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ABSTRACT. We consider a class of stochastic PDEs of Burgers type in spatial
dimension 1, driven by space-time white noise. Even though it is well-known
that these equations are well-posed, it turns out that if one performs a spatial dis-
cretisation of the nonlinearity in the “wrong” way, then the sequence approximate
equations does converge to a limit, but this limit exhibits an additional correction
term.

This correction term is proportional to the local quadratic cross-variation (in
space!) of the gradient of the conserved quantity with the solution itself. This can
be understood as a consequence of the fact that for any fixed time, the law of the
solution is locally equivalent to Wiener measure, where space plays the role of
time. In this sense, the correction term is similar to the usual Ito-Stratonovich
correction term that arises when one considers different temporal discretisations
of stochastic ODEs.

1. INTRODUCTION

In this work, we give a rigorous analysis of the behaviour of stochastic Burgers
equations in one spatial dimension under various approximation schemes. It was
recently argued in [HV10] that if the approximation scheme fails to satisfy a certain
symmetry condition, then one expects the approximations to converge to a modified
equation, with the appearance of an additional correction term in the limit. This
correction term is somewhat similar to the It6-Stratonovich correction that appears in
the study of SDEs when one compares centred and one-sided approximations. The
present article provides a rigorous justification of the results observed in [HV10],
at least in the case where the nonlinearity of the equation is of gradient type, and
therefore the limiting equation is well-posed in a classical sense.

More precisely, we will consider in this work stochastic PDEs of the form

O = vd2u+ F(u) + VG (u)dpu + € , (1.1)

where © = u(z,t) is an R"-valued function, with =z € [0,27], ¢ > 0. In this
equation, v > 0 is a positive constant, the functions F, G : R® — R" are assumed
to be C3, and the stochastic forcing term £ consists of independent space-time white
noises in each component of R™. For the sake of simplicity, we endow this equation
with periodic boundary conditions, but we do not expect this to alter our results
significantly.

Equation (1.1) is locally well-posed [Gy698], provided that we rewrite the non-
linearity as 0,G(u) and consider solutions either in the weak or the mild form
[DPZ92]. (Note that our noise term is not the gradient of space-time white noise, as
in [BG97]. Therefore, our solutions are actually continuous functions.) The aim
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of this article is to show that this well-posedness is much less stable than one may
imagine at first. Indeed, if we set
u(xr +¢) —ul(x
€
and consider the family u. of solutions to the approximate equation

Opue = v02ue + F(ue) + VG(u) DI ue + €,

then our main result, Theorem 1.6 below, implies that u. = «, where @ is the
solution to (1.1), but with F' replaced by

_ 1
F(u)=F(u) — EAG(u) , (1.2)
where A is the usual Laplacian on R".

Remark 1.1. An explicit calculation allows to check that the local quadratic variation
(in space!) of u for the solution to (1.1) is precisely given by 1/(2v). Therefore,
one can interpret the correction term appearing in (1.2) as precisely being equal to
—% times the quadratic covariation between u and VG(u). Recall that is exactly
the correction term that appears when one switches between It6 and Stratonovich
integral in the usual setting of stochastic calculus.

Remark 1.2. This correction term is a purely stochastic effect and is completely
unrelated to the fact that our discretisation scheme is not an upwind scheme (see
[CIR52, MRtTBOS5]). In the absence of noise, we would still have the regularising
property from the non-vanishing viscosity, so that pretty much any “reasonable”
numerical scheme would converge to the correct solution.

If D7 is replaced by D, defined by D7 u(z) = (u(x) — u(xz — €)) /e, then a
similar result is true, but the sign in front of the correction term in (1.2) changes.
We will actually consider a much more general class of approximations to (1.1),
where we also allow both the linear operator 92 and the noise term ¢ to be replaced
by approximate versions that are still translation-invariant, but modified at the
lengthscale €.

1.1. Statement of the main result. For ¢ > 0 we consider approximating stochas-
tic PDEs of the type

Opue = VA ue + F(ue) + VG (ue)Douge + &

Since our system is invariant under spatial translations, it seems natural to restrict
ourselves to a class of approximations that enjoys the same property. Throughout
this article, we will therefore use approximate differential operators A, and Dy, as
well as an approximate space-time white noise £, given by their Fourier transforms:

Acu(k) = —K*f(elk)a(k) . Deu(k) = ikg(ek)a(k) . &(k) = hlelkNER) -
We will make the following standing assumptions on these objects.

Assumption 1.3. The function f : [0,00) — [0,+0o0] is twice differentiable at
0 with f(0) = 1 and f'(0) = 0. Furthermore, there exists q € (0, 1] such that
f(k) > qforall k > 0.

If f(k) = 400 for some values of k, we use the convention exp(—too) = 0 for
every t > 0. In this case, the semigroup generated by A, is not strongly continuous,
but this is of no consequence for our analysis.
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Assumption 1.4. There exists a signed Borel measure y such that
[ € utdo) = ik g(h).
and such that ‘
pR) =0, R <00, [aptn) =1, [ faltlidn) <o (1)
In particular, we have (D.u)(z) == 1 [ u(z + ey) p(dy).

Assumption 1.5. The function h is bounded and such that h*/f is of bounded
variation. Furthermore, h is twice differentiable at the origin with h(0) = 1 and
R'(0) = 0.

Let @ be the solution to the equation
o = vd*u + F(a) + VG(a)0,u + €, (1.4)
In this equation,
F :=(F - AAG)

and A € R is a correction constant given by

(1 — cos(yt))h2(t)
27”/ /R+/ 2 (0) w(dy) dt . (1.5)

Note that a straightforward calculation shows that A is indeed well-defined, as a
consequence of the fact that 22/ f is bounded by assumption and that || has a finite
second moment.

Before we state our main result, note that the equation (1.4) is locally well-
posed in L°, see [BCF91, BCJL94, DPDT94, Gy98, Hai09]. As a consequence,
it has a well-defined blow-up time 7, (possibly infinite) such that, almost surely,
limy_,,, ||u(t)||L~ = 400 on the event {7, < co}. With this notation, we are now
ready to state the main result of this paper.

Theorem 1.6. Let k > 0. There exists a sequence of stopping times 7. satisfying
lim._o 7= = 7 in probability, and such that

hmFP’( sup ||ue(£) — a(t)|| e > 5%_"“) ~0.
0 Ni<r.
Remark 1.7. The statement of Theorem 1.6 is slightly incomplete since we do not
specify how we choose the initial conditions. In order to avoid further technical
complications, we will actually consider sequences of initial conditions that have
the property that the initial condition for u. “behaves like” the solution u.(t) for
positive times. This statement will be made more precise in Theorem 2.2 below.

Before we proceed, we list some of the most common examples of discretisations
that do fit our framework. For a, b > 0 with a + b > 0, it is natural to discretise the
derivative operator by choosing
ba — 0_p
= ——

This is also the discretisation that was considered in [HV10]. As far as the discreti-
sations of the noise and the Laplacian are concerned, there are at least three natural
choices.
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No discretisation. This is the case f = h = 1 where only the nonlinearity is
discretised. With this choice, one can check that the correction factor is given by

_ 1 a-b
A= 4v a+b*

Finite difference discretisation. In this case, we divide the interval [0, 27] into N
equally sized intervals. For convenience we assume that NV is odd and we set

27

=N

We furthermore identify a function u with the trigonometric polynomial of degree
(N — 1)/2 agreeing with u at the gridpoints. This corresponds to the choice

(Acu)(z) = é(u(az +e)+ulz—e)—2u(z), €

Zsin?(k/2), ke0,m)

(k) = { +00, k€ [m,00) "’ h=1jm

The natural choice for the discretisation of the derivative operator in this case is to
choose a and b to be integers, so that discretisation takes place on the gridpoints.
With this choice, it can be shown that the correction factor is identical to that obtained
in the previous case. Note however that this is nof the case if the discretisation of
the derivative operator is not adapted to the gridsize.

Galerkin discretisation. In this case, we approximate A and £ by only keeping
those Fourier modes that appear in the approximation by trigonometric polynomials.
This corresponds to the choice

_J L kelom) _
1 (k) = { +o0, k€ mo0) ’ h=1jom -
The correction factor A is then given by

_ cos(ma) + wa Si(wa) — cos(wb) — wb Si(7b)
N 2m2v(a +b) ’

A

where Sit = fot SINT (o,

The rest of this paper is structured as follows. In Section 2 we introduce notation,
we give a refined formulation of the main result and present an outline of the proof
of the main result (Theorem 2.2). In Section 3 we prove several useful bounds on
the approximating semigroups and the approximations of the gradient. Section 4
is devoted to several estimates for stochastic convolutions, the most crucial one
being Proposition 4.6, which is responsible for the correction term appearing in the
limiting equation. Most of the work is performed in Section 5, where convergence

of various approximating equations is proved.

