Let Ak, k € N be the eigenvalues of —£. Then, using 1emma@ tr(—£) 7% =%, oy /\;Zﬁ < 00
if and only if > 1/8. Thus, for example by applying [Hai09, Theorem 5.13] to y—z, the solution
takes values in H,, for every v < 1/2 — 1/8 = 3/8 and is continuous by [Hai09, Theorem 5.17]
(see also [DPZ92| for very similar results). This completes the proof. |

The regularity of the solution given in proposition [18|is consistent with the regularity of the
target distribution Qg’m’;T’“: the process z in @ is continuous and lives in H/27¢ and thus z
is in H3/27¢ for all £ > 0. On the other hand, corollary shows that H, C H** and thus that y
also takes values in H3/2~¢ for all € > 0. The following lemma provides an additional regularity

result for x in stationarity.

12



Lemma 19. Let a < 1/2. Then x € C'*+2 for Qg’z’;T’“—almost all x.

Proof. The result is a direct consequence of [Hai09, Corollary 3.22]: Let ej be the eigenfunctions
of —L£ with corresponding eigenvalues Ar. By lemma part b, the random variable

= = Mk
_Z\/ﬁ

k=1

€k,

where the 7, are ii.d. standard Gaussian random variables, has distribution Qg T We
have to show that the derivative

X' +1 =

is a-Holder continuous.
Let § € (2a,1). By lemma|§|we have |[€}.[|lcoc = O(k), le}]lcc = O(k?) and A, = ck* + O(k?)
for some ¢ > 0. This gives

2

26 eﬁc )5 —
< < 00
~no) oS 2: 2-6
Ak k=1 k

Thus the conditions of [Hai09, Corollary 3.22] are satisfied, and we get the required Holder
continuity. |

5 The Nonlinear Case

In this section we complete the proof of theorem [l The proof is split in a sequence of results
which identify the target distribution QO e Tw* determine the regularity properties of the
drift ', give existence of global SOluthIlb to the SDE @D and finally identify the stationary
distribution of this equation.

Lemma 20. Assume that f: R — R? is such that the SDE @ a.s. has a solution up to time T.
Let p = Q?;L;T"” and v = Qg’%’;T’I+ be the distributions on L*([0,T],R%) from deﬁm’tion@
Then the density ¢ = Z—‘; 18 given by

pla) = o exp(m(f (), #(T)) — m{f(_),a(0))
T
- [ mDrw)i0.50) — 7 (@0).#0) + 510 de)

where D f is the Jacobian of f and Z is the required normalisation constant.

Proof. Let fiz = P;""~ be the unconditioned distribution of & in (6) and let 7; = Py**~ the same
distribution, but for f = 0. Then the Girsanov formula, e.g. in the form of [HSVO07, lemma 9],
gives the density of fiz w.r.t. D;:

~ T T
(@) = expl [ (£0).di0) + 5 [ {F0). i)~ £(o(0) )
where x is a deterministic function of & via the relation z(t) = z_ —l—fo s)ds. Since t — f(z(t))

has bounded variation, we can use partial integration to get

/0 (F (2(8)), di() = (f (2(T)), &(T)) — (f (2(0)), #(0)) — / (1), Df (x(6)) (1)) dt.

Substituting this expression into the formula for dji;/dP; and using substitution to switch from
T to x gives

dfiy
dv,

(2) = exp (m{f (2(T)), (1)) = m{f (2(0)),#(0))

13



T 1 T
—m [ (0. D)) e+ [ (7 () a(0) - |fale)]? )
0 0

where ji, = Q?{z’ is the unconditioned distribution of z in () and 7, = Qu"~ is the correspond-
ing distribution for f = 0. Now we can condition on z(T") = x4, e.g. using [HSVO7, lemma 5.3]
to get the result. |

Lemma 21. Let « € (0,1). Then there is a ¢ > 0 such that
2]l < cllellSllzllere
for all x € C*([0, T],RY).

Proof. Assume first the case d = 1. Write [2], = sup,, % and let t € [0,T] such that
|£(t)| = ||#]|co- Then ' . ' .
() —@(s)] o [1&lloo — [E(s)]

L

%o >

and thus | (s)| > ||4|lcc—|t—s|*|2|q for all s € [0, T]. This allows to conclude that | (¢)] > 1||@|
on an interval of length at least T'A ||x||<1,éa/(2|:c\a)1/a Since we assumed d = 1, this gives
1/« 1+1/a

1 1 { o0 . j . i oo
€T > — = j: . / /\L =min| — ||z ,L
0 = o0 1 = 1
2 2 21/04|;'E‘0/a 4 22+1/a|:'c‘0/a

and by solving this inequality for |4« we find

1+«
9]

2[155* < ellzllS max(|ila, [2]le0) < ezl lllicree

for some constant c.
For d > 1 we apply the inequality componentwise: Since, for z € R, we have |z|2/vVd <
[2lloe < [|2[[2, we get
5 < e max (Jls 1% (e oo + 1 s + o))
< clll|S ([2floo + 120 + |2]a)
where c is increased as needed. This completes the proof. |

The following bound for the density ¢ will be used to show that the stationary distributions
of approximations for the sampling SPDE @ are uniformly integrable.