Acknowledgements. We are grateful to Hendrik Weber, Jochen Vol and Andrew Stuart
for numerous discussions on this and related problems. Part of this work has been carried
out while JM was visiting the Courant Institute and the University of Warwick. He thanks
both institutions for their kind hospitality and support. MH would like to acknowledge
financial support provided by the EPSRC through grants EP/E002269/1 and EP/D071593/1,
the Royal Society through a Wolfson Research Merit Award, and the Leverhulme Trust
through a Philip Leverhulme prize. JM was supported by Rubicon grant 680-50-0901 of the
Netherlands Organisation for Scientific Research (NWO).



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 5

2. PROOF OF THE MAIN RESULT

In order to shorten notations, we introduce the semigroups S and S;, defined as
rescaled versions of the heat semigroup and its approximation:

S(t) défe—t(l—u8§) ) Se(t) défe—t(l—uAg)

bl

where we define S. by Fourier analysis, making use of the convention e~ = 0.
Since we will always work with the mild formulation, it will be convenient to have
a notation for the convolution (in time) of a function with one of the semigroups.
We will henceforth write

(S * w)(t) ":f/o S(t — s)w(s) ds .

Let (W (t)):er be a two-sided cylindrical Wiener process on H o L?([0,27],R™)
(see [DPZ92, Hai09] for precise definitions) and let (). be the bounded operator on
‘H defined as a Fourier multiplier by

Q-u(k) = h(elk|)a(k) .

(We assume that it acts independently on each component.) Finally, we define the
‘H-valued processes 1 and i) by

() = / S(t—s)dW(s)., (1) = / 5.t — $)Q- W (s)

so that, in the notations of the previous section, they are the stationary solutions to
the linear equations

O = W2 — 1)+, O =wA -1 +E .

With all of these notations at hand, we can rewrite the equations for % and u. in the
mild form as

a(t) = S(t)vo + (t) + S * (F(a) + VG(0)d,u)(t) , .1)
uc(t) = Se(t)vo + P(t) + Se * (F(us) + VG(uc)Deug)(t) . (22)

Remark 2.1. Note that we have used here a common initial condition vg for the
difference @ — v and u. — 1. As a consequence, the two equations do not start with
the same initial condition! However, as ¢ — 0, the initial condition of u. converges
to that of . The reason for not starting with the same initial condition is mostly of
technical nature.

It will be convenient to define for any 0 < v < ¥,
def def def
Yy = (L =1Lt , YT =19, ¢->y< = (Ile-x — —7)9
The expressions 1;7, 1;7, and JZ,‘ are defined analogously. Here Il denotes the
projection onto the low-frequency components of the Fourier expansion, defined by
Mye, & 1jpj<nen, Where e, (z) = (271)_%6"””.
We set

_def _  def -
vdgu—d), vdéue—w.

In the proof it will be convenient to work with the functions ¥ and v” defined by

DEGH Y =a—1py, TETHYP =~y
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It follows from (2.1) and (2.2) that these functions satisfy the following equations:

0(t) = S(t)vo + 7 (t) + S % (F(07 4+ ¢by) + 8:(G(07 +¢,))) (1) , (2.3)
V(1) = Sc(t)vo + U7 () + Se * (F(@ +1by) + VG@ + ) D-(T7 + 1)) (2).
2.4)

For large parts of this article, it will be convenient to work in the fractional
Sobolev space H® for some o > % so that H® C L°°. Furthermore, we will need
to use a high-frequency cut-off, which will smoothen out the solutions at a scale €X
for some x > 1. It turns out that a reasonable choice for these parameters is given
by

a=3, =3, X=3, (2.5)
and we will fix these values from now on. With these notations at hand, the following
theorem, which is essentially a more precise reformulation of Theorem 1.6, is a
more precise statement of our main result. Here and in the rest of the paper we write
||| 5 to denote the norm of an element u in the fractional Sobolev space H” for
6 €R.

Theorem 2.2. Let k > 0 be an arbitrary (small) exponent and let vy € HP for

all 6 < % There exists a sequence of stopping times T. satisfying 7. — Ty in

probability as € — 0, such that

lim P ((sup [Juc(t) = a(t)]| o > £37) =0. 2.6)
e—0 <72
In fact, we have the bounds
limP< sup |77 (t) — () [la > 5é_”“) ~0, 2.7)
e—0 t<t.
limIP’( sup [ (£) — s (t) | oo > E%*“) ~0. 2.8)
e—0 tSTe

Remark 2.3. We emphasise again that the initial conditions %(0) and u.(0) are
slightly different. In fact, one has u.(0) = @(0) 4 ¢(0) — 1(0).

Remark 2.4. The rate % is not optimal. By adjusting the parameters «, v and x in
an optimal way, and by sharpening some of the arguments in our proof, one could
achieve a slightly better rate. However, we do not believe that any rate obtained in
this way would reflect the true speed of convergence, so we keep with the values
(2.5) that yield simple fractions.

Remark 2.5. From a technical point of view, the general methodology followed in
this section and the subsequent sections is inspired from [Hail0], where a somewhat
similar phenomenon was investigated. Besides the structural differences in the
equations considered here and in [Hail0], the main technical difficulties that need
to be overcome for the present work are the following:

(1) In [Hail0], it is possible to simply subtract the stochastic convolution
(or 1/7) and work with the equation for the remainder. Here, we instead
subtract only the highest Fourier modes of 1. The reason for this choice
is that it entails that ¥7 — « as € — 0. This allows us to linearise the
nonlinearity around ¢ in order to exhibit the desired correction term. As a
consequence, our a priori regularity estimates are much worse than those
in [Hail0] and our convergence rates are worse. The main reason why
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we need this complication is that our approximate derivative D, does not
satisfy the chain rule.

(2) All of our fixpoint arguments need to be performed in the fractional Sobolev
space H®, for some o > % This is in contrast to [Hail0] where some
of the arguments could be performed first in L°°, and then lifted to H*
by a standard bootstrapping argument. These bootstrapping arguments
fail here, since the nonlinearity of our approximating equation contains an
approximate derivative, which gives rise to correction terms which are not
easy to control.

(3) In one crucial step where a Gaussian concentration inequality is employed
in [HailO], it was necessary that the stochastic convolutions belong to H“
for some o > % This is the case in [Hail0] as a consequence of the extra
regularising effect caused by a small fourth-order term present in the linear
part. This additional regularising effect is not always present in the current
work. We therefore perform another truncation in Fourier space, at very

high frequencies. This is the purpose of the exponent .

Note also that Proposition 4.6 is the analogue of Proposition 4.1 in [Hail0]. One
difference is that we have a much cleaner separation of the probabilistic and the
analytical aspects of this result.

By a standard Picard fixed point argument (see, e.g. [Hai09]) it can be shown
that (2.1) admits a unique mild solution @ defined on a random time interval [0, 7s].
Moreover, the spatial regularity of ¢ and % equals that of a Brownian path, in the
sense that ¢(¢) and @(t) are continuous and belong to H” for any 3 < 1 and any

t > 0, but not to H 3. We shall take advantage of the fact that the process v is much
more regular. In fact, 7(t) € H” almost surely for any 3 < % and any ¢t > 0, but

one does not expect it to belong to H 3 in general. This follows immediately from
the mild formulation (2.1) combined with a standard bootstrapping argument. It
follows from these considerations that, for every fixed time horizon 7', the stopping
time

=T Aif{t : [[0(t)]a V lu(t)| L~ > K}

converges in probability to 7. AT as K — oo. _
It will be shown in Section 4 that a number of functionals of ?) and ¢ scale in the
following way:

[9X @Ol S 7", 15y (Bl S €37,
Iy (Bl S 37, I (Bl S €37
167 (0)l]a S e D", |X(E) o S X
197 () — 97 (t) ]l S 27T, O-(vy (1) S,

i e 1
O (U (1) S, A= E(X(W)]-a S,
where the quantities ©. and =, are defined by

2
def =~ —_ def EY” ~ =~
O:(u) £ /R v Deyulfa ul(dy) . Ee(w) & /R ~5 Doyt ® Deyup(dy)

Note that all of these relations are of the form W: (¢) < e*~" for some expression
W? depending on € and some exponent «;. In the proof it will be convenient to
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impose this behaviour by means of a hard constraint. For this purpose we introduce
the stopping time 7, which is defined for K > 0 by

PHE K A inf{t 3 () > e 2.9

From now on, we will write C'xc to denote a constant which may depend on K
(and T') and is allowed to change from line to line. Similarly, x will be a positive
universal constant which is sufficiently small and whose value is allowed to change
from line to line. However, the final value of « is independent of ¢, K and 7T'.