Lemma 22. Let ¢ be the density from lemma U=logy and v = Qg’z‘;T’m’ and « € (0,1).
Then for every € > 0 there is an M > 0 such that for v-almost all x we have

U() < ella|Zan + M.

Proof. We bound the five terms in U one by one. For simplicity we denote all constants in
the following estimates by the symbol ¢, the meaning of which changes from expression to
expression.

1) Using the Cauchy-Schwarz inequality we get the bound

(flz4),2(D)) < |F@)|ldlloo < [flai)|llzlcrre < ellzllErra +c.

2) A very similar argument gives —(f(x_),#(0)) < ¢[|z]|%11a + c.
3) We can use Young’s inequality together with lemma to conclude that for every e > 0
there is a ¢ > 0 such that
[E]loo < ellzllcr+a + cllz]lo

for all z € L?([0, 7], R?). Thus we have
T d
- [ s s, aoyde< | 5@l ),
0

14



d
< T|| /@) 1]l
< (el @lcre + cllf @l ) (ellelicre + cllzloc )-

Since f is differentiable with bounded derivatives we have || f(z)|ci+e < ¢||z||gi+e 4+ ¢ and
by assumption there is a 3 < 1 such that |f(z)| < |z|? + c. Using these estimates we find

T
- / (Df (@(1)a(t), 5(1) dt < (ellalcrre + cllzlZ + ) (2allorse +cllel )
and thus for every ¢ > 0 there is a ¢ > 0 such that
T
- [ (DF(a)a(e). 50} d < elolfnse + elal + cloll 7+
0

Since § < 1, this gives the required bound.
4) Using the Cauchy-Schwarz inequality again, we get in a similar way

T
/O (f (@), ) dt < [ F@)l2ll#llz < (21 + ) l#lloo < ellzlFran +ec.

5) Finally, we have — [ | f(x(t))|* dt < 0.
Combining these bounds gives the required result. |

Lemma 23. The drift N defined by is locally Lipschitz from Hy sy to H_7/16. Furthermore,
one can write N = N1+ Na + N3 such that N7 does not depend on x and such that the bounds

IV (@)l1# 716 < e(1+ ll2ll3,,,), ([L5p)

N2 (@) = No (W)l 16 < el = yllu (22,0 + 1Yl 4) (L5b)
2

HN3<:L') _N?)(y)HH_:s/w < CHJ? - yHH1/4(Hx||H1/4 + ||y||H1/4) ‘ )

hold for all pairs x,y € Hy,4 and for some constant ¢ > 0.

Proof. We use the characterisation of the spaces H,, from corollary [13|and in particular the fact
that if z € Hy /4, then z also belongs to H'. Since we assumed that f; and its derivatives up to
the second order are globally Lipschitz, this implies that f;(z), 0;f;(z) and 9;; fx(z) all belong
to H! and their norms are bounded by multiples of that of x.

Let now = € H'. Then the following statements hold:

o fi(z)Okfi(z) € H! since H! is stable under composition with smooth functions,

o 0% (0; fr(x) — Ok fi(w)) € L?, for the same reason

o Oyx; Oyxj 6i2jfk(:c) € H? for all t < —1/2 since in this case L' C H? by Sobolev embedding,
o 072 (0;fr(x) + Ok f;(x)) € H™! since H™! is stable under multiplication by H!-functions,
o fi(z_)0:00 € H' and fi (x4 )00 € H! for every t < —3/2.