The remainder of this section is devoted to the proof of Theorem 2.2.

Proof of Theorem 2.2. Most of the work in the proof consists of bounding the
difference between v” and ©7 in H®. This bound will be obtained in several steps,

@

using the intermediate processes ve ', ¢ = 1,...,4, defined by
v (t) = S( Yoo + 7 (8) + S = (F (W) + 0,GWM)) (1) , (2.10a)
@ (t) = S(t)vg + P (t) + S * (F () + D-Gw?))(t) , (2.10b)
v (t) = Se(tyvo + 97 () + Se + (F(0P) + D-GuP)) (1) . (2.10¢)
(1) = S (tvo + 47 (¢ ) (2.10d)

+ e (F(ol) +4%) + VGl +9X) De(l + ) (1)
Recall furthermore the deﬁnition of the stopping time 7' given in (2.9). With this

definition at hand, we set 7' 1K a5 well as U(O) &% and vg ) &f v7, and we
define recursively a sequence of stopping times 7'] withj=1,...,5by
K=K Aimf{t o () — oV ]la > K (2.11)

With these notations at hand, Propositions 5.1 — 5.7 state that, for every fixed values
K,k >0andevery j =1,...,5, one has

lim IP’( sup [0 (£) — 09D (1|0 > eé—“) ~0, 2.12)
e—0 tSTjK
Combining all of these bounds, we conclude immediately that, for every fixed time
horizon T > 0 and every choice of values K and x, we have

limIP’< sup |[77(t) — 07 (8)]|o > 5%*“) ~0.
e—0 t§T5K
This is formally very close to (2.7), except that we still have the values T', K > 0
appearing in our statement and consider the solutions only up to the stopping time
K
T5 .

Since 7. AT — 7, as T — oo and since we already argued that 7/ — 7, AT as
K — o0, the bound (2.7) follows if we are able to show that, for every fixed choice
of Kand T,

lim P(r #75)=0. (2.13)
e—0

Since the statement of our theorem is stronger, the smaller the value of x, we can
—K

. . . . 1
assume without loss of generality that kK < %. In this case, lim. ;937" = 0, so

that (2.12) and (2.11) together imply that
hm IP’( # T 1) =

for j = 1,...,5, from which we conclude that lim._ IP’(T{( #78) =0.
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In order to finish the proof of (2.7), it now suffices to show that lim,_,o P(7% #
7X) = 0. Fix an arbitrary 7' > 0 and £ > 0. It then follows from Propositions 4.3,
4.4 and 4.5 that for each of the terms W ; appearing in (2.9), there exists a constant
C; > 0 such that

E sup ¥5(t) < Cje%i™3
te[0,T]
uniformly for all ¢ < 1. It then follows from Chebychev’s inequality that

P(r% # 1) <ZIP>( sup W(t) >50‘f‘”> ZC’E“/Q

t€[0,T]

from which the claim follows.

Since (2.6) follows from (2.7) and (2.8), the proof of the theorem is complete if
we show that (2.8) holds. Since it follows from Proposition 4.3 and Chebychev’s
inequality that

1
lim P(sup va( ) — Uy (t)|| oo > 55*”) =0,

e—0

for every T' > 0, this claim follows at once. U

3. ANALYTIC TOOLS

3.1. Products and compositions of functions in Sobolev spaces. In this subsec-
tion we collect bounds for products and compositions of functions in Sobolev spaces.
As is usual in the analysis literature, we use the notation ® < W as a shorthand for
‘there exists a constant C such that ® < C'W¥’. These estimates will be useful in
order control the various terms that arise in the Taylor expansion of the nonlinearity
that will be performed in Section 5 below.

Lemma 3.1. Let r,s,t > 0 be such thatr Ns > tandr + s > %—f—t.
(1) For f € H" and g € H® we have fg € H' and

I £glle < N Nrllglls - (3.1
(2) For f € H" and g € H~! we have fg € H™* and
1fgll-s S N7 llrllgll—¢ - (3.2)

Proof. The bound (3.1) is well-known and an elementary proof can be found for
example in [Hai09, Theorem 6.18]. To prove (3.2), we take ¢ € H® and use (3.1)
to obtain

(o, fg) = (o f:9) <llofllellgll— < llellsIfllrllgll - -
which implies the desired result. (]

Lemma 3.2. Let s € (%, 1). There exists C > 0 such that for any v € H® and any
G € CY(R™;R") satisfying

|Gullor :=sup{|G(z)| + [VG(2)| : |z] < lufpe} < oo,
we have

1G oulls < CllGuller (1 + ulls) -



10 MARTIN HAIRER AND JAN MAAS

Proof. Let 13, be the shift operator defined by 7u(z) := u(x — h). It is well known
(see, e.g., [DS93] or, for functions defined on R™, [AF03, Theorem 7.47]) that the

expression
1 . 2 0 1
Jullzz + t° sup [Ju—mpullg2| — (3.3)
0 |h|<t t

defines an equivalent norm on H*°. The result then follows by inserting the estimates

G oullr: < [[Goulre < CfGullen
|G ou— (G ou)|rz < Cl|Gullcrllu — Thull 2

into (3.3). U

3.2. Semigroup bounds. We will frequently use the fact that foraw > Sand T > 0,
there exists a constant C' > 0 such that

ISE)ulla < Ct 2@ B)|ju]|5, (3.4)

for any € € (0,1],¢ € [0,7] and u € HP. This is a straightforward consequence
of standard analytic semigroup theory [Lun95, Hai09]. Since the generator of .S is
selfadjoint in all of the H?, it is also straightforward to prove (3.4) by hand. As a
consequence, we have

Lemma 3.3. Let , B € R be such that 0 < oo — 8 < 2 and let T' > 0. There exists
C > 0 such that for all t € [0, T] and u € C([0,t]; H®) we have
t 1
H / S(t = syu(s)ds| < 3O sup [lu(s)]]s . 35)
0 @ s€[0,t]

Proof. It suffices to integrate the bound (3.4). U

The following bounds measure how well .S, approximates S in these interpolation
spaces. The general philosophy is that every power of ¢ has to be paid with one
spatial derivative worth of regularity. This type of power-counting is a direct
consequence of the fact that the function f that measures how much A, differs
from 02, is evaluated at ¢|k| in the definition of A.. The precise bounds are the
following:

Lemma 34. Let k € [0,2]. For T > 0 there exists C > 0 such that for any

te€[0,7],e€ (0,1, andu € HP, we have
IS-(t)yu — S(t)ullo < Ce®t 2@ uly  (B<a+2x),  (3.6)

1

IS=(t)ulla < Ct2Dullg B<a). @B
Proof. We set f &« J — 1 and assume v = 1 for notational simplicity, since the
case v # 1 is virtually identical. The assumptions on f imply that | f(en)| < ce?n?
whenever n < /e and ¢ is some sufficiently small constant. Using the mean value

theorem and the fact that we can assume ¢ < 1 without loss of generality, we obtain
forn < d/eand k € [0,2],

|exp(—tn®f(en)) —1] < (2 A ct€2n4)ed€2n4 < Ctiehn2retd ™’

< Cgﬁt%nQHEC(SQt(l—i—nQ) .
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Inserting this bound into the identity
(S-(t)u — S(t))en = (e TE _q)e—t+n7)e,
it then follows from (3.4) that
52 (Se(t) = S(B))ulla < Ce"7[|S((1 = 6%¢)t)ull s
< Cehtm 3O |5, oy

provided that we choose ¢ sufficiently small so that §%c < %, say.
On the other hand, note that

—tn2f(en — n2
([ - H(S/S)(S&‘(t)u - S(t))en = 1{\n\>5/5}(€ 13 f( ) _ 1)6 t(1+ )en

Recall that f(en) > g — 1 for all n, and that ¢ € (0, 1]. Then we can find a constant
C such that

|exp(—tn?f(en)) — 1’eft(1+n2) < G+t |

Moreover, for any x > 0 we have 1yj,,>5/c3 < |en/d|". It thus follows, using (3.4)
again, that

1
(7 = TH5e) (Se(t) = S(B)ulla < Ce™(|S(gt)ullasn < C"t72 79 u]| 5.
The bound (3.6) now follows by combining this inequality with (3.8). The inequality
(3.7) follows by combining the special case x = 0 with (3.4). O

3.3. Estimates for the gradient term. In this section, we similarly show how well
the operator D, approximates 0. Again, the guiding principle is that every power
of € “costs” the loss of one derivative. However, we are also going to use the fact
that D, is a bounded operator. In this case, we can gain up to one spatial derivative
with respect to the operator 0, but we have to “pay” with the same number of
inverse powers of €. The rigorous statement for the latter fact is the following:

Lemma 3.5. Let 3 € Rand o € [0,1]. There exists C > 0 such that for all
e € (0,1]) and u € HP the estimate

I1Dcullp—a < Ce® Hullg
holds.

Proof. Using the assumption that M := |u|(R) < oo, together with Jensen’s
inequality and Fubini’s theorem we obtain

e < b [ ([ ote+ o) a

M M?
<% [ ] luta+ en)l? i) de = Tl

On the other hand, assuming for the moment that u is smooth, we use the
assumption that ;(R) = 0, and apply Jensen’s inequality and Minkowski’s integral
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inequality to obtain

e =5 [ ([ ute+anntan) @
([ [ i)
AT x+z>\dz)2|u|<dy>dx
S L[ fw x+z>|2dz) dz) ()

= M2, /R y2lul(dy) < Cllull?

Using complex interpolation, it follows that || D.ul[z2 < Ce® Y |ul|, for every
€ [0, 1]. The desired result then follows from the fact that D, commutes with
every Fourier multiplier. O

The announced approximation result on the other hand is the following:

Lemma 3.6. Let 5 € R and a € [0,1]. There exists C > 0 such that for all
e € (0,1) and u € HP the estimate

| Dev — Opu)| g—1—a < Ce™|ul|s
holds.

Proof. In view of (1.3) we have, assuming for the moment that u is smooth,

(D — //ay/ "(x + 2) dz dw p(dy) .

Integrating against a test function ¢ and applying Fubini’s theorem, we arrive at

ooy < € [ [ [t slulads o ulian

< Cellola—slulls /R 1yl al(dy)
which implies that

I(De = Oz )ullp—2 < Celjulls -
On the other hand, Lemma 3.5 implies that
I(De = 8z )ullg—1 < Cllullg ,
and the result then follows as before by interpolating between these estimates. [
As an immediate corollary of these bounds, we obtain the following useful fact:

Corollary 3.7. Let 3 € [0,1). There exists C' > 0 such that for e € (0,1], u € H?,
and G € C*(R™) we have

1D=G (1) = 8:G ()| -1 < C=°||Guller (1 + [lullg) .

where |G| is defined as in Lemma 3.2.
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Proof. Using Lemmas 3.6 and 3.2 we obtain
ID-G(u) = 0:G(u)||-1 < C||G(u)ll5 < CE7||Guller (1 + [lullp) .

which is the stated claim. O

4. PROBABILISTIC TOOLS

In this section we prove some sharp estimates for certain expressions involving
stochastic convolutions. Our main tool is the following version of Kolmogorov’s
continuity criterion, which follows immediately from the one given for example
in [RY94]. The reason why we state condition (4.1) in this form, is that it is
automatically satisfied (by hypercontractivity) for random fields taking values in a
Wiener chaos of fixed (finite) order.

Lemma 4.1. Let (p(t))¢c(o,1)» be a Banach space-valued random field having the
property that for any q € (2, 00) there exists a constant K, > 0 such that

1 1
(Elle@®l1)7 < Kq(Elle®)]*)*
1
(Elle(s) — o)1) " < Kq(Ellp(s) — o()II*) .
forall s, t € [0,1])". Furthermore, suppose that the estimate
Ellp(s) — o(t)|I* < Kols — ¢’

holds for some Ky,6 > 0 and all s,t € [0,1]™. Then, for every p > O there exists
C > 0 such that

.1

NI

E sup [o(t)]P < C (Ko +E[e(0)]?)2 .
tel0,1]m

Throllghout this subsection we shall use 8, and 5k for the Fourier coefficients of
1) and 1), so that

Y(t) =D Ober.  p(t) =D Ok(t)er, -

keZ keZ

With this notation at hand, we first state the following approximation bound, which
shows that we can again trade powers of k for powers of e, provided that we look at
the difference squared:

Lemma 4.2. Fort >0, k € Zand ¢ € (0, 1] we have
E|fk(t) — 0u()* < C(k2 A k) . 42)

Proof. We write again f = f — 1 and assume v = 1 for simplicity. The Ito isometry
then implies that

~ o8} _ 2
E|f (t) — 6,(t)]> = C / 2R (1 ey ) g
0
< C/OO e—2t(1+k2)(1 _ e—thf(e|k|)>2dt
0 4.3)
+C / 2T =2 ERD () h(e\k|)>2dt
0

def

=L+ 1.
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Let 6 > 0 be a (small) constant to be determined later and consider first the term I
with |ek| < 0. Since f is twice differentiable near the origin, we can find § small
enough so that | f(|ek|)| < ce?k? for some ¢ > 0. Therefore, for t > 0,

[1— e WIERD] < cr?hte™H" < cae?ite? (4.4)
so that _
|| < Cs4k8/ 12020 (1+K?)+2e8°k%t gy
0

If we ensure that d is small enough so that 2¢62 < 1, we obtain

|| < Ce'k® / e Mt ar < Ce'k? < C (K2 A e'R?)
0

where the last inequality follows from the fact that |ek| < § by assumption.
To treat the case |¢k| > J, we use the fact that by assumption there exists
q € (0, 1] such that f > g, so that

o) 2 00
| < / e 2k (1 - e—t“(q—l)) dt < C / e g (4.5)
0 0

<SCk?2<C(k?ne'k?) .

The bound on I works in pretty much the same way, using the fact that the
assumptions on h imply that

11— h(elk])| < C(1AEK?) .
Using again the fact that f > ¢, we then obtain

L<C / e 2 (1A k) dt < C(k2 Ae'R?),
0
as required. U

We continue with a sequence of propositions, in which the estimates obtained in
the previous lemma are used to establish various bounds for stochastic convolutions.

Proposition 4.3. Let 0 < v < x. For k > 0 and ¢ € (0, 1] we have

E sup |[[¢(t)]|L= < Ce3 ™", E sup H'[Z,Y(t)HLoo < Cezh,
te[0,7T] t€[0,7]

E sup [[0X(t)|e < Ce3 ™, B sup iy () - by (1)]|z= < Ce3 .
t€[0,7] t€[0,7]

Proof. We start with the proof of the second estimate. Observe that gk is a complex
one-dimensional stationary Ornstein-Uhlenbeck process with variance h?/(2(1 +
vk?f)) and characteristic time 1 + vk f. This implies that

= _ h?(e|k|) -
E[0)(t)]> = T3 o < CONk %) (4.6)

and
E|6)(t) — Ok (5)]> < Ch2(e|k|)|t — 5| < C|t — 5] . @.7)
These bounds imply that, on the one hand,
E|0x(t)ex(x) — O(s)ex(y)[* < CE|OL(t)]* + CEfi(s)]> < C(LA k),
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while on the other hand, one has
E|0x (t)ex(x) — Oi(s)ex ()|
< CEIGk(t) — 0u()|? + CR[a — y*E|fr(s)|°
<Ot —s|+Clz—y|*.

Combining these inequalities we find that, for every x € [0, 2],

E|0(t)er(x) — O(s)ex(y)? < C(LAK2) 25|t — 8| + |2 — y|2)5

Since the gk’s are independent except for the reality condition 0_ E = 9~k, we infer
that

Bl (t,x) — Py (s, )P < C D Elbp(t)er(@) — p(s)er(y)?
|k|>e—Y
<C(t—s|+le—yPE D (AAkHI"
|k|>e=Y
< CeTN(Jt— s + o —y*)2 .
Arguing similarly, we obtain
Elp,(0,0><C Y EBL0))F<C > (Iak?)<Ce.
|k|>e=> |k|>e—>

The result now follows by combining these two bounds with Lemma 4.1.
The proof of the first and third estimates being very similar, we do not reproduce
them here. In order to prove the last estimate, we use Lemma 4.2 to obtain

E|f(t) — 0u(D)? < C(k™) 34 (42) i3 < Cel !