It follows that N maps H;/4 into H, for every o < —%. In particular, it maps H;,4 into
H_z as stated and the bound (15p) holds. We then define N as the term proportional to
fr(x_)0i00 — fr(x4)0:61, N3 as the term proportional to 0z, Opx; 8i2jfk(ac) and N5 as the sum
of the remaining terms in the nonlinearity. With these definitions at hand, the bounds (L5p)])
and (15| follow easily. |

Proposition 24. For every initial condition x¢ € Lz([O,T],Rd), the stochastic evolution equa-
tion @[) has a unique mazimal local solution (x,7*). The solution satisfies (1) € Hy 4 for every
T <1 a.s. and sup, 4, |2(7)|lL2 = 00 a.s. on the set {T* < oo}.
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Proof. Define B}
g(t) = S(m)xo + \@/ S(r — o) dw(o).
0

Let R> U > 0. For z: (0,U] — H, /4 continuous, define

|zll« = sup 7@ (7) |,
T€(0,U]

and let X be the space of all such z with 2(0) = ¢(0) and |[z|l. < co. Then (X,||-].) is a
Banach space. We find

< 1/4 L 2—|—\/§ /TS — d
lgll- < sup 7 (zleols + 2 | 8 = o) dw(@)],, )

IN

+V2R —o)d
Jollcs T:}épR” S(r =) dw (),

=: ||zo[lr2 +Cr

and thus g € X for every U < R. Define a map M,: X — X by
Myx(r) = / S(t = o0)N(z,)do +g(r) Vre[0,U]
0

By the definition of a mild solution, local solutions up to time U coincide with the fixed points
of this map.

Let B(g,1) C X denote the closed ball around g with radius 1. By lemma[23] the nonlinearity
N:Hyy — H_7/16 is locally Lipschitz and thus for all 2,y € B(g,1) we have

HMgac—ngH*g sup 71/4/ HS(T—U)(/\/(JCU)—N(yg))“Hl/4da
7€(0,U] 0

< sup cT

1/4/T(HN2($U — Na(yo HH 5/16 HN3(-Z' — Na(we HH 3/15)d0'
0 (

- re(0,U] T — 0-)9/16 (7- _ 0-)7/16
2
Tollry,a + 1Yollx (2ol 0 + 1Yol ,4)
< 1/4 (H ollHyy4 1/4 1/4 1/4 )
< Tesng et / |zo — yg||H1/4 ()7 + oy do

< UM o =yl (1+ fl2- + llyll-),
where ¢ changes from line to line. Similarly, we have
2
1Mz = gll. < U Jla]|2 < cUY (|2 — gl + ||gll+) "

By choosing the final time U sufficiently small, we can then make sure that M, is a contraction
on the ball B(g,1) and, by the Banach fixed point theorem, M, has a unique fixed point. This
gives a unique local solution of @[) up to time U.

By iterating this procedure, every time starting with the final point of the previously con-
structed segment, we obtain a solution up to a maximal time 7" < R. Since the length of each
segment of this solution only depends on the L2-norm of its starting point, we see that 7* < R
2(7)||L2 = oo. Taking R — oo completes the proof. |

Even if f is globally Lipschitz, the Owz; Osx; 0; fk term causes the nonlinearity A to be only
locally Lipschitz. Thus, showing the existence of global solutions to the SDE @D will need some
care.

Proposition 25. For every initial condition xg € Lz([O,T],Rd) the SPDE (ED has a unique
global solution. For every T > 0 the solution satisfies E(||z(7)|22) < oc.
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Proof. From proposition [24| we know that @ has a local solution (z, Tmax). Let y be the solution
of the linear SPDE from proposition i.e.

y(r) = S(T)((EO 7:2) + \@/OT S(r —o)dw(c) + T

and define z(7) = x(7) — y(7) for every 7 € [0, Tmax). Then z satisfies the stochastic evolution
equation

dz(1) = L2(7)dr + N (2(7) + y(7)) dr, 2(0) = 0.
Thus [|z(7)||?, satisfies

WD — (s, £2(0) + M (o) +5(0)

= —4m2(022(7), 822(1)) 4m|8tz(0 ? — am|o,2(1)] (16)
—{002(7), 002(7)) +2(2(7), N (2(7) +y(7)))
< —cl|2(7) |2 +2(=(7), N (2(7) +y(7)))

for some ¢ > 0. This formal calculation can be made rigorous by a standard approximation
argument, using for example Galerkin approximations.

We require a priori bounds of the form (2, N(z + y)) < ¢||z[|f2 + €| z||}= + ¢ where & > 0 is
small enough to be compensated by the negative | z||Z.-term in (16).