This bound then replaces (4.6), and the rest of the proof is again analogous to the
proof of the second estimate. O

Proposition 4.4. Let ( > 0. For k > 0 and ¢ € (0, 1] we have

E sup [[¢¢(t)]|la < Ce™C@D%, (a> 1), (438)
te[0,T]
E sup [[¢<(H) —v<(t)a < CCOFD 0 (a>-3). 49
t€[0,T]
Proof. In view of the estimates
El0, ()] < Ck™2,  E|Op(t) — 0u(s)]* < C|t — 5|, (4.10)
we obtain
Bl (t) =y (s)|2 < Clt—s|® Y (L4 k)71
k|<e—¢
< C‘t o S‘HE—QC(a—%—H{)
and

B[l (0] < O™,
The inequality (4.8) thus follows from Lemma 4.1.
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In order to prove (4.9) we argue similarly, but the estimates are slightly more
involved. Write 6, := Hk — 6;. so that 1,/}4 — ¢ = Z\k|<s—< Orer. Using (4.7) and
(4.10) we have for s,t > 0,

E|0x(t) — 6r(s)|* < C|t — 5| .
Combining this bound with Lemma 4.2, we infer that for x € [0, 1),
|84 (t) — 64(s)[2 < C(k~2)5(e52)1 =20t — s|F = Cet—3Rp2-08|¢ _ |
For s € (0, fa + %), we thus obtain
E[l(° = ¢ (8) = (¢ —9°) (s)lla < Clt — s Y (14 &)+

Ik <e—<
< C|t i $|H€4—<(2a+3)—85

and similarly

E sup [[¢°(t) — vS(@t)||2 < Cet—SRatd)=sn
t€[0,T]

The desired estimate (4.9) now follows from Lemma 4.1. U
Proposition 4.5. Let ( > 0. For every k > 0 there exists C' > 0 such that

E sup O(g(t)) < Ce™HEDTn
te[0,T

def

forall e € (0,1], where we wrote (( —1)T =0V (¢ —1).

Proof. As in the proof of Propositions 4.3 and 4.4, we shall apply Kolmogorov’s
continuity criterion from Lemma 4.1, this time for L?-valued random fields. It
follows from (4.6) that

P - ) etkey _ 112 - _ )
E[| Dey (Y () = ()l = Y E[0k(t) — Ok (s)]

|k|>e—¢

1 — cos(key)
<C
D TTmE
k>e—¢

gy

Note that, up to a factor £|y|, this sum can be interpreted as a Riemann sum for the
def

function H( ) = t72(1 — cos(t)). In fact, since H(t) < 2(1 At72),

o0

— cos(key) -2 -t
= H(key) < 2 LAt 2)dt < Cele=D7,
elyl § . Tl k;_(dyl (key) < /51—( )dt < Ce
€

(4.11)
It thus follows that
E||Dey (¢ (t) — ()32 < Cley| 1eD". (4.12)
On the other hand, (4.6) and (4.7) imply that

E|0x(t) — 0,(s)[2 < C(LAk~2) 1|t — 8|7,



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 17

and therefore

S~ - cikey _ 112 N
B[l Dey (Ve(t) = vc(s) 72 = D c E|6)(t) — Or(s)|?
k>e-c ! Y
< Cley| 2|t — s]i Z (IAK™ )i (4.13)
k|>e=¢

_9 1
< Cley| 2t — o] .
Combining (4.12) and (4.13), we find that

—~ ~ ~ 1
E|| Dey (Y (t) = (9)) 72 < ley| ™|t — s| e 707,
Similarly, we obtain

P ) eikey _ 1 2 )
E|Deyc (07 = ) E|05,(0)|
|k|>e—¢
— cos(key) —1_(¢=1)F
< < .
° T <0

In view of Lemma 4.1, the latter two estimates imply that

E sup, | Deytbe ()22 < Cley| 1 —red=m(E-1",
telo

Using this bound, the desired result for @(@g(t)) can be obtained easily, since

EWWMWEwﬂM%W%WM

t€[0,T te[0,7] /R

YIPE sup || Deytoc ()22 |1l (dy)
R te[0,7

schH@ﬂ“ﬂ*AwP*mwm

< Cvg—l—n—i-(l—,‘-i)(C—l)Jr ]
The result now follows by rescaling «. U

The next and final result of this section involves the term which gives rise to the

correction term in the limiting equation. Before stating the result, we introduce the
notation

et €y
2
Aver 1o 1 h2(t)

21V Jr, t2f()

Deyu @ Deyu

(1 — cos(yt)) dt ,

and

y def def (1 — cos(eky))h?(ck)
Ae= Z Aok = Z 2re(1+vk2f(ek))

eTV<k<e™X e V<k<e™X
Note that one has the identities

== [SHoutdn). A= [ W), ESUG) =
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where the constant A is given by (1.5).

Proposition 4.6. Ler o > %, v < %, and xy > % For e € (0,1], we then have

E sup [|A —Z(X())]-a < Ce3 .
te[0,7

Proof. The proof is an application of Lemma 4.1 with £ = A — Z.(¢)%). For brevity
we shall write A := Z,(¢X) and AY := Z¥(4X). We divide the proof into several
steps.

Step 1. First we claim that £(t) = A — A(t) satisfies the condition (4.1) concern-
ing the equivalence of all g-moments. ~

To see this, note that 1Y admits the representation ) (¢) = >_, ay(t)e, where
each a(t) is a Gaussian random vector in R". As a consequence, for every y € R,
each component of AY — AY is a polynomial of Gaussian random variables of degree
at most two. It thus belongs to the direct sum of Wiener chaoses of order < 2
and the same is true for A, — A, since each Wiener chaos is a closed subspace of
the space of square integrable random variables. The claim thus follows from the
well-known equivalence of moments for Hilbert space-valued Wiener chaos (see,
e.g., [KW92]).

Step 2. In this step, we estimate how well AY approximates AY. Since |1 —
cosz| < C(1 A z?), we have the bound |AY,| < C(ey® A (ek?)~!) for some
constant C'. As an immediate consequence, we have the bound

‘Ag _ ZAi’k‘ <C(e"TyP ). (4.14)
E>1
Define now the function
1 — cos(yt))h%(t)

2rvt? f(t) ’
so that, since h?/f is bounded by assumption, we obtain the bound
ey?
k2

q)y(t) = (

|Ag7k —edy(ek)| < C
Combining this bound with (4.14), we have
‘Ag — Z 5<I>y(5k:)‘ < 0(5177y2 + 8’“1) .
k>1

At this stage, we recall that for any function ® of bounded variation, one has the
approximation
o0
Yo coiek) - [ et <l efay
E>1 0
where || ®||py denotes the variation of ® over R . Furthermore, for any pair ®, ¥,
we have the bound
[2¥][gy < [[@][Le= Wl + [[¥] L= | @]lBY - (4.15)

If we set ¥, () = (1 — cos(yt))/t?, we have

& |yt sinyt + 2 t—2
||‘1’y||Bv :/ |\IJ;(t)!dt:/ lytsinyt + 2 cosy |dt
0 0

3
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<ol [T(1n ) dr <ot

Since ¥(0) = 32 /2, a similar bound holds for its L>® norm, and we conclude from
(4.15) that

1@y [lBv < Cy? .
It follows immediately that we have the bound
|AY — AY| < C(£1_7y2 +ey? + sx_l) . (4.16)

Step 3. We now use these bounds in order to obtain control over ||A — A2, for
a fixed time ¢ > 0 (which is often suppressed in the notation).
In order to shorten the notations, note that, we can write

h(elk])
Z EREER) Uk(f) er(z) .

keZ

where the 7 are a sequence of i.i.d. C"-valued Ornstein-Uhlenbeck processes with
E(nu(t) @ ne(s)) = & 0k—el . & = exp(—(1+ vk f(e|k]))It]) .

and satisfying the reality condition n_;, = 7. Here, I denotes the identity matrix.
We will also use the notational shortcut
def

Al = mi(t) @me(t)

Set now ‘
etkey 1 h(elk|)

k _
ETTVE iR

as a shorthand. With all of these notations in place, it follows from the definition of
AY that

AY(t) — AT = Z QEqt (AL — Ok—el) eppe -
<kl el <ex

As a consequence, we have the identity

E|ALT — AY()]2, =D (1 + [k[*)” ZQfQ§ ‘rgt
keZ

X Etr (A g—ékOI)(Amk m = 0k0l))

where the second sum ranges over all £, m € Z for which £, k — £, m, k — m belong
to (=7, e X]. A straightforward case analysis allows to check that

Etr (Abj—s — k01) (Abyio = Oko) ) = 0 + 1200, @417)
so that
E|AL — AV ()20 < CY (1 + KA D latPlas™ " -
keZ leZ

Note now that there exists a constant C such that the bound

i-8 .., _8 _B
@b < OvE(lol A o) < O KBy

elk|
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isvalid foralle < 1,k € Z,y € R, and § € [0, 1]. It follows that there exists a
constant C' > 0 such that we have the bound

2 ’q5| |Qe ‘QE’ |Q&‘ |2
E[[AZT - AY(@)[Z0 < C Z ‘€+m‘2a = Z 0] |m|®
4m>1
£2-28 |4 2P 3
Z |g’a+,8| o5 < Cely|”,
m>1

where we made the choice 8 = % to obtain the last bound, using the fact that o > %
by assumption. Combining this bound with (4.16), the constraints v < % and y > 2,
and using the fact that y has finite fourth moment, we have

E||AI — A(t)|2, < C/EHAy — AY(t)|12, |l (dy)
< c/EHAg — A2, pl(dy) + Ce < Ce .

Step 4. Finally we shall estimate E||A(t) — A(s)||% . Similarly to (4.17), this
involves the identity

Etr (Af ) (A i m) = nOko + (01 + 10 k—m)E; 175, -
As a consequence, we infer that
Diyom(t,5) € Etr <(A2k =AY ) (AL e — Afn,k—m))
= 2(ndpm + NS0 p—m)(1 — ELETS ).

It thus follows that for any § € [0, 1],

Diom(t, s)

< C(Bpm + St soom) (1 A2+ v F(ell]) + vk — m)2f (elk — ml)) [t — s\)

< COum + Segm)lt = 5I° (14 2 F () + (k= m)® f(elk — m])") .
Using this bound we obtain

E||lAY(t) — A¥(s)||”, = S (1 + k) Zqﬁqf GG " Dy (£, 9)

keZ
<> @+ kP Zlqel Fa gl (Dree(t, s) + Dy p—e(t, s))
keZ
<COlt—s> 1+ k) Zlqs\ gt ~"
kEZ

x (1+€25f(€|€|) + Ik—€|25f(€\k—f|)5) .

Note that this expression is almost the same as in Step 3. Using the calculations
done there and taking into account that i and i/ f? are bounded functions, we infer
that

gt | 2
E[|AY(t) — AY(s)|%, = Clt — s|° W < Clt - slely|?,
m>
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and therefore, using Jensen’s inequality (which can be applied since || has finite
mass), and Fubini’s theorem,

BIAW) ~ A2 =B [ (47(0) = 42(5)) utay)

<c /R E||A¥(t) — AY(5) |12, |1l (dy)

2

—

< Ceft— s /R 1P 1l (dy) < Celt — 5]° .

which is the desired bound.
The result follows by combining these steps with Lemma 4.1. U

5. CONVERGENCE OF THE APPROXIMATIONS

This last section is devoted to the convergence result itself. Recall that we are

considering a number of intermediate processes véj ) with 7 =1,...,4 defined

in (2.10). This section is correspondingly broken into five subsections, with the
G

jth subsection yielding a bound on ||v§] ) U |- To prove these bounds, we
shall introduce in each step a stopping time that forces the difference between
the processes considered in that step to remain bounded. We then show that this
difference actually vanishes as ¢ — 0 with an explicit rate. As a consequence, the
process actually doesn’t “see” the stopping time with high probability.

5.1. From v” to vél). Define
=K ninf{t <T : o) =0 (t)]|la > K} .

We shall show that for ¢ < 75, the H*-norm of vél)(t) — v7(t) is controlled by
the L°°-norm of 1), which is of order £37" for any £ > 0, as shown in Section

4. The proof uses the mild formulations of the equations for vél) and 07 (t) as well
as the regularising properties of the semigroup .S. Note that the next proposition
would still be true if we had replaced the H®-norm in the definition of 7 by the
L*>-norm. However, in the proof of Proposition 5.2 below it will be important to

have a bound on vgl) in H%.

Proposition 5.1. For k > 0 we have

lim P(sup [[o(¢) = 07 (1)]la > £377) = 0.

e—0 tSTlK

Proof. Let 0 < s < t < 7*. It follows from (2.3) and (3.10a) that g. := v{" —
satisfies the equation

0:(t) = S(t — s)o:(s) +/ S(t—r)(c! + 8x052)(?“) dr,

where
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Lemma 3.3 yields the estimate

l1-a
lo=()la < ll0c()la + C(t — )20—2) sup, (02 + 35920l
re(s,

l-a
< lloe(s)la + C(t — 5)30=2) SE‘%”%)HL&+||az<r>||Loo.
re(s,

Since v7, g., and v, are bounded in L°°-norm for r < TlK, and F, G are C3, it
follows that

loz(r)llzee + llo2(r) e < Crlles(r)llzoe + Crelltoy (1)l 2=,

from which we infer that
11
loe(®)lla < lloe(3)lla + Cle(t = )20~ sup (flo=(r)llz= + ()] =)

re(s,t)

11—
Choose dx > 0 so small that C}(éf((l @)

e = sup {[lo=(t)lla = t € [kox AT, (k+1)0x ATi']}
Taking into account that H* C L°°, we obtain the inequality

< %, and set for k > 0,

1 1
Thtl STk + SThal 5 Sup. (MO I

2 2
which reduces to

i1 < 2+ sup [y (t)]| Lo -
te[0,T7]

Combined with the estimate

ro <2 sup [ihy(r)llLee
TSJK/\TlK

which can be derived similarly, it then follows that

sup [[os(t)[la < sup 1 < Cx sup [[¢hy(t)]|e .
te[0,7] 0<k<T/dx te[0,T]

which together with Proposition 4.3 implies the desired result. (]

5.2. From vé ) to vé ). For the purpose of this section, we define the stopping time

A=K Aimf{t <T : Jo@ ) — oM @)]o > K},

as well as the exponent

5 v o2
1 T2,
A=7aty =3

Proposition 5.2. For k > 0 we have

() (1) — o a—r) _
111%]P>(sup W@ () — oD (B)]|a > e )_o.

t<'r
Proof. Let 0 < s <t < 7* and note that g, := u§2> — vgl) satisfies

0e(t) = S(t — s)oe(s /St—roE ,

where
0o = F?) = F(ol) + DG + 0.)) - 8, G (oY)
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o

From the definition of 7 we know that v: ’ and g. are bounded in L> by a constant

depending on K. Moreover, we have the bound ||v§1) o < CreV@=2)=k, Using
these facts together with Corollary 3.7 we obtain, for r < 7'2K ,

loell-1 < IIF () = F(olV)]|
+ [(De = 8:) G -1 + | DGV + 02) — G(olV)) ]| -1
< kel + Cre® (1 + [0l |a) + |G () + 02) = G(WlV) |1
< Ok (™" + leellz=) .

hence
1
lo=®lla < llo-()lla + C(t = )37 sup floc(r)]|-1
re(s,t)
< llo=(s)lla + Cic(t = )37 sup (57 + [lo-(7)12=) -
re(s,t)

Arguing as in the proof of Proposition 5.1, it follows that

sup  ||0e(t)]la < Cre® ™",
te[0,7]

which immediately yields the desired result. U

5.3. From véz) to vég). Define

A=K At <T : 0P @1) =P (t)]|a > K} .

. . . 1 . L
In this case, the singularity (¢ — s) ™2 which arises in the proof below, prevents
us from arguing as in Proposition 5.1. We nevertheless have:

Proposition 5.3. For k > 0 we have
;grg)w(tigg [ (1) = o @)lla > =) =0,
where the exponent ( is given by
(ZanE-an-qa+i)=;.
Remark 5.4. The exponent ( arises by collecting the bounds (5.2), (5.3), and (5.5).