In order to obtain the required bounds we consider the five terms from the definition of N
individually. For the purpose of these estimates we denote all numerical constants by ¢ > 0 and
only track the y-dependency of the bounds explicitly. For the first term we get

(zks = filz +9) O filz +v)) < cllzllezllf(z +9)llee < ellzllfz + cllylE: +c.
For the second term we find

(2k, Oz + yi) O (25 + y5) 8z'2jfk(z +y))
1

1
=/ Zkatziat(aifk(z+y))dt+/ 2k Oy Ou (25 + ;) O3 fr(z + y) di
0 0
1 1
=— 8t2k3tzi3¢fk(2+y)df*/ 2k 072 0i fu(z + y) dt
0 0

1
+/ 21 Oy Or (25 + ;) 03 fi (2 + y) dt
0
< dllzllfn + ellzllezllzllme + cllzlluellylla (12la + lylla)-
For the third term we have
(2k, =0u(zi + y1) (Bifi — O fi)) < ellzllLz (lzlla + lyllar)-

The fourth term can be bounded as

<zk, 02 (2 +ui) (Oifr + akfi)>
= <Zk76t Zi ((ka + akfz)>

- /01 0r21.0py; (O3 fro + O fi) dt — /01 210wy Oz + y5) (03 fr + O fi) dt
< cllzlleell2llme + ellzllm lyllm + cllzllellylla (1zllm + lyllm)-
Finally, for the fifth term, involving the derivatives of Dirac distributions, we get
(2,0:00) = —2'(0) < c]|z]|ue, (2,-0:61) = 2'(1) < c||z]|ue

for every a > 3/2.

17



To convert the bounds into the required form first note that for every s € (0,2) the interpol-
ation inequality (see e.g. [Hai09, corollary 6.11)) gives ||z[|F. < |/2]|?5°%||2||5= and, using Young’s
inequality, we can for every € > 0 find a ¢ > 0 such that

2l 2l7e < cll=liEa + ell 2l

Using this relation we find a ¢ > 0 such that

1 1
lelluellyllin < SlzlEx + Sllylla < cllzlfn + eyl < clzlEs +ellzlfe +dlylw-

The terms of the form ||z||r||z|la: ||y|lz: can be bounded using the relation

7/8
2|\

5/8 3/8 1/2 1/2 9/8
Izl |2l < ellzllpsallzllo < ezl 12120 22 12 lhe = =134
Applying Young’s inequality with p = 16/7 and ¢ = 16/9 we find a ¢ > 0 such that

9/8 16/9

7/8
[ Iyl < ellzllfe + cll2llZalylly -

Izl [zl [yl < cllzlly 12l

Combining all these estimates, we find that for every ¢ > 0 there is a ¢ > 0 such that

(2(r), N (2(1) + (1)) < (1 + Iyl *)I=l12= + ellzllfie + (1 + lylEe + lylli)

and substituting this bound into for small enough ¢ > 0 we get

d||z 2
WMz < oy 1 ) + e+ Il + ).

Gronwall’s inequality gives
Il <c 1+ @) / (L ly()l122 + Iyl dr
o[ (+ IR dr)do )
te [ L1+ )R + o)) do

Thus ||z||r2 cannot explode in finite time and from proposition 24| we get Tiax = 00.
By proposition We have y € L%([0, 7], H'). Hence, by Fernique’s theorem (see e.g. [Hai09),
theorem 3.11]),

E(exp(s /OT ||y(r)||%{1 dr)) < 00

for sufficiently small € > 0. Thus, using the fact that 16/9 < 2, we see that the right hand side
of has finite expectation for all 7 > 0. |

Now the only part of theorem [ which we still need to prove is the statement about the
stationary distribution of @ This can be done using a finite dimensional approximation argu-
ment, similar to the proofs in [Zab88] and [HSV07, section 3]. Since these articles assumed that
U was bounded from above and also assumed different regularity properties for the drift, the
proof needs to be adapted for the situation here; to allow for easier reading, we include the full
argument instead of just enumerating the required changes.

0,x_;T,xy

Proposition 26. The distribution Q 1s invariant for @

Proof. Let ¢ be the density of u = Q?’I’;T’“ w.r.t. v = ng"’T’w* as given by lemma [20[ and
let U = log . Then we can compute the derivative of U at = € H; /4 in direction h € Hy /16 as

(DU(z),h) = m fu(z4 ) (T) —mfk(l’—)hk(o)

T
+2 /0 ( fiOifi+miia; 07 fr — S@4(0i fi — O fi) +mii (9, fis + 3kfz)) k(1) dt
(N (z), h).
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Here we used the fact that, by corollary h € Hz/16 implies h(0) = h(T') = 0. This shows that

the function U is Fréchet-differentiable with derivative A/. Let II,, and ﬁn be as in lemma
and define the approximations

for n € N.
Consider the n-dimensional SDEs

dyn (1) = Lyn (1) dr + V210, dw(7), yn(0) = T, z0
and
drn (1) = Lo, (1) dT + Ny (l’n(T)) dr + \/§Hn dw(T), 2, (0) = I, x0.

Then, by finite dimensional results, the stationary distributions v,, and u, of y, and z,, respect-
ively are given by
d .
Vp =voll? and S =exp(U o1l,).
dv,,

Define the semigroup (P7).>o on Ch(H,R) by Pr¢p(z) = E,(p(zn(7))) for all z € E,, and
» € Cp(H,R). Since the process x,, is p,-reversible, we have

/ () PR (z) dpn / () Pro() dyin (). (18)
H

for every ¢,v € Cp(H,R).
We need to find the limit of as n — oo. For this, we first show that z,, — z in Hy 4,
uniformly on bounded time intervals: Let U > 0. Then we have

J2a(r) = 2P|y, < [0 = 1) (S(r)z0 + \/5/0 S(r— o) aw (o)) |

Hija

£ / 57— o) (Na(a(0)) = N () do|

+H/ S(t—0)(Np(2n(0)) — Nn(m(a)))da‘
=: (1) + Iz(7) + I3(7)

for all 7 € [0,U].
From the definition of || - ||+, and the asymptotics of the eigenvalues of £ in lemma 9] we get,
for any 8 > «, that there is a ¢ > 0 such that the bound

HanfoHa = 3(5 ”xHH@

holds for all x € Hp and all n € N. Let 8 € (1/4,3/8). Then we know from proposition (18| that
T+ S(T)xo + ‘[fo (1 —o0)dW (o) is a continuous map from [0, U] into Hg. Combining these
two statements, we find supy<, <y I1(7) — 0 as n — oo.

From lemma 23| we know that N is locally Lipschitz from H; /4 to H_7/16. By lemma
part c, there is then a constant K, > 0 such that

HNR(‘T)_N HH 716 = < K, Hx yHHI/4

for all n € N and all z and y with an||Hl/47 [yll#,,, <r. Thus, the \;, are also locally Lipschitz.
We can find p, ¢ > 1 such that p - < land 1/p+1/q = 1. For I, we get then

() < /0 86— 0) (N (2(0)) — N(a(o)) s, ,, do

< /0 1SC = Dy . 1o N (0) = N (@D, do
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Sc(/OUUplll/lﬁda)l/p(/OUHj\/’n(x(a))—./\/'(x(a))“‘;i_?/m da)l/q.

The right hand side is independent of 7 and converges to 0 as n — oo by dominated convergence,
using lemma, part b.
For n € N define

Ty = inf{7 € 0,0 | ll2()]| > r or lzn(r)]| > 1},

with the convention inf ) = U. For 7 < T), , we have

) <Ky [ 1860~y g () =2y, do

and consequently

[en() =2, < 50 (11(0) + Da(@))

+ cK, / 11/16Hxn(0)—x(0)’|d0.

Using Gronwall’s lemma we can conclude

U
1
| (r) — x(7’)||H1/4 < OSS}TIEU(h(U) + I5(0)) ~exp(cKr/O —T1/i6 do)

for all 7 < T, . As we have already seen, the right-hand side converges to 0 as n — oo.

Now choose r > 0 big enough such that supy<, < [|[2(7)[| < r/4. Then for sufficiently large n
and all 7 < T, - we have ||z, (1) —2(7)|| < r/4 and thus supy<, <7,  [|2n(7)|| < 7/2. This implies
T,,,» = U for sufficiently large n. Thus we have z,, — x in C(]0, U], Hia) a.s.

Let 0 < v < 3 < 1/2. Define the semigroup (P;);>0 on Cp(H,R) by Pro(z) = E, (o(x(7)))
forallz € H and ¢ € C,(H,R). Then, by dominated convergence, we have Prp(Il,,z) — Pro(x)
asn — o0o. By lemma x € C'P for v-almost all z. Furthermore, U: C'*® — R is continuous
and thus U(TT,z) — U(z) as n — oo for v-almost all z by lemma part e.

Finally let ¢ = ||ﬁn||Cé+B—>Cé+a' Using Fernique’s theorem we can choose € > 0 such that
the function exp(ec||x||%1,5) is v-integrable. By lemma [22/ we can find an M > 0 such that

U(Il,z) < 5||ﬁnx||201+a +M < ec||z]|gi.s + M for all n € N and v-almost all . Then dominated
convergence gives

lim [ p(x) Prep(a) dpn(x) = lim / M,z) P (1L, z) eV ) dy ()

n—oo

_/H o(x) Prp(z) eV @Ddu(x) = | o(x) Pro(z) du(z)

H

| ela) Prvta) duta) = [ 0(@) Prola) dita).
H H

Thus the process x is u-reversible which is the required result. |

and using we get

Propositions and [26] together imply all claims of theorem [] and so the proof of the
result is complete.
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