Proof. Let 0 < s < t < 7% It follows from (3.10b) and (3.10c) that p. :=
(3) (2)
Ve " — Vg

0-(t) = Se(t—5)0-(s)+(S:(t—5)—S(t—s))v? (s)+Ru(s,t) +Ra(s,t) , (5.1)

where

satisfies

def , 7

Ri(s,1) S (@7 () = ¢7(1)) = (Se(t — )87 (s) = S(t = 5)97(s))

and

Ra(s,1) := / (80— )= (=) (F@ @) + DG (1) dr

+ / St —r)(F®(r) — F@(r))
+ DG (r)) = DG (r))) dr .
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We shall first prove a bound on R (s, t). Using both inequalities from Lemma
3.4, we obtain

(Se(t = )87 (5) = S(t = )97 (5)) [la
< [1Se(t = ) (@7(5) = &7(5)lla + | (Se(t = 5) = St = )97 (5)
< Cl($7(5) = 47(9)) o + C 87 (5) as2
and therefore
IR1 (s, )0 < 1(&7(6) =7 (1)) lla + C (87 (5) = () l|a
+CE%[97(5)[lat2 -
It thus follows from Proposition 4.4 that

E sup |[Ri(s,t)]a < Ce210F3)— (5.2)
$,6€[0,T]

We shall now prove a bound on Rs(s,t). For this purpose, we note that the
(2)

definitions of the various stopping times imply that v¢"’(¢) is bounded in H*-norm

by Cxe™ ve—g)—r, Using this fact, together with Lemmas 3.4, 3.5 and 3.2, we
obtain

[ 5t =) = 5= ) (FO0) + DGO 1)) dr

t
= / (t =) 2| F W@ (1) + DGO (7)) |ar dr

< Ce(t— )20 sup (|F@ ()]la + |GE (1))]la)

re(s,t]
< Cge®(t—5)2079(1 + sup v (r)]|a)
rE[s,t]

< Ce(t— )27 (1 + sup ([0 (")]la + [0-() )
r€(s,t]

< Oge®R(t — s)21-)
Furthermore, taking into account the L°°-bounds on v£2) and g, enforced by the
stopping times, Lemma 3.5 implies that

S t—r) F(v B (r)) = F(P (r)) + D-G(w¥(r)) — DG (7’))) dr

«

<Ot 5)207 sup [|[FP(r) = PP (1))

re(s,t)
+ DGl (r)) = DG (r))]| -1

<C(t- )27 suwp (JFEP (1) = PP ()10

re(s,t)
+ 16D () = GEP (1)~ )

< Cx(t—5)207 sup [|oo(r)] Lo -
re(s,t)
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It thus follows that
[Ra(s. Dlla < Clelt = )20 (77 4 sup fle:(r)llz=) . (53)
re(s,t)
where we gave the constant a name, since it will be reused below.

e 1
Choose dx € (0, 1) sufficiently small so that C' (512((1 “ + 512<a) < 1. For

k> 0putfy := k(SK/\T?)K, and for £ > 1 set

TR 1= sup {ng(t)Ha i te [€k_1,€k+1]} .
Our next aim is to find a bound for ;. Observe that, when s = 0, (5.1) simplifies
to
0e(t) = (Se(t) = S(t))vo + (¥7(t) — ¥ (£)) + R2(0,1) (5.4)
with R defined as previously. Using Lemma 3.4 and the definition of 77, we
obtain

1(S=(t) = S())volla < Ce2~"||vgls_, < Cez=7" . (5.5)
2
1
Since # < 26 and €162~ < L it follows from (5.3) and (5.4) that
: - 1~
r < Cre2 % 4 sup |[7(t) — 07 (0)]|a + = (€55 +11)
te[0,7] 2
hence, by definition of K
r < CKE(%—Q)/\(Q—W(OH-%))/\&E—H _ CKé_C—N , (5.6)

where ( is defined as in the statement of the result.
Next we shall prove a recursive bound for r;. Note that the nonnegativity of the
function f in the definition of S, implies that

15 (t = s)ee(s)lla < llee(s)]la -

Furthermore, by Lemma 3.4 and the fact that va) la < CKE_V(O‘_%)_” before
time 7'3K , we have

1(S=(t = 5) = S(t — )vP(5)[|o < Ce(t = 5)"2* [0 (5)]|o
< Okt —5) 2%
Combining these bounds with (5.1) and (5.3), we find that

1 ~
lo=(D)la < [lo=(8)lla + Crc (8 — 8)72%* ™" + [ Ra(s, 1) |a

+ Cle(t— )70 (" 1 sup lo2(r)la) -
re(s,t)

Taking k > 1, s = {1, and t € [lk, l;42], it then follows, since |t —s| € [0k, 30k]
and 0%5%(1_0‘) < %, that

loc(t)lla < lloe(Ch—1)lla + Cre® " + [Ra(li—1,D)la + 5% + §rit1 -
Taking the supremum over ¢ € [{j, {x2], We obtain

Thi1 <7+ Cre® "+ sup  |Ri(s,t)]|a + ress
s,t€[0,T7]
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hence
Tept < 2r + Cge® " +2 sup ||Ri(s,t)]a - 6.7
$,t€[0,T]
It readily follows from (5.6) and (5.7) that
sup |loe(t)|la = sup 7 < C’K(EC*“ +e¥F 4+ sup [R1(s,t)[|a) »
t€[0,74] 1<k<[T/0k] 5,t€[0,T]
hence the result follows in view of the bound on R (s, t). O

5.4. From ’u§3) to U§4). Define

o= Amf{t <T o (1) — 0B (@) ]l0 > K} .
Proposition 5.5. For k > 0 we have

- @) (1) _ (3) e\ _
iﬂp(;ﬁ? [ (#) = o B)lla > ) =0,

where

§F3n@E-DAl-xa-1) =5

Remark 5.6. Similarly to above, the exponent ¢ arises from the bounds (5.9)—(5.14).

Proof. Let 0 < s < t < 7% It follows from (3.10d) and (3.10c) that go. :=

(“4) _ ( )

Ve satisfies

0:(t) = S:(t — 8)o:(s /S’traE r)dr,
where
oe = P + 4X) — Fu®)
+ VG + 9X) D (ol + ¢X) — D:G(u®)) + AAG () .

The definition of D, together with (1.3) imply that for any function « the following
identity holds:

D.G(u)(z) = VG(u(x))Deu(ac)

" / = D26 (u(e)) Duyu(x). Deyu(e)] u(dy)

/ /0 /0 /0 D*G((1 —r)u(z) + ru(z + ey))

[Dgyu(m), Bgyu(:v), Bsyu(m)] dr ds dt p(dy) ,

(5.8)

where the operator IA)E is defined by taking p := d; — &g in the definition of D, i.e.,
D.u(z) = e H(u(z + €) — u(x)). As a consequence, we may write

0 = F() +9X) — F(ul¥) + D(G(V + ) — G(v1))
+(AAGWSP)) — A(u,ulM)) - B
F(ul® + wX> F(ul) + Do(G(of + 4) — G(v¥))
— AW, o) = 24, $X) + (AAG(Y) — AWX, ¥X)) —



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 27

where we have used

2 ~ ~
A, w)(@) [ DG @) Dayo(e). Deyro@)] ).

def/ 23///D3 (1 = r)yu®(z) + ru®(z + ey))

[Deyu® (2), Deyul® (), Deyul® (x)] dr ds dt p(dy) .

and ul? = v + WX

Our next aim is to prove the estimates (5.9)—(5.14) below in order to bound
o1
First term. Since v§4)
that

, J%‘ and g, are bounded in L*° by definition of Tf , it follows

|F (@ + %) — F®)[|-1 < C|F(u® + %) — (ol — g¢)| 1
< Cr([[¥X e + 1ol o)
< Og(e27% + [loc]la) - (5.9)

Second term. We use Lemma 3.5 and the fact that v§4), 1’/;35 and p. are bounded in
L by definition of 7/, to estimate

I DG + %) = G -1 < CIGEY + %) = G - o2) 1
< Cr ([l + lloz ]l z=)
< Ok(e2 7" + lleella) - (5.10)
Third and fourth term. First we note that for arbitrary functions v, w, one has
1A(v, w)l|l-1 < C|A(v,w) |1 < Cel|D*G(ul) ]| L v/O:(0)Oc(w) -
Since Hugl) (t)|| L < Ck fort < 7f, we have

ID*G(ulV)| = < Ck -

Furthermore, we observe that ||v§;4) lo < Cre "(@=2)=% before time 7. Using
this bound together with Lemma 3.5 and (1.3), we estimate

0. (uV) = /R v Deyo |2, |1l (dy)
< O / vy 2D [ 2 |l (dy)

< Ok /R Y2 ley 2D 2120y (ay)

S CK€204727/-@ .

K

Moreover, by definition of the stopping time 7 we have

@E (J%() S @s (QZV) S CKE_l_H.
Putting everything together, we obtain

AW, vD)||_y < Oxe?d-172n (5.11)
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and
JAGW®, 9X)||—1 < Cge® 2725, (5.12)

Fifth term. Finally we estimate AAG (v\E ) (TM ) 1/17) By definition of 7/ - we

have HQ,Z)AYHQ < CeX(®=3)=F before time 7H. Since va lo < Cge™ 7( 2)k
as observed before, we thus have

[ul o < CreXO=3)=x

Furthermore, since o« > %, there exists a constant C' > 0 such that we have the
bound

IAAG(?) ~ AWY, B0l -a = || tr (DG (A1 - 2))||
< O DG W) AT = Zo()]|-a -

~. 1
Since the stopping time 7% enforces that |AI — Z.(¢X)|—a < Cke?, we infer
that

IAAG (ul) = A@X, PY)|| o < Cre2 oD~
Since u£4) — vf;?’) =0+ JZY‘ , we have by definition of 75,
|AG(!) — AGOD)| - < [AG(u) — AGEE)||
< Cklloc ]l poe + Cc[|9X]| oo
< Cklleclla + Crez ™.
Putting these bounds together, we obtain

IAAG(®) — A, )| o < Cre (3 XD L35 4 o ],) . (5.13)

Sixth term. To estimate B, we use the fact that Hugl) (t)||z < C fort < 7K, s0
that one has the bound

||BHL1<0K//€ 3 Deyu® (@) |1l (dy) da
(4)

We will split this express1on into two parts, using the fact that u ¢7 +ve .
First, using the fact that @(ww) < Cel™" before time 7/¢ by definition of the
stopping time 7, we find that

/ /R e2| Doy BX(2) | |1l (dy) dv
< 2|~ / /R e | Day X (2) 2 |1l (dy) da

= 2¢]|9X | 1 O ($) < Cree 8|9l e < Cree " .

Second, using the fact that H 3 C L3, Lemma 3.5 and the fact that Hv§4) lo <
C’KE_V(O‘_%)_”, we obtain

[ | D@ leltdn) do < Ce2 [ 1P 1Dy ey
<t [ st ) o)
R
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< CK€3a—g—3n _
It thus follows that
Bl < Cre? 3 4 Ced@2)-3 (5.14)
Combining the inequalities (5.9)—(5.13), we find that

~ 1 1 1
sup ||os(r)]|-1 < Ck (5%_3” 40372k 4 cg—x(a—g)—K sup ||QE(T)||Q) ,
re(s,t) re(s,t)

and the result now follows as in Proposition 5.2. (]

5.5. From v§4) to v7. Define
A=K Aif{t <T - |0(t) — oD (t)]|la > K} .

Proposition 5.7. For k > 0 we have

lim P(sup [[57(8) = oD ()]0 > £737) 0.
e—0

€
tSTSK

Proof Let 0 < s < t < 7*. It follows from (2.4) and (3.10d) that o. := 7 — v
satisfies

t
0:(t) = / Se(t —r)oe(r)dr,
where
0 1= VGO + ) De(@ + 1) = VG(@ + 4 — 0:) Do( + ¢ — 02)
+ F@ +¢,) = F@ +¢X — o) .
In order to estimate o we use (5.8) to write

O = DEG(5,Y + @Z'y) - DSG(57 + 1;2/( - Qs)

2

9 ~ ~

- / - (D*G(ue) - D*G(ulY)) [Deyuie, Deyuc] pldy)
R

2
—¢? (Ra(uea Ue) — Ra(u§4)au§4)))
+ F(@ + ) — F@ + 9% - o.)
=101+ ...+0c5.

2
£ - ~
— /R iDQG(USQ)[DEy(UE + U£;4))a Dsy(ua - Ugl))] p(dy)

where u, := 0" + {/;7, u£;4) = U£4) + {/;?f , and

1 pt ps
R.(u',u?)(z) := / 52y3/ / / D3G((1 — r)ul (z) + rul (z + ey))
R 0o Jo Jo
[ﬁsyUQ, ﬁgylﬂ, ﬁsyUQ] drdsdtdu(y) .

We shall now estimate o 1, ..., 0. 5 individually.
First term. First we observe that v7, 1., 1/1%‘ , and p. are bounded in L*° before
time Tg( . Using Lemma 3.5, the embedding H* C L°, and the definition of the
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stopping time to bound ”Jx || o<, we obtain
lozll-1 = I D=(G@ + &) = G@ + ¢ = 02))]| -1
S OGO +4y) = GO + 95 — o)1=
< Ck([[oxllpe + lleell =)
1
< Ok (e2X7" + [leella) -

(5.15)

. RN
Second term. Using Lemma 3.5 and the fact that £7(*~2)7%||37||,, is bounded before
time 72, we estimate

0.(5) = /R Y21 Dey™ |12 |1l (dy)
< Cx /R Y2 ey 2@V 32 |11l (dy)

< Cx /R g ey Ve D@12 |1 (gy)

S CKEQO{—Q—H ,

and by the definition of the stopping time 75,

O(1y) < Cge™'7".
As a consequence,

Oc(ue) < 2(0: (D7) + e (1)) < C (28721 4 e717K) <7177 . (5.16)

Note that ||u. ||~ and ||u£;4) || - are bounded before time 74*. Using that L' C H 1
we obtain

loz2ll-1 < llozz2llzr < l|D*Glus) — D*G(ul)|| O (ue)

< Cre 2 ||us — ulV|| Lo

- ~ (5.17)
< Cre 2 (||oe|lpoe + ¥yl Loe)
1.,
< CKS_QR(HQEHa +e2X H) .
Third term. By Lemma 3.5 we have
0.(0.) = / Y21 Deyoe 2 |1l (dy)
R (5.18)

< C/Ryzlsy\z(“”\@alli el (dy) < Ce**2|loell -

Observe that u. + u§4) =207 — 0. + @Zy + J%‘ and u. — u§4) = QZX + g.. Taking
into account that

RO (1), eFO(Py), e2XTFO(Uy),  loella

are all bounded before time 7'5K , we obtain

Oc (ue + u£4)) < C(@s(m) + O (0:) + @s(lz“/) + 95(7;%())

~ (5.19)
S CK (520472711 + 520171 + 8717/{) S CK&_flfn ,



A SPATIAL VERSION OF THE ITO-STRATONOVICH CORRECTION 31
and ~
O (us — U£4)) < C(es(wx) + @a(Qa))
< CgeX™27F 4 Ce®72 0.2 .

Using that ||u£4) | L < Ok before time 72, we obtain

(5.20)

loesll—1 < lloesllt < el D*G(u®)] =\ Ox (ue + ut)O. (s — ul?)

< Cpe (27372 475 o)
Fourth term. We shall show that
lozall-1 < Cxe (e leclla + 2272 72) | (5.21)
First we use the L°°-bound on u§4) enforced by the stoppping time, to obtain the
pointwise bound

| Re(ue, ue) — Re(ue,ulY)|
< Cic [ 27 (1Dl + eyl Doyl + | Dy
% | Dey(uz — ul)] |1l (dy)
< Cic [ ey (1Deytel + 12yl 1Dy e = ) 1)

In view of (5.20) it thus follows that
(| Re (ue, ue) — Ra(“fa“&”)”ﬂ

< Cge /R V|| (IDytte| + | Deyu® )| Dey (e — ul)| || 11 12| (dy)

< CK6/R?/2(HﬁsyusHL2 - 1 Deyul™ | 12) [ Dy (e = ul) | 2 |1l (dy)

< Cre/ (0:(ue) + 0. (ut)) 0. (e — ul™) .

Using (5.16), (5.18), and the definition of the stopping time to bound @a({bvx), we
find that

Oc(ue) + O (ulM) < C(Oc(ue) + Oc(0:) + O:(1ly))
< CK(s—l—n +62a—2 +8x—1—/~;) < 6—1—/1 )
Using (5.20), we thus obtain
| Re (e ue) = Re(ue, ul®) | o < Cpe (s34 25 o o) . (5.22)
Furthermore, taking into account that
~ oy
lue = ul|zoe < Cr(ldxllroe + lloellze) < Cr(€2X™ + [lc]la) -

we have by (5.16),

1R (ue, ulY) = Re(ul, ulV)| 1 (5.23)

< Cxllue — u®|| e / Y211 Dyl | 11 |12l (dy)

< Cxellus — u®| /R V2 Deyu®| 2. 11 (dy)
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= Crelluc — ul? | = O02(u®)

1y —
< Cr (e + 7 eela) -

The claim follows by adding (5.22) and (5.23) and using the embedding L' € H~.

Fifth term.

As in the first step, we have
loeall-t = |F@ + ) = F@ + 9% = 0.)l| 1
< Ck (Il + lleel ) (5.24)
< CK(&'%X_H + [loclla) -

Combining the five estimates, we obtain

lo-()lla < Ct = 5)207) sup [loe(r)]|-1

re(s,t)
<CO(t- s)%(lfa) sup (8721{”@5(7“)“@ + E%X*%*Q’ﬁ) .
re(s,t)
The result now follows as in the proof of Proposition 5.1. O
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